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Precoded and Vector OFDM Robust to Channel
Spectral Nulls and With Reduced Cyclic Prefix

Length in Single Transmit Antenna Systems
Xiang-Gen Xia, Senior Member, IEEE

Abstract—The performance of orthogonal frequency-division
multiplexing (OFDM) systems may be degraded when intersymbol
interference (ISI) channels have spectral nulls. Also, when ISI
channels have many taps, the data rate overhead due to the
insertion of the cyclic prefix is high. In this paper, we first propose
a precoded OFDM system that may improve the performance of
the OFDM systems for spectral null channels. We also propose
sizeK � 1 vector OFDM (VOFDM) systems that reduce the cyclic
prefix length by K times compared to the conventional OFDM
systems. The precoding scheme is simply to insert one or more
zeros between each two sets ofK consecutive information symbols,
although it can be generalized to a general form. This precoding
scheme may be able to remove the spectral nulls of an ISI channel
without knowing the ISI channel. When no zero is inserted
between each two sets ofK consecutive information symbols
and only eachK consecutive symbols are blocked together, we
obtain VOFDM systems. Both theoretical performance analysis
and simulation results are presented. Finally, in this paper,
we compare the combination of the VOFDM systems and the
unitary matrix modulation with the conventional OFDM systems
and the phase-shift keying modulation, where both differential
(noncoherent) and coherent modulations and demodulations are
considered.

Index Terms—Differential en/decoding, ISI mitigation, precoded
OFDM, unitary matrix modulation, vector OFDM.

I. INTRODUCTION

ORTHOGONAL frequency-division multiplexing
(OFDM) systems have been widely used in high-speed

digital wireline communication systems, such as VHDSL and
ADSL [3]. One of the main reasons is because OFDM systems
convert intersymbol interference (ISI) channels into ISI-free
channels by inserting the cyclic prefix as an overhead of the
data rate at the transmitter. For tutorials, see, for example,
[2], [4], and [7]. Recently, the applications of OFDM systems
to high-speed digital wireless communication systems have
become an active research area. In high-speed digital wireless
applications, however, the ISI channel may have spectral nulls,
which may degrade the performance of the existing OFDM
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systems because the Fourier transform of the ISI channel needs
to be inverted for each subcarrier at the OFDM system receiver.
For this reason, the coded OFDM systems and discrete multi-
tone (DMT) systems were proposed in, for example, [4]–[6],
where the conventional trellis-coded modulation (TCM) was
used in [4] and [5], and turbo codes were used in [6]. Another
problem with the existing OFDM systems is that, when the
ISI channel has many taps, the data rate overhead of the cyclic
prefix insertion is high.

In this paper, we first propose a precoded OFDM system by
simply inserting one or more zeros between each two sets of

consecutive information symbols, which may be indepen-
dent of the ISI channel. However, the precoding can be gen-
eralized to a general modulated coding (for modulated coding,
see, for example [11]–[13]), where the precoding may depend
on the ISI channel in an optimal way. Notice that, due to the
insertion of zeros, the data rate is expanded in the precoded
OFDM systems. One of the advantages of the proposed pre-
coding scheme is that it may be able to remove the spectral nulls
of an ISI channel without even knowing the channel informa-
tion, which is different from the conventional OFDM (COFDM)
systems [4]–[6]. The proposed precoded OFDM system does
not increase the encoding/decoding complexity as much as the
conventional COFDM does, where the Viterbi decoding for the
conventional COFDM is needed. Another advantage of the pro-
posed precoded OFDM system is that the cyclic prefix data rate
overhead is reduced by times compared to the one in the con-
ventional convolutionally coded OFDM system with the same
code rate . Both theoretical and simulation results are pre-
sented to illustrate the theory.

We then propose VOFDM systems, which are used to reduce
the data rate overhead of the prefix insertion. The basic idea
for the VOFDM systems is basically from the above precoded
OFDM systems, where no zeros are inserted between each two
sets of consecutive information symbols but eachcon-
secutive information symbols are blocked together as a
vector sequence. Comparing to the precoded OFDM systems,
the data rate before the prefix adding for VOFDM systems is
not changed. When vector sequence is processed, the ISI
channel can be blocked into a matrix ISI channel, but the
length of the matrix ISI channel is only about of the orig-
inal ISI channel length. The cyclic prefix length for the VOFDM
system only needs to be greater than or equal to the matrix ISI
channel length. This implies that the data rate overhead of the
original cyclic prefix insertion is reduced by times for the
VOFDM systems. The bit-error rate (BER) performances of the
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vector and conventional OFDM systems are compared. Our sim-
ulation results show that the BER performance of the VOFDM
systems is comparable to the one of the conventional OFDM
systems.

