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Abstract

Orthogonal space-time block codes (OSTBC) from orthogatesigns have both advantages of
complex symbol-wise maximume-likelihood (ML) decoding afdl diversity. However, their symbol
rates are upper bounded By4 for more than2 antennas for complex symbols. To increase the symbol
rates, they have been generalized to quasi-orthogonatgjmae block codes (QOSTBC) in the literature
but the diversity order is reduced by half and the complextsymvise ML decoding is significantly
increased to complex symbol pair-wise (pair of complex sgisoML decoding. The QOSTBC has been
modified by rotating half of the complex symbols for achigvthe full diversity while maintaining the
complex symbol pair-wise ML decoding. The optimal rotatammles for any signal constellation of any
finite symbols located on both square lattices and equehlittriangular lattices have been found by
Su-Xia, where the optimality means the optimal diversitgdurct (or product distance). QOSTBC has
also been modified by Yuen-Guan-Tjhung by rotating infoiorasymbols in another way such that it
has full diversity and in the meantime it has real symbol-age ML decoding (the same complexity
as complex symbol-wise decoding) and the optimal rotatingleafor square and rectangular QAM
constellations has been found.

In this paper, we systematically study general linear fansations of information symbols for
QOSTBC to have both full diversity and real symbol pair-wlde decoding. We present the optimal
transformation matrices (among all possible linear tramshtions not necessarily symbol rotations) of
information symbols for QOSTBC with real symbol pair-wisé ldecoding such that the optimal diversity

product is achieved for botheneralsquare QAM andyeneral rectangulaiQAM signal constellations.
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Furthermore, our newly proposed optimal linear transfdioma for QOSTBC also work for general
QAM constellations in the sense that QOSTBC have full ditensith good diversity product property
and real symbol pair-wise ML decoding. Interestingly, th@imal diversity products for square QAM
constellations from the optimal linear transformationg¥érmation symbols found in this paper coincide
with the ones presented by Yuen-Guan-Tjhung by using thetimal rotations. However, the optimal di-
versity products for (non-square) rectangular QAM cotfetiens from the optimal linear transformations
of information symbols found in this paper are better thandhes presented by Yuen-Guan-Tjhung by
using their optimal rotations. In this paper, we also préetiemoptimal transformations for the co-ordinate

interleaved orthogonal designs (CIOD) proposed by KhajaiRéor rectangular QAM constellations.

Index Terms

Complex symbol-wise decoding, Hurwitz-Radon family, hnéransformations of information sym-

bols, optimal product diversity, quasi-orthogonal spawes block codes, real symbol pair-wise decoding.

. INTRODUCTION

Orthogonal space-time block codes (OSTBC) from orthogatesigns have attracted considerable
attention [3]-[20] since Alamouti code [3] was proposed.TBE have two advantages, namely they
have fast maximum-likelihood (ML) decoding, i.e., complexmbol-wise decoding, and they have full
diversity. However, the symbol rates of OSTBC for more than antennas are upper boundedHyt
for most complex information symbol constellations no miaktow large a time delay is or/and no matter
whether a linear processing is used [15]. To increase thebslymates for complex symbols, OSTBC
have been generalized to quasi OSTBC (QOSTBC) in JafarRBahi Tirkkonen-Boarin-Hottinen [22]
and Papadias-Foschini [23], [24], also in MecklenbrauRepp [25], [26] under the name “extended
Alamouti codes,” by relaxing the orthogonality betweenadlumns of a matrix. The relaxation of the
orthogonality in QOSTBC increases the ML decoding compjesind in fact, the ML decoding of
QOSTBC is in general complex symbol pair-wise (two complgxisols as a pair) decoding. Moreover,
the original QOSTBC in [21], [22], [23], [24], [25], [26] doat have full diversity. For example, the
diversity order of QOSTBC for 4 antennas is only 2, which iff bathe full diversity order 4. The idea
of rotating information symbols in a QOSTBC to achieve fulladsity and maintain the complex symbol
pair-wise ML decoding has appeared independently in [28],[[30], [31]. Furthermore, the optimal
rotation anglesr/4 and /6 of the above mentioned information symbols for any signaistellations

on square lattices and equal-literal triangular latticespectively, have been obtained in Su-Xia [30] in
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the sense that the diversity products are maximized. Inapfwoach, half of the complex information
symbols are rotated. It has been shown in [30] that the QOSWETCthe optimal rotations of the complex
symbols have achieved the maximal diversity products anadhgossible linear transformations of all
complex symbols. A different rotation method for QOSTBC haen proposed in Yuen-Guan-Tjhung
[37], [38], [39] such that the QOSTBC has full diversity artd ML decoding becomes real symbol
pair-wise decoding that has the same complexity as the @rgymbol-wise decoding. Furthermore,
the optimal rotation angle has been found toabetan(1/2)/2 = 13.29° in [37], [38], [39] when the
signal constellations are square or rectangular QAM. Wéhgained with this type of rotations is that the
complex symbol pair-wise ML decoding is reduced to the rgaitsol pair-wise ML decoding and what
is sacrificed is that the optimal diversity product obtaimed30] from the complex symbol rotations is
reduced but the diversity product reduction is not significds a remark, for rectangular QAM signal
constellations and OSTBC, the complex symbol-wise ML da@apdan be reduced to real symbol-wise
decoding that reaches the minimum decoding complexity. FOSTBC, it is not hard to show that the
real symbol pair-wise decoding has already reached themmimi decoding complexity and it can not
be reduced to real symbol-wise decoding due to the nonemdstof ratel complex orthogonal designs
[14] as we shall see later.

A different method from the QOSTBC to increase symbol rateO5TBC has been proposed in
Khan-Rajan [32]—-[36] by placing OSTBC on diagonal and jlgirselecting information symbols across
all the OSTBC on the diagonal. This scheme is called co-atdiinterleaved orthogonal design (CIOD
or CID) in [32]-[36], where it was shown that CIOD can also iaek full diversity and have the real
symbol pair-wise ML decoding similar to QOSTBC. All the résuare only for square QAM signal
constellations.

In this paper, we systematically study general linear fiansations (not only limited to rotations)
of information symbols (their real and imaginary parts aepasately treated) for QOSTBC to have
both full diversity and real symbol pair-wise ML decodingeMirst present necessary and sufficient
conditions on a general linear transformation of symbols@@®STBC such that it has a real symbol
pair-wise ML decoding. We then present the optimal tramsfdion matrices (among all possible linear
transformations that are not necessarily rotations orogdhal transforms) of information symbols for
QOSTBC with real symbol pair-wise ML decoding such that tp&roal diversity products are achieved.
The optimal transformation matrices are obtained for lygtheralsquare QAM andjeneral rectangular
QAM signal constellations. By applying the optimal lineaartsformations for rectangular QAM signal

constellations to any QAM signal constellations, we findtttlte QOSTBC also have full diversity,
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good diversity products, and the real symbol pair-wise Mcaténg. Interestingly, the optimal diversity

products for square QAM signal constellations from the roptilinear transformations of information

symbols found in this paper coincide with the ones presemdd7], [38], [39], which means that the

optimal rotation of two real parts and two imaginary parttagied in [37], [38], [39] already achieves the
optimal diversity products. However, the optimal divergiroducts for (non-square) rectangular QAM
signal constellations from the optimal linear transforiorad of information symbols found in this paper
are better than the ones with the optimal rotations predeint¢37], [38], [39]. Also note that, since a

general linear transformation does not require the orthaliy, our study covers signal constellations
on not only square lattices but also other lattices as weudgsin Section IlI-D.