Themain idea for the above studies is simple. In the conven-
tional OFDM systems, the scalar ISI channel is converted to
scalar ISI-free subchannels. In the proposed precoded or vector
OFDM systems, scalar sequences are vectorized, and a scalar
ISI channel is converted to a matrix ISI channel. Furthermore,
the proposed OFDM systems convert the matrix ISI channel into

matrix ISI-free subchannels with constant matrices (no
ISI across the matrix subchannels). These constant ma-
trices can be squared or not. The precoded OFDM systems in
this paper correspond to the nonsquared case while the VOFDM
systems correspond to the squared case.

It should be emphasized that the precoded and vector
OFDM systems proposed in this paper are for single antenna
[single-input and single-output (SISO)] systems, which are dif-
ferent from those for multiple antenna [multi-input multi-output
(MIMO)] systems [8]–[10], [19]. However, since SISO systems
are blocked into MIMO systems, the proposed OFDM system
equations at the receiver in this paper have similar forms as in
[8]–[10].

Finally, in this paper we compare the combination of the
VOFDM system and the unitary matrix modulation with
the conventional OFDM system and the phase-shift keying
(PSK) modulation. Both differential (noncoherent) and co-
herent modulations/demodulations are considered. The unitary
matrix modulation proposed in this paper is motivated from
the space–time coding and modulation recently proposed in
[20]–[25] where multiple antennas are used, while in this paper
a single antenna is used. The combined space–time coding and
the MIMO-OFDM systems have appeared in [9] and [27], and
space–time code design in OFDM systems has appeared in
[26].

This paper is organized as follows. In Section II, the conven-
tional OFDM system and its performance analysis are reviewed.
In Section III, a general precoded OFDM system is introduced
with a general formulation. In Section IV, we study the precoded
OFDM system, which is the one we want to propose for the ro-
bustness of the spectral null channels. In Section V, we study the
VOFDM system. The OFDM systems in Sections IV and V can
be thought of as special cases of the OFDM systems proposed
in Section III. In Section VI, we study the combination of the
vector and precoded OFDM and the unitary matrix modulation.
In Section VII, simulation and theoretical results are presented
to illustrate the theory.

II. BRIEF REVIEW OF THEUNCODEDOFDM SYSTEMS

In this section, the conventional OFDM systems are briefly
reviewed including the theoretical bit-error rate (BER) perfor-
mance analysis.

Let stand for the information symbol sequences after
the binary to complex mapping, such as binary PSK (BPSK)
and quadrature PSK (QPSK) symbol sequences. Letbe the
number of carriers in the OFDM system, i.e., the size of the
inverse fast Fourier transform (IFFT) and fast Fourier transform

Fig. 1. Conventional OFDM system.

(FFT) in the OFDM system as shown in Fig. 1 is. Let the ISI
channel have the following transfer function:

(2.1)

where are the impulse responses of the ISI channel. Let
be the cyclic prefix length in the OFDM system as shown

in Fig. 1 and for the purpose of removing the ISI. Let
be the additive white Gaussian noise (AWGN), as shown

in Fig. 1, with mean zero and variance and is
the single-sided power spectral density of the noise . Let

be the received signal at the receiver and be the signal
after the FFT of the received signal . Then, the relationship
between the information symbols and the signal can
be formulated as

(2.2)

where denotes the th subsequence of , i.e.,
, and stands for

, and is the FFT of the noise and therefore has
the same statistics as , and

(2.3)

The receiver needs to detect the information sequence
from through (2.2).

From (2.2), one can clearly see that the ISI channel
is converted to ISI-free subchannels . The key for this
property to hold is the insertion of the cyclic prefix with length

that is greater than or equal to the the number of ISI taps.
Similar property will be used in the following precoded OFDM
systems in Section III.

For the ISI-free system in (2.2), the performance analysis
of the detection is as follows. Let be the BER
for the signal constellation in the AWGN channel at the
signal-to-noise ratio (SNR) , where is the energy per
bit. Then, the BER versus of the OFDM shown in Fig. 1
is

(2.4)
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Fig. 2. Precoded OFDM system.

For example, when the BPSK for is used, we have

(2.5)

Therefore, the BER versus for the OFDM system is

(2.6)

Numerical examples will be presented in Section VII.

III. GENERAL PRECODEDOFDM SYSTEMS

We now propose a precoded OFDM system whose block di-
agram is shown in Fig. 2. It is formulated as follows, which is
the goal of this section.

A. System Description

Symbol is as before, the information sequence after the
binary to complex mapping. The information sequence is
blocked into vector sequence

where denotes the transpose and ,
.

Symbol is a precoder and an polynomial ma-
trix, i.e., , where , in general, is a
polynomial of .

The precoded vector sequence is denoted by .
Let polynomial vector and polynomial
vector denote the transforms of vector sequences
and , respectively. Then

(3.1)

The precoded vector sequence is blocked again
into vector sequence

where each is already an vector for
.

Let , , be the output of the -point
IFFT of , , i.e.,

(3.2)

which is the -point IFFT of the individual components of the
vectors .
The cyclic prefix in Fig. 2 is to add the first vectors ,

, to the end of the vector sequence ,
. In other words, the vector sequence after

the cyclic prefix is

(3.3)

which has size . The cyclic prefix length will
be determined later for the purpose of removing the ISI of the
precoded OFDM system. Notice that each subvector in

in (3.3) has size and the prefix components are also
vectors rather than scalars in the conventional OFDM systems
as shown in Fig. 1.

The transmitted scalar sequence in the precoded OFDM
system in Fig. 2 is that is obtained by the parallel to
serial conversion of the vector sequence in (3.3). Notice
that the precoded OFDM system in Fig. 2 is different from
the OFDM systems with antenna diversities, such as [8]–[10].
In the precoded OFDM system in Fig. 2, there is onlyone
transmitting antenna andonereceiving antenna.

is the received scalar sequence at the receiver, which is
converted to the following vector sequence

where each has size . The output of the -point
FFT of is

(3.4)

where the formulation is similar to the -point IFFT in (3.2)
and each is an vector.

B. An Example

Let us see an example to illustrate the above scheme. Con-
sider a four-tap ISI channel , i.e., .
Consider precoder

where and . Consider point IFFT and
FFT in the OFDM system.
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Suppose the information to transmit is

First, it is blocked into a vector sequence of vector size
and then the vector sequence is blocked again with block length

by the serial to parallel conversion shown in the equation
at the bottom of the page.

Then, the blocked vector sequence is precoded into a
vector sequence by multiplying the precoderto it, as shown
in (3.5) at the bottom of the page.

Then, take the four-point IFFT of and
and obtain a new vector sequence, shown in the equation,
below (3.5), at the bottom of the page.

Next, vector cyclic prefixs of length
for the above two blocks

and

respectively, are added to the above vector sequence as shown
in the last equation at the bottom of the page.

Finally, we rearrange the above vector sequence by
the parallel-to-serial conversion into a scalar sequence

which is transmitted through a single antenna.

At the receiver, the received signal is represented as

where ,
is the convolution, and is the additive noise.
Before taking the FFT, the vector cyclic prefixs are removed.

After the cyclic prefixs are removed and the serial-to-par-
allel conversion, we have the top equation shown at the
bottom of the next page, where the prefixes

, and are deleted
for the ISI removal as we shall see later.

By taking the four-point FFT of , we have the last equation
shown at the bottom of the page. Finally, is used for the
decoding as we shall see later in (4.6).

C. Matrix Input and Output Equation

In what follows, we want to derive the similar output and
input relationship between and as in (2.2) for con-
verting the ISI channel into an ISI-free channel, where and also
in what follows “ISI-free” means that there is no interference
between intervectors.

Since an SISO linear time-invariant (LTI) system with
transfer function is equivalent to an input and
output system by the blocking process with block length,
i.e., the serial-to-parallel process. The equivalence here means
that the inputs and outputs are the blocked versions (or
serial to parallel conversions) of the SISO and vice versa. The
equivalent systems are shown in Fig. 3, where the equivalent
MIMO transfer function matrix is the blocked version of

and is given by the following pseudocirculant polynomial

...