In this paper, we also present the optimal linear transftioma of symbols and the optimal diversity
products for CIOD studied in [32]-[36] for general rectalaguQAM signal constellations that can
be treated as a generalization of the results for square Qigiakconstellations presented in [32]-
[36]. We compare QOSTBC using optimal symbol linear tramafitions with CIOD also using optimal
symbol linear transformations. It turns out that these talzesnes perform the same in terms of both the
ML decoding complexity and the diversity product, but thelp#¢o-average power ratio (PAPR) of the
QOSTBC is better than that of the CIOD as what has also beeartgsbout in [37], [39].

This paper is organized as follows. In Section Il, we degcthe problem of interest in more details.
In Section IlI-A, we present necessary and sufficient céonkt on general linear transformations for
QOSTBC to have real symbol pair-wise ML decoding. In SedidiB, IlI-C, and llI-E, we present
the optimal linear transformations for QOSTBC for both gahequare and rectangular QAM signal
constellations and the optimal linear transformationsyohisols for CIOD for rectangular QAM signal
constellations, respectively. In Section 1lI-D, we inigate optimal linear transformations for arbitrary
QAM constellations on general lattices. In Section 1V, wé e a more general problem in terms of
generalized Hurwitz-Radon families for QOSTBC with fast Mécoding. In Section V, we present some
numerical simulation results. Most of the proofs are in Amig.

Some Notations: Z, R, C denote the sets of all integers, all real numbers, and allpt@mumbers,
respectively. Capital English letters, such 4s B, C, denote matrices and small case English letters,
such as, s, p, ¢, denote scalars unless otherwise specifigddenotes the identity matrix of size x m.
Af, A* and A* denote the conjugate transpose, transpose, and conjugaiatix A, respectively. {fA)

denotes the trace of matrit.
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Il. MOTIVATION AND PROBLEM DESCRIPTION

In this section, we describe the problem in more details. s@mT a quasi-static and flat Rayleigh

fading channel withn transmit andn receive antennas:

Y:\/gCH+W, 1)

where C' € C is a transmitted signal matrix, i.e., a space-time codewoadrix, of sizeT x n, T is

the time delay( is a space-time codd] is the channel coefficient matrix of sizex m, andY, W

are received signal matrix and AWGN noise matrix, respebttjwof sizeT x m, andp is the SNR at
each receiver. Assume that the entrigs of 4 are independent, zero-mean complex Gaussian random
variables of variancd /2 per dimension and they are constant in each block of izé\lso assume
that the entriesy;; of W are independent, zero-mean Gaussian random variablesiahees1/2 per

dimension. Assume at the receiver, chanHels known. Then, the ML decoding is

. P 2
min|Y — /2CcH 2
arg min | \/; I, 2

where || - | denotes the Frobenious norm. Based on the pair-wise synmbmi probability analysis
for the above ML decoding, the following rank and diversitpguct criteria were proposed in [1], [2]
for the design of a space-time code The minimum rank of difference matri¢' — C' over all pairs

of distinct codeword matrice§' and C is as large as possible; The minimum of the product of all the
nonzero eigenvalues of matrpC' — C)t(C' — C) over all pairs of distinct codeword matricés and C

is as large as possible.

Clearly, when a space-time codehas full diversity (or full rank), i.e., any difference miatiof any
two distinct codeword matrices i has full rank, the product of all the nonzero eigenvalues afrix
(C—0)T(C—C) in the diversity product criterion is the same as the deteamiidet((C —C)(C —C)).
Since, in this paper we are only interested in full diversipace-time codes, in what follows we use the
following diversity product definition as commonly used hetliterature:

2 L min —OYi(C =)
—2ﬁc¢éecldet((0 )¢ = C))lzr, 3)

and it is desired that the diversity product of a space-tiodeds maximized for a given size, which in

¢

fact covers the full rank criterion sinced—C is not full rank then the determinadtt((C'—C)f(C—0C))
is always0.
Notice that a space-time codeword matéixhas? rows andrn columns and the full rankness forces

thatT > n for a fixed numbem of transmit antennas. This means that, forbits/channel use (oR
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bits/s/Hz), the size of a space-time codehas to be at leas2’™ for n transmit antennas while it is
only 2% in single antenna systems. Thus, in general the complekitiygeoML decoding in (2) increases
exponentially in terms of, the number of transmit antennas, if there is no structure” da used.

Orthogonal space-time block codes (OSTBC) from orthogaesigns first studied in [3], [4] do have

simplified ML decoding as we can briefly review below.

A. Orthogonal Space-Time Block Codes

A complex orthogonal desigi€OD) in complex variables;, zo, - - - , z isaT xn matrixG(zy, - - - , zx)
such that
0] any entry ofG(z1,--- ,z) is a complex linear combination afi, zo, - - , 2, 27, 25, - - , 2.

(i) G satisfies the orthogonality

(G212 ) G21, - 2) = (|1 P+ 222+ -+ |2 D) (4)
for all complex valuesy, zo, - - - , 2.
From a CODG(zy, - , 2,), an OSTBC can be formed by using it and restricting all theemvariables
z; in finite signal constellations;: C = {G(z1, -+ ,2k) : 2z € S;, 1 < i < k}. With the orthogonality

(ii) and the linearity (i), the ML decoding (2) can be simgii as follows:

min ||Y — \/ECHH%
cecC n

= min {tr(YTY) - \/Etr(YTCH + HICTY) + ﬁtr(HTCTCH)} (5)
ceC n n

= min ||V — \/%G(Zlf” ,2) H|[3

21,02k

= min {tr(YTY) — \/gtr(YTG(zl, sz H+ HY Gz, 2)TY)

21,032k

+ LU (G, 2)) G, ) H) |

= min {tr(YTY) - \/gtr(YTG(zl,--- o) H + HY (G (21, 2))TY)

+ gtr(HJ'H)(|z1|2 +ee |Zk|2))} (6)
= min fi(21) + min fo(z2) + -+ min fr(2x), (7)
21 €S 22€S, 2L ESk

where f;(z;) is a quadratic form of the only complex variable From (7), one can see that the original

k-tuple complex symbol ML decoding

min ||Y — \/gG(zl,--- ca)H| % = " min Y — \/gG(zl, ) H| %

21,2k 2k ) EST X - XS

October 30, 2008 DRAFT



is reduced tok independent complex symbol-wise decodingsn,,cs, fi(z;) for 1 < i < k. For
convenience, we call the decoding in @mplex symbol-wise decoding/hat we want to emphasize
here is that in the above complexity reduction, the finite plex signal constellations; can be any
sets of finite complex numbers and do not have to be rectangulsquare such as 16-QAM. With the
properties (i)-(ii) in a COD, it is easy to check thathas full diversity.

When signal constellationS; are not arbitrary but have rectangular shapes, the abovplerrsymbol-
wise decoding can be further reduced as follows. jet \/—1. A signal constellationS is called

rectangular QAM denoted as RQAM if

S:{z|z=%i+j”%d;nieNifom’:Lz}, 8)
where
N; 2 {=(2N; = 1),—(2N; = 3),--- ,—1,1,--- ,2N; — 3,2N, — 1}, ©)

where N; and N, are two positive integers andlis a real positive constant that is used to adjust the
total signal energy. For convenience, we assume alignal constellationss; for information symbols

z; are the sameS. WhenS is an RQAM, by notingz;|> = €n? + £n2,, (7) becomes

min |V — \/EC'HH%
cecC n

=  min_fi1(n) + min_ fi2(n12) + min. far(na1) + min. fa2(n22)

ni11 €N ni12€N2 N21€N1 N22 N2

4.+ mi + mi 10
,Inin, Jr1(nia) min, fr2(ni2) (10)

where f;; and f;» are independent quadratic forms of integer variablgsandn;s, respectively. If each
complex variablez; in (7) is treated as a pair of real numbers, the complex symird decoding in
(7) has the same complexity of the real symbol pair-wise diexp i.e., two real symbols are searched
jointly. From (10), one can see that if the signal constelfatS is an RQAM, the complex symbol-wise
(or real symbol pair-wise) decoding (7) can be reduced tor#a symbol-wise decoding in (10) that
has the minimal decoding complexity. Unfortunately, thenbyl ratesk /T for an OSTBC or COD are
upper bounded bg/4 for more than two transmit antennas, i.e.,> 2, and for most complex signal

constellations no matter how large a time defays [15].