...

...

...

...
(3.5)

...

...

...

...

...

...
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Fig. 3. Equivalent SISO and MIMO systems.

matrix (see [14] and [16])

...
...

...
...

(3.6)
where is the th polyphase component of , i.e.,

If the order of is as in (2.1), then the order of the
blocked version in (3.6) of with block size is

(3.7)

where stands for the smallest integersuch that .
Clearly

(3.8)

Using the above equivalence of the SISO and MIMO sys-
tems, the precoded OFDM system in Fig. 2 is equivalent to the
one shown in Fig. 4. The equivalent precoded OFDM system in
Fig. 4 is the same as the conventional OFDM system in Fig. 1
if the scalar sequences and are replaced by
vector sequences and , respectively. Therefore, sim-
ilar to (2.2), it is not hard to derive the relationship between

and

(3.9)

Fig. 4. An equivalent precoded OFDM system.

under the conditionon the cyclic prefix length that should be
greater than or equal to the order of the MIMO transfer function
matrix in (3.6), i.e.,

(3.10)

The constant matrices in (3.9) are similar to the constants
in (2.2) and have the following forms:

(3.11)

The additive noise in (3.9) is the blocked version of
and its components have the same power spectral density as

does and all components of all the vectors are in-
dependently, identically distributed complex Gaussian random
variables in general.

IV. PRECODEDOFDM SYSTEMS

The goal of this section is to restrict ourselves to a special
precoding scheme that is independent of the ISI channel .

A. A Special Precoder

Before going to the details, we first see the rationale. By
noticing that the vector sequence in (3.9) is the precoded
sequence of the original information sequence in Fig. 2,

...

...

...

...

...

...
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there are two methods for detecting the original information se-
quence . One method is to detect first from the
ISI-free vector system (3.9) and then decode the precoder
for . The problem with this method is that, when the ISI
channel is spectral null, the blocked matrix channel
is also spectral null by the following diagonalization of
(see [15] and [16]):

(4.1)

where and is the discrete
Fourier transform (DFT) matrix of size , i.e.,

and .
One will see later that the performance of the detection of

in (3.9) for spectral null ISI channels is too poor that
the coding gain of the precoder is far away to make it
up. This implies that the separate ISI removing and precoder
decoding may not perform well for spectral null channels,
which is similar to the existing COFDM systems.

The other method is the joint ISI removing and precoder
decoding, i.e., the combination of the precoder with the
vector systems (3.9). If the precoder is not aconstant
matrix, the encoded vector sequence is the convolution
of the information vector sequence and the precoder
impulse response . The convolution and the constant
matrix multiplications in (3.9) induces ISI, which may
complicate the decoding of the system (3.9) and is beyond the
scope of this paper.

The above arguments suggest that we may want to use a con-
stant matrix precoder . In this case, (3.9)
becomes

(4.2)

where for

(4.3)

are the original information vector sequences and need
to be detected from . It is clear that one wants to have the
singular values of all matrices as large as
possible for the optimal output SNR. However, since the trans-
mitter usually does not have the channel information, it may
not be easy to optimally design the constant precoderin (4.2)
at the transmitter. The above two arguments suggest the study
of the following precoder.

In what follows, we use the following simplest precoder:

(4.4)

where stands for the identity matrix
and stands for all-zero matrix. The

precoder (4.4) is just inserting zeros between each two
sets of consecutive information samples. This precoder was
first used in [11] for converting a spectral null channel into a
nonspectral-null matrix channel as long as theequally spaced
rotations of the zero set of do not intersect each other.
Notice that the precoder (4.4) is independent of the ISI channel
and does not change the signal energy, i.e., the energy of the
signal before the precoding is equal to the energy of the
signal after the precoding.

When the precoder (4.4) is used, the input-output ISI-free
system (4.2) can be rewritten as follows. For each, let de-
note the first column submatrix of , i.e.,

if then

(4.5)

Therefore

(4.6)

where is as (4.3). Notice that the same system as (4.6)
was obtained in [8]–[10] for multiple antenna systems, while in
this paper only one antenna is used.