B. Quasi Orthogonal Space-Time Block Codes

In order to increase the symbol rates of OSTBC, quasi orthalggpace-time block codes (QOSTBC)
from quasi orthogonal designs have been proposed by Jafairkil], Tirkkonen-Boarin-Hottinen [22],
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Papadias-Foschini [23], [24], and also MecklenbraukepiR[25], [26]. For4 transmit antennas, letd

and B be two Alamouti codes, i.e.,

z zZ Z z
. 1 22 . B- 3 24
2 21 —z1 %
Then, the QOSTBC by Jafarkhani [21] and by Tirkkonen-Bo#tottinen [22] are

Cy= 4 B andCrpy = 4 B
—B* A* B A

respectively. Similar constructions were also presentef#], [25], [27]. Although their forms are
different, their performances are identical. One can sae tie symbol rates in both schemes are
However, their rank is only2 that is only half of the full rankd. Furthermore, due to the first two
columns and the last two columns are not orthogonal eachr, dtteecomplex symbol-wise decoding (7)
does not hold in general. However, since the first two coluamesorthogonal and the last two columns
are also orthogonal, the origin&ltuple ML decoding can be reduced into the following compgribol

pair-wise decoding

. P . .
min ||V — \/jCJH”% = mingi4(z1,24) + min gog (22, 23)
CyeCy n 21,24 22,23

min |y — \/%CTBHHH% = mingis(z1,23) + inizngm(zg, 24),

Creu€Crpu 21,23 2,24

whereg;; is a quadratic form of complex variablesand z;. As mentioned before, although the symbol
rates are increased frofy4 to 1 in the above QOSTBC, their diversity order is orly To have full
diversity for QOSTBC, the idea of rotating symbals and z, in C; and rotating symbolss and z,4
in Crpy have been independently proposed in [28], [29], [30], [FA]rthermore, the optimal rotation
angles for arbitrary signal constellations located on Isofhare lattices and equal-literal triangular lattices
have been obtained in [30] such that the optimal possiblersiity products for the QOSTBC are achieved.
Since C; and Crpy have the same performance, for convenience, in what folesonly consider
CrpH, 1.e., the QOSTBC appeared in [22] as follows.

Let Gy (z1,--- ,2;) be aT x n complex orthogonal design in complex variablgs- - - , z; (for its
designs, see for example [11], [12], [13]). Ldt= Gy (21, -+ ,2;) and B = Gp(2g41,- - , 22x). We

consider the following quasi orthogonal design (QCAB), (21, - , 22k ):
A B

Qon(21,- -+, 20) = . (11)
B A
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Then,

@b, Qan = : (12)
bl, al,
where
2k k
a= Z |zi|* and b= Z(z,—z,jﬂ + zk1i2 ). (13)
=1 =1
From this equation and (5), the ML decoding becomes
min |V — \/EC'HH% = min gi(z1, 2k+1) + -+ + min gg(zk, 221)- (14)
ceC n 21,2k41 Zk 22k

where g; is a quadratic form ok; and z;.,;, which is calledcomplex symbol pair-wise decodinBy
rotating zy; as zp4; € Sk = {ei%s 1 s € S;} from z;, it is shown in [28], [29], [30], [31], QOSTBC
with rotated symbols can achieve full diversity. Singeandz;.; are jointly decoded anyway, the symbol
rotation does not change the complex symbol-wise decoding.

One can see that the above complex symbol pair-wise decdudifty for QOSTBC for any signal
constellationsz; € S;. Similar to OSTBC studied before, when signal constelieis; are RQAM in
(8), it can be further reduced as follows.

When symbols:y, - - - , 29, are all taken from RQAM, i.e.z; can be written ag; = r; + js;, where

r; ands; are independent real numbers. Then,
2k k

a="Y (Irif +Isi*), b= 2(rireri + siskts) (15)

i=1 i=1
and the ML decoding (14) becomes

min ||V — \/ECHH%
ceC n

= min fi1(r1,re41) + min fia(sy, Sp1) + min for(re, rry2)

T1,Tk+1 S1,Sk+1 T2, Tk+2
+ min. Faa(s1: 8p1) oo min fi (rye, rop) + min fra(sy, sor), (16)
wheref;;, i =1,2,--- ,k, j = 1,2, are independent of each other and also quadratic formslependent

variablesr;, r;+; whenj = 1 and of independent variablgs, s;; whenj = 2. The decoding in (16) is
real symbol pair-wise decodintpat has the same complexity as complex symbol-wise degadii(7).
Note that the decomposition (16) is due to the form of QOSTBG &s properties (11)-(15), and the
independence of all the real and imaginary parts of all mfaion symbols. As we mentioned earlier,
QOSTBC (11) has only diversity ordér i.e., half of the full diversity4. The questionnow is whether
we can rotate the information symbols in such a way that theSTEL has full diversity and in the

meantime, a real symbol pair-wise ML decoding similar to)(@&o holds. This problem has been studied
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10

by Yuen-Guan-Tjhung [37], [38], [39] and in [38], they prageal to rotater;, 7x;) into (p;, pr+;) and
(S, Sg+i) INtO (i, qx+4), While in [37], [39], they proposed to rotate;, s;) into (p;, ¢;) and (rg+1, Sk+q)
into (px+i, gk+i), Which is similar to the idea of rotating complex symbols 14, This type of rotations
has been proposed earlier in co-ordinate interleaved gothal designs (CIOD or CID) by Khan-Rajan
in [32]-[36], which is a different approach than QOSTBC ahdlsbe compared in more details later.
Furthermore, the optimal rotation angle for square QAM asctangular QAM signal constellations in
QOSTBC have been obtained in [37], [38], [39].

C. General Symbol Transformation Formulation

One can see that the reason why the ML decoding of a QOSTBC eaeduced to the real symbol
pair-wise decoding in (16) is due to properties (12) and.(Es)m (15), one can see that a real symbol
pair-wise ML decoding exists as long as the quadratic foasulandb in (15) of four real symbols
Dis Dktis 0i» Qs CaAN be decomposed into sums of two independent forms eacthiohvhas two real
variables and the two forms have disjoint variables, respeyg. This motivates the following general
linear transformation formulation of symbols such thata symbol pair-wise ML decoding of QOSTBC
is maintained.

For convenience, all information symbol constellatidhsare assumed the sam®, that is a finite set

of at least four points on the integer/square lattice
Zjj] ={z=n1+jna: ni,ny € Z}. 17)
We assume tha$ is not equivalent to any PAM constellation, i.e., not allmgeiin S are collinear (on
a single straight line). Then, the detailedcodingis as follows and shown in Fig. 1:
« A binary information sequence is mapped to poigtsn S asz; = r; + js; for 1 <i < 2k.

« Foreach, 1 <i <k, take a pre-designed real linear transfdrprand the real vectdr;, s;, 751, Sk1i)’

of dimension4 is transformed to another real vectgr;, g;, pr.i, qx1:)! of dimension4:

(Dir Qi Phtis Qi)' = Ui(Tisy Siy iy Skai) (18)

whereU; is non-singular.
o Form complex variables; = p; + jq; for 1 < i < 2k.
« With these complex variables, form a QOSTBQQs, (x1, x2, - - - ,x9) that is used as a space-time

block code and transmitted through transmit antennas.
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Binary Information | % = Ti T Jsi Linear T = pi +Jgi Quasi-orthogonal
) Zhti = Thti + ISkt Thti = Phti + Jr+i Transmit
sequences symbol transform space-time code
_— >
mapping Ui Q2n(z1,- -+, T21)

Fig. 1. Encoding of an QOSTBC.

The question now is how to design a real linear transformatig, of size4 x 4 for a QOSTBC to
possess a real symbol pair-wise ML decoding and to have fudirsity (or optimal diversity product).

In order to study a real symbol pair-wise ML decoding, let iglg a andb in (15). Let

9i(Dis Qi Photis Qh+i) P?+ G+ Prys T Qi (19)

1>

fi(Pi, Gis Prtis Qrti) 2(PiPk+i + iQr+i)- (20)

To possess a real symbol pair-wise ML decoding, linear teanmsation U; in (18) needs to be chosen

such that one of the following three cases holds
Case 1. Functiong; and f; can be separated as
9i(Dis Gis Prtis Qrvi) = Gi1(Tis 8i) + Gio(Thgir Skti),
Ji(Dis @iy Prris Qrvi) = fir(ris 86) + fio(Prai, Skaei)-

Case 2. Functiong; and f; can be separated as

Gi(Dis Q> Phvis Qoti) = 9i1 (Tis Thts) + Gi2(Sis Skti)s
Ji(Pis @i, Phtis Qoti) = Fir (Tis Thti) + fio(Si, Skti)-

Case 3. Functiong; and f; can be separated as

9i(Pi> Qi Dietis Qeti) = 91 (Tis Skts) + 9io(Si, ki),
Ji(Pi, Gis Prvis Qrri) = fir(Tis Skgs) + fio(Si, i)

With the above encoding and properties, the ML decoding @asilmilarly described below. For the

illustration purpose, assume Case 1 holds for a desigi; oThen, the ML decoding becomes

min |y — \/gQZH(wla e 7$2k)HH%

(21, 22 ) ES?F

= min vy (ry, $1) + min vy(ra, $2) + - -+ + min vor (rok, Sak), (21)
71,81 2,82

T2k, S2k
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where we notice that, = r; + js;. Real symbol pair-wise ML decodings for other two cases can b
similarly derived.

For Case 1, theth real and imaginary parts of thiéh complex symbok; are decoded jointly, i.e., it
is the same as the complex symhglsymbol-wise decoding. Since its real and imaginary passnat
separated in the decoding, the signal constellati§n®r z; can be any constellations.

For Case 2, the real parts of tith and the(k +i)th complex symbols; andz;; are decoded jointly
and the imaginary parts of thgh and the(k + i)th complex symbols; and z;; are decoded jointly.
In this case, real parts and imaginary parts of complex sysnéi@ required to be independent. Thus,
signal constellationss; and Sy.; for z; and z;.; have to be square or rectangular QAM.

For Case 3, the real part of thih complex symbot; and the imaginary part of thg + i)th complex
symbol z;.; are decoded jointly and the imaginary part of itle symbolz; and the real part of the
(k + i)th complex symboky_; are decoded jointly. In this case, similar to Case 2, sigonaktellations
S; and Sy, ; for z; and z;; have to be square or rectangular QAM too.

It is not hard to see that in terms of real symbol pair-wiseodi#og, the above three cases are the only
possibilities. One might want to ask why a transformatignis only used for four variables in (18) but
not for more variables. The answer to this question is rasiraple and it is because of the particular
forms of the quadratic forma andb in (15) and (13) that appear in the ML decoding of a QOSTBC
due to the structure of a QOSTBC (12). To include more thanriabkes does not do anything better in
terms of real symbol pair-wise ML decoding and diversitydurct.

The main goal of the remaining of this paper is to investigaie to design a linear transformations
U; in (18) such that the above encoded QOST8BG, (z1,- - ,z9,) has a real symbol pair-wise ML
decoding in terms of real information symbaisands; for 1 < ¢ < 2k in each of the above three cases,

and full diversity and furthermore the diversity producimsximized.

[Il. DESIGNS OFLINEAR TRANSFORMATION MATRICES U;

In this section, we first characterize all linear transfaiora matricesU; in (18) for Cases 1-3, i.e.,
for QOSTBC to possess a real symbol pair-wise ML decoding.théa present the optimdl; in the
sense that the diversity products of the QOSTBC are maxiize
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A. Necessary and Sufficient Conditions @nfor Real Symbol Pair-Wise ML Decoding

First of all, the two quadratic forms qf; andg; andpy.; andgx; in (19)-(20) can be formulated as

Di
I, 0 4
9i(Dis Qi Phtis Gh+i) = D2+ @ + Dy + @1 = Diys @i Phvis Qoti) , (22)
Iy Dk+i
qk+i
Di
0 I i
[i(Pis @iy Prtir Qleti) = 2(PiPk+i + GiQk+i) = (Dis Gis Photis Qi) . (23)
I, 0 Dkt
Qk+i

In terms of the information symbols, s;, rx.;, sp+; through linear transformations (18), these quadratic
forms can be further expressed as

T
_ A . I, 0 S;
Gi(Tis Sis Thtin Ski) = 9i(Dis > Phetvi> Qhoti) = (Tiy Sis Thtir Skti) Uj Ui , (24)
0 I Thti
Sk+i
Ti
_ A ¢ 0 12 S;
fi(Tis iy Thyis Skti) = fi(Dis @iy Phetvir Qi) = (Tis Sis Thti ki) Ui U; . (25
I, 0 Tkti
Sk+i

Theorem 1. Let U; be a4 x 4 non-singular matrix with all real entries used in (18). Theve have the
following results.

(i) Case 1 holds if and only i/; can be written as

U; U;
U; = , (26)
UnRin  UppRip
whereU;y, Uia, Ri1, Ri2 are 2 x 2 matrices of real entriesR?, = I, and R% = I, and
RLULUip + UL UinRia = 0. (27)
(i) Case 2 holds if and only i/; can be written as

U; U;
Ui = Py, (28)
UnRia UpRio
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whereU;1, U, Ri1, Rio are the same as in (i) for Case 1 and

1 0 00
0010
P =
01 00
0 0 01
(i) Case 3 holds if and only i/; can be written as
U; Ui
Ui = Py, (29)

UnRii UppRi2

whereU;1, U, Ri1, Rio are the same as in (i) for Case 1 and

P

Il
o o o =
_ o o o
o ~ o o
o o = o

Its proof is in Appendix. From what was discussed in Sectie@,lif U; in (18) satisfies Theorem

1, then the QOSTBC has a real symbol pair-wise ML decodinthadigh this is the case, as what was
explained in Section II-C, different cases may require rimfation signal constellations; differently.
If U; satisfies (i) in Theorem 1, then information signal conatelhs S; can be any QAM and not
necessarily square or rectangular QAM. On the other harid, #atisfies (ii) or (iii) in Theorem 1, then
information signal constellationS; have to be square or rectangular QAM for a real symbol paewi
ML decoding. WherU; satisfies (i) in Theorem 1, the quadratic objective fundigmnr;, s;, 7x+i, Sk+:)

and f;(ri, i, Trvis Skad) IN (24) and (25) can be re-written as follows:

i
Gi(Ti, 8isThwis Ski) = (13, 80) (UL Un + R4ULUA Ri)
S;
t t t Tk‘-‘r’i
+(Thtis Sk+i) (UinUia + RigUiaUia Rio) , (30)
Sk+i
_ T
Filriy SisThris Skai) = (riy80)(RGULUA + UL Un Rir)
S;
t + + Tk‘-‘r’i
+(Thtis Ski) (RioUpUia + UjpUia Ria) (31)
Sk+i
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In what follows, we only consider linear transformatiobis that satisfy Theorem 1. From Theorem
1, one can see that there may be infinitely many options of $nelar transformationg/; satisfying
Theorem 1, i.e., there are infinitely many optiong.gfin (18) such that the QOSTBC has a real symbol
pair-wise ML decoding. The question now is whith is optimal in the sense théf; satisfies Theorem
1 and the diversity product of the QOSTBC is maximized whem itiean transmission signal power