As mentioned before, without the data rate expansion, i.e.,
in (4.4), the above system (4.6) may not be invert-

ible if the ISI channel has spectral nulls, i.e., may
not be invertible (may have zero singular values). We, however,
will study this case later for the purpose of reducing the prefix
length rather than improving the robustness of the system. With
the data rate expansion, i.e., , it was proved in [11] that,
under a minor condition on the channel as mentioned before, the
nonsquared matrices are invertible (have all nonzero sin-
gular values). Clearly, the performance of the detection of the
information symbols in (4.6) depends on how large the
singular values of the matrices are, i.e., how high
the output SNR is. From the above argument, the precoding is
already able to convert systems with possibly zero singular
values into systems with all nonzero singular values. From
this point of view, intuitively the precoding may improve the
performance of the OFDM system. We next want to show a
simple example to analytically see how the precoding improves
the performance.

B. An Example

We now consider a simple example to see how the precoding
works. Let the ISI channel be

Consider four carriers, i.e., , and rate precoder (4.4),
i.e., and . In this case, the precoding inserts one
zero in each two information symbols. According to (3.6), the
blocked ISI channel with block size 2 is

(4.7)
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In the conventional OFDM system, the input-output relationship
(2.2) is

(4.8)

where or ,
, , and . One can see that

the third subcarrier channel in (4.8) completely fails. The BER
performance of the conventional OFDM system is, thus

(4.9)

For the precoded OFDM system, the input-output relation-
ship (4.6) is

(4.10)

where

which have the same singular value 1. Equation (4.10) is
rewritten as

(4.11)

where are complex Gaussian random variables with the
same statistics as . In this case, the BER performance of
the precoded OFDM is the same as the uncoded AWGN perfor-
mance if the additional cyclic prefix is ignored. For example,
when BPSK is used, the BER is

(4.12)

As a remark, since the precoder (4.4) does not increase the signal
energy, the bit energy before the prefix insertion does not
increase although the data rate is increased. In (4.12), the cyclic
prefix data expansion is ignored otherwise the in (4.12)
needs to be replaced by

Clearly, the BER performance (4.12) of the precoded OFDM
system is much better than (4.9) of the uncoded OFDM system.
To increase the data rate for our precoded OFDM system, high
rate modulation schemes, such as 4QAM or 6QAM, can be used
before the precoded OFDM system. Thekey reason for the im-
provement is that the precoded OFDM systems here may erase
the spectral nulls as shown in the above simple example, where
the spectral null characteristics plays the key role in the per-
formance degradation of an OFDM system. We shall see more
complicated and general examples later via computer simula-
tions.

Let us consider the precoder (4.4) without data rate increase,
i.e., . In this case, the input-output relationship (4.2)

for the precoded OFDM system, which will be called VOFDM
later, becomes

(4.13)
where

and the singular values of are and 0, which confirms the
previous argument, i.e., the zero singular value cannot be re-
moved if no data rate expansion is used in the precoding. In this
case, there are equivalently eight subchannels and one of them
fails due to the 0 singular value. Thus, the BER performance is

(4.14)

Notice that, even when a subchannel fails, the BER performance
(4.14) of the VOFDM system is better than the one (4.9) of the
conventional OFDM system. This will be seen in Section VI
from other simulation results for all other examples presented
in this paper.

We next derive the analytical BER versus for the pre-
coded OFDM systems for general ISI channels.

C. Performance Analysis of the Precoded OFDM Systems

To study the BER performance of the precoded OFDM sys-
tems proposed in Section IV-A, let us go back to the MIMO
system (4.6), where the components of the vectors de-
fined in (4.3) are from the original information symbols .
We need to estimate from through (4.6) for each
fixed index . There are different methods for the estimation,
such as the maximum-likelihood (ML) estimation and the least
square (LS) estimation. In what follows, for the BER perfor-
mance analysis, we use the LS estimation, which is simpler. For
the simulations presented in Section VI, we use the ML estima-
tion for each fixed index . Clearly, the BER for the LS estima-
tion is an upper bound of the BER for the ML estimation when
the vector size of is greater than 1, i.e., .

The LS estimator of in (4.6) is given by

(4.15)

where stands for the pseudoinverse, i.e.,

(4.16)

The noise of the LS estimator is

(4.17)

whose components are, in general, complex Gaussian random
variables but may not be white. Then, the theoretical BER can
be calculated as long as the original binary to complex mapping,
number of carriers , the ISI channel , and the precoding
rate are given.