is fixed. In what follows, we present solutions fo of the following optimal linear transformation

problem:
max n(T1, -, , 32
v, satisfies Theorem %L(Qz (@1 2k)) (32)
when the mean transmission signal power is fixed, wt@gg is a QOSTBC.((Q2n (1, -+, 22k)) IS

the diversity product of QOSTB@-,, as defined in (3), and; are defined in the encoding in Section
II-C as shown in Fig. 1.
Before we come to the solution of (32), let us see the rotatjmoposed in [38], [37], [39]. In [38],

only rotations for(r;, rx1;) and(s;, sy+;) are used:
(pis Prti)t = R(riyriq)’ and (q;, qrri)' = R(si, sp4i)" (33)

whereR is a2 x 2 rotation. This rotation only corresponds to Case 2 and tlmeespondingl; in (18)

in terms of the form in (ii) in Theorem 1 for the rotation in §38an be written as

Ui = cos(7) sin(y) yUipg = 0 0 , Rip = Ry = ot - (34)
0 0 cos(y) sin(y) -1 0

In [37], [39], rotations are done individually for each cdewpsymbol as follows:

(pis i)' = R(riysi)' and (Desi, @rri)' = R(Thetis Skti)” (35)

where R is a2 x 2 rotation. This rotation corresponds to Case 1 and the quorengU; in (18) in

terms of the form in (i) in Theorem 1 for the rotation in (35)ndae written as

Uﬂ(cos(fy) sin(7) ,Ui2< 0 0 ),Rﬂ(O 1),32‘2<0 1)'
0 0 cos(y) sin(y) 1 0 -1 0

(36)
It has been found in [37], [38], [39] that the optimal rotatianglefyoptimw = %arctan(%) in the sense
that the diversity product of the QOSTBC is maximized amolhgliferent rotation angles for square
and rectangular QAM constellations.
Another remark we want to make here is that the optimal diyeoduct achieved by the optimal

complex symbol rotations for a QOSTBC in Su-Xia [30] has bsbown in [30] optimal among all
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possible linear transformations; without any restriction. We may expect that the optimal chitg
product of a QOSTBC with the optimal solution &f in (32) for the real symbol pair-wise ML decoding
may be smaller than the optimal one obtained in [30] with tbmglex symbol pair-wise ML decoding

as we shall see in Section IlI-C.

B. Optimal Linear Transformation&; for Square QAM

In this subsection, we consider square QAM, i}d2-QAM for any M. We present a solution of linear
transformationd’; for the optimization problem (32), which turns out to be ipdadent of the sizé/?
of the M?%-QAM constellations and is different from other QAM congiéibns, such as rectangular QAM
as we shall see in later subsections.

From a QOSTBC form (11) and the designs of complex orthogspate-time block codes [11], [12],
[13], one can see that in most COD designs, the complex sygabal or their complex conjugatesz;
or zeros are directly placed in an CQ®,(z1,--- ,xx), i.e., no linear processing of these symbols is
used, thereforetz; or £z, or 0 are directly transmitted. Thus, the mean transmissionasigower is
determined by the mean power of complex symbolsEven for a CODG),(x1,--- ,x) with linear
processing of symbolsz; or £z}, as long as the QOSTBC patte}y,, is fixed, the mean transmission
signal power is also determined by the mean power of compjexbsels z;. From the encoding in
Section 1I-C, the signal powers of; = p; + jg; are determined by/; in (18) and the information
symbolsz; = r; + js; wherer; ands; are integers. Sinc#; are not necessarily orthogonal transforms,
the problem of the mean signal power gf can be formulated as the real lattice packing problem [53]
as follows. The4k dimensional lattice op; andg;, i = 1,2, ..., 2k, for the transmission signal can be

formulated in terms of thdk information integer lattice of; ands;, i = 1,2, ..., 2k:

p1 1

q1 S1
Pr+1 Tk+1
Tk+1 U - 0 Sk+1

= : e : : (37)

Dk 0 ------ Up e

Ak Sk

P2k T2k

Q2K S2k
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wherer;, s;, 1 = 1,2,--- , 2k, are from the integer séf and U; are 4 x 4 non-singular real matrices.
Then, the mean signal power of the transmission signatégiti g; is reciprocal to the packing density of
the 4k dimensional real lattice, which is determined by the deteamt of the lattice generating matrix:

1

[Ty | det(U:)|
Therefore, the normalized diversity product of the QOST8E, in (11) in terms of the mean signal

power becomes:

((Q2n)
(ITE, I det ()]
where((Q2,) is the diversity product (3) of QOSTBQy,, (=1, - - - , z2x). Thus, the optimization problem

C(Qam) 2 (38)

)1/<4k> ’

(32) becomes: to find a non-singular linear transformatipithat satisfies Theorem 1 such that the above
normalized diversity produa}(Q-,,) is maximized. For this optimization problem, we have théofwing

solution.

Theorem 2. Let

(39)

a = arctan(2) and R = ( cos(a) sin(e) ) ;

sin(a) — cos(a)
and P, and P, be the4 x 4 matrices defined in (ii) and (iii) in Theorem 1, respectivéigr the three

cases in Section II-C, we have the following results, retpely.

1 I, Ip
AL , 0
v \/§<R R) (40)

Then, the above orthogonal matricEs satisfy (i) for Case 1 in Theorem 1, i.e., the quadratic forms

() For Case 1, let

fi in (19) andg; in (20) of 4 variables can be separated as Case 1, and furtheyiy; are optimal
in the sense that the normalized diversity prodg@®s,) in (38) is maximized among all other

non-singular linear transformation&’; that satisfy (i) in Theorem 1 and

; _ 1 A
v, in (i)H'll'aﬁ(eorem 1C(Q2") B 2\/ﬁ(5) ' (41
(i) For Case 2, let
Ui\}i(g I;>P1. (42)

Then, the above orthogonal matric&s satisfy (ii) for Case 2 in Theorem 1 and they are optimal,

and the same maximum normalized diversity product in (4RciEeved.
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(i) For Case 3, let
1 Iy I
Ui=— Ps. (43)
V2\ R -R
Then, the above orthogonal matric&s satisfy (iii) for Case 3 in Theorem 1 and they are optimal,

and the same maximum normalized diversity product in (4RciEeved.

Its proof is in Appendix. As one can see, in this subsectimsteiad of using the actual mean
transmission signal power af;, we use the packing density &k dimensional real lattices in the study.
As we shall see in the next subsection, the results in The&eame indeed true for any finite size
square QAM, when the actual mean transmission signal pawvesed. In other words, when the actual
mean transmission power is fixed, the maximal diversity potsl are achieved by the optimal linear
transformations presented in Theorem 2. This is due to thrsgsize of a square QAM that can be
well represented by dk dimensional real lattice. The optimality result is alsoepdndent of the size
of a square QAM signal constellation.

Interestingly, although the optimal linear transformagid’/; found in (ii) for Case 2 in Theorem 2 are
not the same as the optimal rotations (34) obtained in [B&],aptimal diversity products for a QOSTBC
with the two different optimal transformations are the sdoresquareQAM signal constellations as we
shall see later in the next subsection. The same conclusiorbe drawn for the optimal rotations (36)
obtained in [37], [39] and the optimal linear transformagd/; found in (i) for Case 1. The optimal
rotation can be similarly obtained for (iii) for Case 3. Thi®ans that in square QAM case, considering
the rotations as in (33)—(36) is sufficient in the sense th@QESTBC has a real symbol pair-wise ML
decoding and in the meantime, the diversity product is madthamong all linear transformatiofi§
that satisfy the conditions in Theorem 1. Note that sincatiats in (33) are only for the real parts of
the ith and(k +¢)th complex symbols, and the imaginary parts of #theand(k +i)th complex symbols,
separately, the rotations in (33) do not apply to Case 1 ars# Ga

It should be emphasized here that Case 1 is of particulaeisttdt is because the real symbol pair-wise
decoding is not for two real or two imaginary parts but for thal and the imaginary parts of a single
complex information symbot;. In this case, the signal constellatidh of z; can be any QAM. When
we consider (i) for Case 1 for an arbitrary QAM, although we aot able to prove that the abolk is
optimal, the obtained QOSTBC still has full diversity witlo@d diversity product property. The details
about this issue shall be discussed in Section IlI-D later.

For rectangular QAM constellations, the situation is défet and we use a different approach and find
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that the optimal linear transformatiobs depends on the sizes/shapes of rectangular QAM constekati

as we shall see in the next subsection.

C. Optimal Linear Transformation&; for Rectangular QAM (RQAM)

In this subsection, we consider RQAM signal constellation$8)-(9) with total Ny N, points. It is

not hard to see that the total ener§yf the RQAM constellation in (8)-(9) is
2
£= gN1N2(2N12 +2N2 —1)d2. (44)

For convenience, we assume the total energy of an RQAM d@ti&ia is normalized tal, i.e.,& = 1.

Therefore, the distancé between two nearest neighboring points in the constetidicomes

= \/ 2N1N2(2N123+ 2NZ — 1) (45)
Since there exis2k variables in a QOSTB@)2, (21, - - , 221), the total energy of all these information
complex symbols:y, - - - , 291, IS 2k.

Let us consider Case 1 and the other two cases can be sindianly. Linear transformatioris; in
(18) transform an information signal constellation RQAM faformation symbolsz; = r; + js; and
Zk+i = Tk+i + jSk+s INt0o another one for transmitted symbals = p; + j¢; andzi; = pr+i + Jqk+is
1<i<k, inQa(xy, - ,zo). FOr convenience, we require that the total energies ofthes signal
constellations (before and after transformati@n} are the same, i.elj;, 1 < i < k, are total-energy-

invariant. The total-energy-invariance implies

k

ol Y. Wi+a)+ D Wheit G | =2k, (46)

i=1 \pi+ijg:€D; Pr+i+tiqe+i€Drti
where, fori =1,2,--- , 2k,
A . . .
Di = 1{pi +jai: 2z =ri+jsi € RQAM, 2 ymodbk = 7 (k+symodbk T35 (k+mochs € RQAM}.

SinceU; satisfy (i) in Theorem 1, from (30),

2, 2, .2 2
Di @ + Piyi T Qhets

T Tk+ti

(ri, ) (ULUn + Ry UL Uit Rin) + (Phtis Si44) (UUsz + RigUUia Rig)

Si Sk+i
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Thus, the total-energy-invariance (46) becomes

k
T
2k = Z Z (ri,5:)(UhUin + R UL Un Rin) (

k
Tk
+y > (rhrir ki) (UppUia + RigUbUia Rig) ( : (47)
=1 rk+i+j5k+i€RQAM Sk+i

Under the above energy invariance/normalization requergmwe have the following results.

Theorem 3. Regarding to Cases 1-3, we have the following results.

(i) For Case 1 and an RQAM in (8)-(9) with total energyi.e., (45). Let:; = %, £g =
ANZ—1 _ _ 5
sENTRaNToT) @ = arctan(2), p =\ /ey, and
cos(a sin(« 0 1 1+ 1-2¢
R, = () (@) , P= . D= ! "l @s)
sin(a) — cos(a) 1 0 1-261 2—¢

Denote a diagonalization of symmetric matdixas ¥ = V!DV, where D = diag(A1, A2), A1, A2

are the eigenvalues of and V' is an orthogonal matrix. Let

VX 0 VA 0
Uy = pV! ! Vi Up = pV! 2 VP, Ry=—PR,P.  (49)
0 Vs 0 Vi
Then,
U; U; .
Ui = Z:1727"'7k7 (50)

UinR1 UpRy
satisfy (i) for Case 1 in Theorem 1, and are optimal in the sethsit the diversity product of the
QOSTBC is maximized among &l} under (i) in Theorem 1 and the optimal diversity product is

1 d
2V2T (1 + £169)1/4

Coptimal,WWX

1 3
2V2T ¢N1N2 V16N + 16N + 48NZN3 — 20N — 20N3 + 5
(i) For Case 2,U;P; with P; in Theorem 1 is optimal, wher&; is defined in (50).

(51)

(i) For Case 3,U; P, with P, in Theorem 1 is optimal, wher&; is defined in (50).

Its proof is in Appendix. A QOSTB@)y,, (21, -+ ,z9) from aT x n COD G,,(z1,--- ,x) has size
2T x 2n and thus in the optimal diversity product formula in (51)er is2T instead ofT" as in the
diversity product definition (3). Note that the optimal disity products in Theorem 3 are not in terms

of the normalized diversity products as used in the previ&ussection for square QAM constellations.
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Since an RQAM covers a square QAM, i.8; = Ny = N in (8)-(9). In this cases; = e, =1/2 and
p=1/3, 2 =230 Thus,A\; = Ay = 3 andU;; = Uy = %Ig. Therefore, the optimal/; in Theorem 3
coincides with the one obtained in Theorem 2. Thus, we haenfimg corollary.

Corollary 1. For a square QAM of sizéV?, the optimal diversity product of a QOSTBC among all

different linear transformationg/; in (18) that satisfy Theorem 1 is

1 3
optima = . 52
Cpt IL,WWX 2@\/\/5—)]\[2(4]\[2_1) ( )

As mentioned in Section II-B that although the linear transfation U; for Case 1 and Case 2 in
Theorems 2 and 3 are different from the optimal rotations3®) (btained in [37], [39] and the optimal
rotations in (34) obtained in [38], respectively, the cepending optimal diversity products are the same,
i.e., (52), for a square QAM signal constellation of si¥é.

From Theorem 2 and Theorem 3, one can see that, although wevaiskfferent energy normalization
methods and different proofs, the optimal linear transtaions U; are the same for square QAM
constellations. In this regard, Theorem 3 covers Theorem 2.

From Theorem 3, one can see that the optimal linear transtwnsU; in Theorem 3 depend on the
size and the shape of an RQAM, i.&/; and N,, which is not what a rotation in (34) and a rotation in
(36) can achieve. In fact, with the optimal rotation in (3®taned in [37], [39] and the optimal rotation

in (34) obtained in [38], the optimal diversity product fan QAM in (8)-(9) is

Coptimal,YGT = — <é> " d=— \/ ’ : (53)
: 22T \5 22T \| VBN N3 (2NZ + 2N — 1)
It is not hard to see that
1 1 1/4 1 4 1/4
Coptimal, WX = WoTi <1 +€1€2> d=> ST (g) d = Coptimal,YGT (54)

wn

where the equality=" holds if and only ife; = 5 = 1/2, i.e., N; = N, or square QAM. This concludes

the following result.

Theorem 4. The diversity product of a QOSTBC with the optimal lineamsfrmationl; in Theorem
3 is greater than the one with the optimal rotation in (34) oty non-square RQAM.

Comparing with the optimal diversity prOdu%ptimal gxin [30] of a QOSTBC among all possible

linear transformations without any restriction in Theor&rfor RQAM, we have

1 1 1 1\
- i = ——d > d = Copti . 65
CoptlmaI,SX WoTa WoTa Wora <1+5152> Coptlmal,WWX (55)
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whered,,;, is the minimum Euclidean distance of the signal constelfaf and in the above RQAM
casednmin = d. Note that in [30], it was shown th%dmm is an upper bound for the diversity product
of QOSTBC for any kind of linear transformations of inforneat symbols and any signal constellation
and furthermore the one from the optimal rotation of the kalfhplex information symbols reaches the
upper bound.