For simplicity, let us consider the BPSK signal constellation.
In this case, the complex Gaussian random noise are reduced
to the real Gaussian random noise by cutting the imaginary part
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that does not affect the performance. Thus, the noise in this case
is

Therefore, the BER versus for the LS estimator given in
(4.15) is

(4.18)

where the factor is due to the conversion of the
symbol-error rate (SER) of to the BER,

(4.19)

and

(4.20)

The overall data rate overhead can be easily calculated as

(4.21)

where is the length of the ISI channel , and is due
to the fact that if is a multiple of and

otherwise. The uncoded OFDM systems reviewed in
Section II correspond to the case when , in which
the data rate overhead for the uncoded OFDM systems is

(4.22)

From (4.21), the data rate overhead for the cyclic prefix inser-
tion in the precoded OFDM is . Let us consider a con-
ventional convolutionally coded OFDM with the same code rate

. The overall data rate in this is

(4.23)

Thus, the data rate overhead for the cyclic prefix is ,
which is times more than the one in the precoded OFDM.

V. VECTOROFDM SYSTEMS

When the ISI channel length in (2.1) is large, the cyclic
prefix length in the conventional OFDM systems is large
too. As a consequence, the data rate overhead is high
when is large. In this section, we propose VOFDM systems

that reduce the data rate overhead while the ISI channels are still
converted to ISI-free channels.

The VOFDM systems are the precoded systems in Fig. 2 with
the special precoder that basically blocks the
input data into vectors and the data rate is not changed, i.e.,
no redundancy is added. In other words, the precoder (4.4) in the
precoded OFDM systems takes the squared identity matrix, i.e.,

in (4.4). Similar to (4.21), the vector cyclic prefix data
rate overhead is

(5.1)

Comparing to the data rate overhead for the con-
ventional OFDM systems, the data rate overhead in the VOFDM
systems is reduced by times, where is the vector size.

The receiver is the same as the one for the precoded OFDM
systems in Section IV-A and IV-C with . In this case,
the ISI-free systems (4.6) at the receiver becomes

(5.2)

where are defined in (3.11) and (3.6). As mentioned in the
preceding sections, the robustness of the VOFDM systems to
spectral nulls of ISI channels is similar to the one of the con-
ventional uncoded OFDM systems, since no redundancy is in-
serted in VOFDM systems. In other words, the BER perfor-
mance of the VOFDM systems is similar to the one for the un-
coded OFDM systems. From our simulations, the performance
of the VOFDM systems is comparable to the one of the uncoded
OFDM systems (see Figs. 7–9). The performance analysis in
Section IV-C for the precoded OFDM systems applies to the
VOFDM systems by replacing .

As a remark, to reduce the cyclic prefix overhead, another
simple way is to increase the numberof the subcarriers, i.e.,
the DFT/IDFT size, in the conventional OFDM system. In the
above VOFDM, the prefix overhead is reduced the same as this
simple way, but the DFT/IDFT size does not increase.

VI. COMBINATION WITH UNITARY MATRIX MODULATION

In this section, we first study the combination of the VOFDM
and the unitary matrix modulation.

In Fig. 1, the binary to complex mapping is implemented
before the input, i.e., the input is already after the map-
ping and complex-valued scalar sequence. For convenience, let
us consider the VOFDM system first. The VOFDM combined
with the unitary matrix modulation is shown in Fig. 5. The
mapping is done on the vector binary vector sequence

. Let distinct
unitary matrices be with for

and . The unitary matrix mod-
ulation in Fig. 5 has two different forms. One is thecoherent uni-
tary matrix modulation, where the channel is assumed known at
the receiver as studied in [20]–[22] for space–time coding. The
other is thedifferential unitary matrix modulation, where the
channel is not known at the receiver as studied in [24] and [25]
for differential space–time modulation.

The coherent unitary matrix modulation in Fig. 5 is the fol-
lowing one-to-one mapping between binary matrices
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Fig. 5. VOFDM with unitary matrix modulation.

and , given in (6.1), shown at the bottom of
the page, where is the same as those in Fig. 5.