As an example, foB2(8 x 4)-RQAM, i.e., Ny =4 and N, = 2, and a4 x 4 QOSTBC, i.e.,I" = 2,
we have

1 1 1
CoptimaI,SX: 4(43264)1/4 > Coptimal,WWX: 4(49984)1/4 > 4(54080)1/4 = <Optimal,YGT-

D. Linear Transformationg/; for Arbitrary QAM on Any Lattice

In this subsection, we first present the optimal linear ti@mnsationsU; for a rectangular QAM on an
arbitrary lattice and then investigate them for an arbjtt@AM on an arbitrary lattice.

As we explained before, when two real parts or two imaginaaytgpof two complex information
symbols, such agr;, 7.} or {s;,sp+:}, or one real part of one complex symbol and one imaginary
part of another complex symbol, suchaf z; andsy.; of z;;, are jointly decoded but independently
among the pairsthe real and the imaginary parts of a complex humber have tandependent each
other. This requirement forces that a signal constellation thabmplex symbol belongs to has to be
RQAM on a square lattice. Thus, some commonly used signatetiations, such as the 32-QAM shown
in Fig. 2(a), and also equal-literal triangular latticee axcluded for the fast decoding. Therefore, Case
2 and Case 3 in Section 1I-C do not apply to an arbitrary QAMh@nectangular QAM), such as the ones
in Fig. 2, that may have better energy compactness than RQAMther lattices than a square lattice.
On the other hand, if the real part and the imaginary part afrapdex symbol are not separated into two
independent decodings, such as in Case 1, then the realnghtti@ imaginary part of a complex symbol
do not have to be independdot a real symbol pair-wise decoding for QOSTBC. In this ¢assignal
constellation can be any set of finite complex numbers. FOBTEL with a real symbol pair-wise ML
decoding, Case 1 is the only case for linear transformatigns

We first consider a rectangular QAM on any lattice (not nemelgssquare/integer) in the complex
plane. Any two real-dimensional lattice on the complex plaan be generated from the square integer

lattice through & x 2 non-singular real matrix\:
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(a) 32-QAM (b) 8-QAM

Fig. 2. Non-rectangular QAM.

wherer and s are integers and it is simply called lattice A rectangular shape (or for simplicity
QAM) constellationS on lattice A corresponds to an RQAM = {(r,s)! : (7,3)! = A(r,s)! € S} on

a square/integer lattice. With this relationship, one migink that what we have obtained previously
could be applied to any rectangular QAM on any lattiteby absorbing the matri\ into the linear
transformation; asU;diaglA—*, A=) and then converting the problem to an RQAM on a square/intege
lattice. This is correct and incorrect. For a rectangulalMQA& on a general lattice\, the real and the
imaginary partss and 5 with z = 7 + js € S may not be independent. Thus, the results for Case 2 or
Case 3 obtained previously do not apply to a rectangular QAMa arbitrary lattice. Since in Case
1, the independence of the real and the imaginary parts ofrglex symbol is not necessary, all the
results for Case 1 apply to an rectangular QAM on any latider a non-singular generating matrix

This gives us the following corollary.

Corollary 2. For a rectangular QAMS on lattice A with a non-singular2 x 2 real matrix A, let
U; = Udiag(A~', A1) whereU; is defined in (i) for Case 1 in Theorem 3. Let information syi:bo
z; = 7;+j5; be randomly taken i and then follow the encoding procedure in Section II-C byaeipg
Tiy Siy Ziy Dis Gir Ti, aNAU; With 7, 5, Z, Pi, @, T, and U;, respectively. Therd/; is optimal in the sense

that the QOSTBC has a real symbol pair-wise ML decoding aeddiliersity product is maximized.
For an arbitrary QAM on an arbitrary lattice we have the foilog result.

Theorem 5. Let U; be defined in Corollary 2 and/; be the linear transformation defined in (i) in
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Theorem 3. Then, the QOSTBC with this linear transformatiaa full diversity and the real symbol

pair-wise ML decoding (21) for any QAM signal constellatiom any lattice.

Proof. From the discussion of Corollary 2, without loss of genigraive only need to consider a
square lattice, i.e.A = I,. In this case, letS be an arbitrary set of finite points on the square lattice.
Then, by adding proper points to it, constellatiSrcan be made up into a RQAM; of size N1 x Ns.
Clearly, if a QOSTBC has full diversity for a larger constibn Sy, it also has full diversity for a smaller
constellationS. For RQAM S;, we apply the result in (i) for Case 1 in Theorem 3 and know that
QOSTBC has the optimal diversity product expressed in (bd) is not zero. This proves Theorem 5.
g.ed.

Although we are not able to prove the optimality@fin Theorem 5 in terms of the optimal diversity,

we have the following conjecture.

Conjecture 1. For an arbitrary QAM S on an arbitrary lattice, there exists a tighteaf; x N, RQAM
S; in the sense that the Euclidean distance betw8emnd S; is minimized. With this RQAMN;, let U;
be defined in Corollary 2. We conjecture that is optimal in the sense that the QOSTBC reaches the

optimal diversity product.

Although we are not able to prove the optimality @f in (i) in Theorem 3 for an arbitrary QAM on

a square lattice, we can calculate the diversity produchef@QOSTBC when thig/; is used:

1 1 1/4
_ d, 57
WX = 5 7 (1 ¥ 5152> ®7)

wheree; ande, are defined in Theorem 3y; and N, are defined in Conjecture 1 ands the Euclidean
distance of the two nearest neighboring points in constefiaS with normalized total energy. When
Ny = N», i.e., S is approximated by a tightest square QAM, the diversity podaf the QOSTBC with
the abovel; is

_ ! 4 1/4d 58
CWWX = S Woia <3> : (58)

whered is as before. The optimal diversity of the QOSTBC among afiside linear transformations is

[30]
1
Coptimal,SX= —2\/ﬁd’ (59)

whered is the same as before, which can be achieved by optimallyimgthalf of the complex symbols
[30].
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As an example, let us considg82-QAM in Fig. 2(a). By using the transforrty; in (i) in Theorem
3, the diversity productyz\nyx = 0.0187 while the optimal diversity product in [30] isoptimal,SX:
0.0198. Note that for the32(8 x 4)-RQAM, by using the optimal transforriy; in (i) in Theorem 3,
the diversity productoptimal wwx = 1/(4(49984)/*) = 0.0167 while the optimal diversity in [30] is
Coptimal,SX= 1/(4(43264)'/*) = 0.0173 as calculated at the end of Section III-C.

E. Optimal Transformations for Co-ordinate Interleavedti@@rgonal Designs (CIOD) for RQAM and

Some Comparisons

To increase the symbol rates of COD, a different approachbkas proposed by Khan-Rajan [32]-
[36], where they propose to place a COD on diagonal repeateith different information symbols and
then these different information symbols are interleaveduch a way that the final overall design has
full diversity, which is called ao-ordinate interleaved orthogonal desi¢@lOD). Its definition is given
below.

Let G, (x1,- - ,x;) be aT x n COD with complex variables;, - - - , x; as before. For; = p; + jg;,

1 < i < 2k, definex; = p; +jq( ymock:’ 1 < i < 2k, as interleaved variables af. A (2k,27,2n)

kot
CIOD Qg (%1, ,&91) is @21 x 2n matrix and defined by

Qan(F1, -+, Fop) = B B) U - (60)
07 xn G(Tgy1, 5 Tok)

By rotating a signal constellation properly, it has beenvahin [32]-[36] that the above CIOD can
achieve full diversity. The encoding is similar to QOSTB@win in Fig. 1. LetS be a signal constellation
of finite complex numbers. The encoding for a CIOD scheme ifolmws:

« Map a binary information sequence into symbejs=r; + js; in S, 1 <1i < 2k.