The differential unitary matrix modulation in Fig. 5 is

(6.2)

(6.3)

where the notations and the mapping are the same
as in (6.1).

There are two remarks we want to make here as follows.
Remark 1: The unitary matrix size of in the modulation

does not have to be the same as the one of the input binary ma-
trices, i.e., , in Fig. 4. Basically, it can be any positive integer.

Remark 2: The combination of the precoded OFDM with the
special precoder in (4.4) with the unitary matrix modulation
is similar to the above VOFDM case as follows. Let the unitary
matrices of size for convenience. The vector sequence

in Fig. 5 is then of the following form:

(6.4)

where is the all-zero matrix of size . The vector
sizes, , in Fig. 5 become .

At the receiver, the input and output relationship (4.6) after
the prefix removing and the DFT still holds. By grouping the
input and output vectors into matrices, (4.6) becomes

(6.5)

where is
of size

is of size and
is of size for each

.
Going back to Section III-A, the difference between

vector sequence and vector sequence is that
is the output of the precoding of the information data

as in (3.1) in general. In the VOFDM case, these two are equal,
i.e., .

Note that in the coherent unitary matrix modulation,
is one of the unitary matrices , and in the differential uni-
tary matrix modulation it is one of the products of these unitary
matrices. The coherent and differential unitary matrix demodu-
lation in Fig. 5 are the same as the coherent and the differential
space–time demodulations studied in [20]–[22], [24], and [25],
respectively.

VII. N UMERICAL RESULTS

In this section, we present numerical results for some theo-
retical and simulation curves of the BER versus for the
precoded and vector OFDM systems using conventional mod-
ulations and unitary matrix modulations. In the VOFDM, the
vector size . Comparing to the BPSK OFDM case,
the number of unitary matrices is , i.e., in the unitary
matrix modulation, a binary matrix is mapped to one of
16 unitary matrices. The 16 unitary matrices used
in the following simulations are from [28] for :

(7.1)

(6.1)
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Fig. 6. Fourier spectrum for three ISI channels.

This code has the best product diversity in the literature of the
same size, which is following the notation in [24].

We first consider the following three fixed ISI channels.

Channel A: , which is a spec-
tral-null channel.
Channel B: , which, although, does not
have spectral-nulls, its Fourier transform values at some
frequencies are small and the small values cause the per-
formance of the conventional uncoded OFDM system.
Channel C: , ,

, , ,
, , ,
, , ,

which does not have spectral null or small Fourier trans-
form values.

The number of carriers is in the simulations for
these three fixed channels. Their Fourier power spectrum (deci-
bels) are plotted in Fig. 6. Channel A and Channel C are selected
from the examples presented in [17].

For Channel A and Channel B, six curves of the BER versus
are plotted in Figs. 7 and 8, respectively. The theoretical

and simulated curves for the uncoded OFDM system with BPSK
signaling are marked by and , respectively. The theoretical
and simulated curves for the precoded OFDM system with rate

, i.e., and , and the BPSK signaling are
marked by and , respectively. The simulated curve for the
precoded OFDM system with rate , i.e., and ,
and the QPSK signaling is marked by. One can clearly see
the improvement of the precoding. The BER performances of
the uncoded and precoded OFDM systems are incomparable.
The QPSK precoded OFDM system has the same data rate as
the uncoded BPSK OFDM system, while their performances are
much different.

From Fig. 6, the nonspectral-null property of Channel B is
better than the one of Channel A. One can see that the BER
performances of all the OFDM systems in Fig. 8 for Channel B
are better than the ones in Fig. 7 for Channel A. Notice that the

Fig. 7. Performance comparison for OFDM systems: Channel A.

Fig. 8. Performance comparison for OFDM systems: Channel B.

performance in Fig. 7 for Channel A is better than the one of the
conventional equalization techniques, such as MMSE-DFE, in
a single-carrier system (see [17, p. 297, Fig. 6.12]).

The curves for the VOFDM with vector size , i.e.,
in the precoded OFDM system are marked byin

Figs. 7 and 8. One can see that the performance for the VOFDM
system is comparable to the one for the uncoded OFDM system
for this two channels. The data rate overhead for Channel A
is saved by half for the VOFDM system comparing with the
conventional OFDM system.

For Channel C, three simulation curves of the BER versus
are plotted in Fig. 9, where the signal constellations are

all BPSK. The uncoded conventional OFDM system is marked
by . The precoded OFDM system of rate with and

is marked by . The VOFDM system with vector size
2, i.e., , is marked by . Since the ISI channel is
not spectral null, the precoding does not show too much perfor-
mance advantage. The cyclic prefix data rate overhead for the
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Fig. 9. Performance comparison for OFDM systems: Channel C.

VOFDM is and the one for the conventional OFDM is
, where the prefix length is reduced by half.

The dashed lines in Figs. 7–9 show the curves of the BER
versus of the VOFDM with coherent unitary matrix
modulations for the three ISI channels, respectively, where the
channels are known and the coherent demodulation is used at
the receiver. One can see that they are better than both conven-
tional OFDM and VOFDM systems with BPSK signaling.

We next consider another simulation for nonfixed ISI chan-
nels and VOFDM with both coherent and differential modula-
tions. In this simulation, the number of carriers is for the
simulation convenience in averaging over the ISI channels. The
length of ISI channels is randomly chosen as 2, i.e., . The
cyclic prefix data rate overhead for the conventional OFDM and
the VOFDM are and , respectively. The ISI channels
randomly change according to the Rayleigh distribution every 0
bits once and they do not change in 0 bit lengths. Fig. 10 shows
both coherent and differential modulation schemes, where in the
coherent case the ISI channel is known and the coherent demod-
ulation is used at the receiver and in the differential case the ISI
channel is unknown and the noncoherent demodulation is used
at the receiver. From Fig. 10, one can see that the combined
VOFDM with unitary matrix modulation outperforms the con-
ventional BPSK OFDM. The complexity is, however, signifi-
cantly higher since the decision of one of 16 unitary matrices in
(7.1) is needed, while in the BPSK case the decision of one of
two is needed.

VIII. C ONCLUSION

In this paper, we proposed a novel precoding method for
the OFDM and a novel VOFDM for single antenna systems,
where the precoding does not depend on the ISI channel. The
precoding is simply to insert one or more zeros between two
sets of consecutive information symbols. Unlike the existing
COFDM systems, the precoded OFDM systems proposed in
this paper basically erases the spectral nulls of an ISI channel.

Fig. 10. Performance comparison between the BPSK OFDM and the VOFDM
with unitary matrix modulation of 162 � 2 unitary matrices for nonfixed ISI
channels of length 12: both coherent and differential modulations.

The data rate loss in the precoded OFDM because of the pre-
coding can be remedied by using higher signal constellations,
for instance, changing the BPSK to the QPSK. Furthermore,
compared to the one in the conventional convolutionally coded
OFDM system with the same code rate , the cyclic prefix
data rate overhead in the proposed precoded OFDM system is
reduced times. Theoretical and simulation results were pre-
sented. The VOFDM systems proposed in this paper are able to
reduce the cyclic prefix data rate overhead for the conventional
OFDM systems by times, where is the vector size. We nu-
merically showed that the performance of the VOFDM systems
is comparable to the one of the conventional OFDM systems.
This precoding scheme has been recently analyzed in Rayleigh
fading wireless communication systems in [18].

In this paper, we also studied the combination of the pre-
coded and VOFDM with the unitary matrix modulation in both
coherent and differential (noncoherent) cases. Some numerical
comparisons between this scheme and the conventional BPSK
OFDM were made. From the numerical simulations, we found
that the VOFDM with unitary matrix modulation in both
coherent and differential cases outperforms the conventional
OFDM and the VOFDM with BPSK signaling.

For spectral null channels, an obvious way to erase the spec-
tral nulls by coding is that no information symbols is sent at
the null frequencies. This coding method may improve the per-
formance. However, because this coding depends on where the
spectral nulls of the ISI channel are, the transmitter needs to
know the ISI channel, which may be not possible in some ap-
plications. The precoding proposed in this paper is channel in-
dependent. On the other hand, the number of zeros inserting be-
tween information symbols may have the impact on the perfor-
mance for different ISI channels. As mentioned in the Introduc-
tion, the precoded OFDM systems can be generalized to general
modulated coded OFDM systems with general in Fig. 2.
The optimal design of such precoders is under our current in-
vestigations in both cases of known and unknown ISI channels.
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