« Rotate the mapped complex symbejs= r; + js; into z; = p; + jg;:

; cos@ sinf .
(Pi> @) = (riysi)" (61)
—sinf cosd

o Definez; = p; +jq(k+i)modzw 1 <6 <2k

o Transmit CIOD matrixQa,(Z1, - - - , Tak)-

With this scheme, it has been shown in [32]-[36] that the Cl@d3sesses a real symbol pair-wise
ML decoding wherg(r;, s;) are jointly decoded but independently in terms of indeXherefore, it is
similar to Case 1 in our study in Section II-C. Thus, for thalrsymbol pair-wise ML decoding, the

original signal constellatio®s does not have to be square or rectangular QAM. Also, theiootat (61)
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is not necessary and arzyx 2 real linear transforni/ does not change the real symbol pair-wise ML

decoding property. Regarding to diversity product propehte following result was obtained in [35].

Proposition 1. Let S be a square QAM on a square lattice, i.e., an RQAM in (8)-(FhuN; = Ns.
Then,§ = arctan(2)/2 is the optimal rotation angle in terms of the optimal divergproduct for the

rotation (61) and the optimal diversity product with thistimpal rotation angle is

1 4 1/4
. — B d, 62
Coptimal,KRL Woia <5> (62)
whered is as before.

From the above result, one can see that the optimal divgysigucts in both QOSTBC and CIOD for
square QAMconstellations on square lattices are the same when a redidaypair-wise ML decoding
is imposed:
foptimal,KRL = goptimal,YGT: <optimal,WWX'
For a non-square RQAM constellation, the optimal rotatibage not appeared so far. We next present

an optimality result for a non-square RQAM constellation.

Theorem 6. Let information signal constellatio§ be an RQAM defined in (8)-(9), and, ¢ be defined

as in Theorem 3. Define = arctan(\/sllTQ), 6, = arctan (Y31 £2), 0, = a — 6, and
cos(fy) sin(fy)
U— V2e1 V2
—sin(f3) cos(fz)
V21 V2

Replace the rotation in (61) by the above transfabin Then, the above transformatidit is optimal
for a CIOD in terms of optimal diversity product among all rsingular linear transformations and the

optimal diversity product with this transformation is

1 1 1/4
, — d, 63
Coptlmal,WWX,CIOD— WNOT (1 +5152> (63)

whered is the same as before.

Its proof is in Appendix. From this result and Theorem 3, oa@ cee that the optimal diversity

products for QOSTBC and CIOD for any RQAM on a square lattieethe same, i.e.,

Coptimal,WWX,CIOD: Coptimal,WWX-
Thus, QOSTBC and CIOD with optimal linear transformatiohs@mplex symbols perform identically in

terms of both decoding complexity and diversity productpamy, which shall be verified via numerical
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simulations in terms of symbol error rates vs. SNR for 4-QAiSection V. However, since half of the
entries are) in a CIOD, for a fixed mean transmission signal power, PAPRGQSTBC is better than
that for CIOD as pointed out in [37], [39].

As a remark, the optimal linear transformatidhin Theorem 6 is a rotation, i.e., orthogonal, if and
only if Ny = Ns, i.e., the RQAM is square. Then, in this case, = 2 = 1/2, a = arctan(2)
and 6, = 0, = «/2, and therefore it coincides with the optimal rotation in Bsition 1 obtained by
Khan-Rajan-Lee [35] and the optimal transformation become

cos(a/2) sin(a/2)
—sin(a/2) cos(a/2)

U =

IV. GENERAL SETTING WITH GENERALIZED HURWITZ-RADON FAMILIES

In this section, we discuss some generalizations of QOSTRLGIOD we have previously studied.
It is not hard to see that, by splitting real and imaginarytpaf complex symbols, both QOSTBC and
CIOD of k complex variablescan be represented by a general linear dispersive form [46],0f 2k
real variables:

C(s1,82, - ,52%) = 5141+ s2da + - -+ + sop Aoy, (64)

where A; are T x n constant matrices of complex entries agjdare real variables. For convenience,
we assume information signal constellations are all RQAMe, all the real and imaginary parts are
independent when an i.i.d. information sequence is mappedmplex symbols in the RQAMs. Ld;

be the signal constellation for thigh variables; for 1 < ¢ < 2k. Then, it is not hard to see that using
the aboveC' as a space-time codeword matrix, it has a real symbiniple ML decoding (regardless of

a permutation of symbols) if and only if

(C(Slv tee 732k))TC(817 tee 78219) = fl(sla e >SH)B1 + e+ f7(82k—/€+17 o 78219)37'7 (65)

wherer = 2k/k, B;, 1 < i < 7, aren x n constant matrices, an¢i, 1 < i < 7, are independent
functions of constant coefficients. If (65) holds for all rgalues of variables;, whenk = 1, it is not

hard to see that (65) is equivalent to

ATA; + ATA; =0 for 1 <i#j <2k, (66)

For convenience, we considércomplex variables instead @k complex variables as previously used.
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which is equivalent to tha$(sy, - - - , sox) is a kind of COD (when it has full diversity that implieAZTAz-
has full rank) as also mentioned in [32]—[36] and [37], [38]9]. This also implies that it is impossible
for QOSTBC or CIOD to have full diversity and real symbol-&isL decoding unless its size &x 2
by applying the COD symbol rate upper bound for a Hurwitz fgrini [15]. In other words, real symbol
pair-wise decoding is the lowest complexity decoding of aSJ8C or CIOD can have, i.e., it is already
the minimum complexity decoding for QOSTBC or CIOD, for mahan 2 transmit antennas.

For a generak, it is related to a generalized Hurwitz-Radon family. K&t 1 <i <7 = 2k/k, be a
partition of the index sef2 = {1,2,--- ,2k}, i.e., none of); is empty,Q2; N Q; = ¢, empty, fori # j,
and the union of alf; is the whole sef). A set of constant matrices;, 1 < ¢ < 2k, of sizeT x n and

complex entries are called ratuple Hurwitz-Radon familyf
A; Aj + AL A;, =0 foranyi; € Q; andj; € Q; with 1 <i# 5 <. (67)

Clearly, (67) is equivalent to (66) when= 1. With the above generalized Hurwitz-Radon family, it is
not hard to see that if the matrices in C(sy,--- ,s9,) In (64) form ax-tuple Hurwitz-Radon family,
then the linear dispersive codé(sq,- - , sor) has a real symbot-tuple ML decoding.

Corresponding to the real symbol pair-wise ML decoding igitich Sections Il and Ill, if we lek = 2,
T =2k andQ; = {2i — 1,2i} for 1 <i < 2k, then QOSTBC or CIOD has a real symbol pair-wise ML
decoding if its constant matrices;, 1 < i < 4k, form a2-tuple Hurwitz-Radon family. From Section llI

and [32]-[39], a2-tuple Hurwitz-Radon family oftk many27" x 2n matrices exists fon =T = k = 2.

V. SOME SIMULATION RESULTS

In this section, we present some simulation results to wehe theoretical results obtained in the
preceding sections. We considertransmit andl receive antennas with quasi-static Rayleigh fadings.
We simulate QOSTBC and CIOD of rate 1 for a square QAM (4-QAlBNd QOSTBC of rate 1 for
two non-square QAMs (8-QAM and 32-QAM). For 8-QAM and 32-QAMo different cases are tested:
one is RQAM withN; = 2, N, = 1 and N; = 4, N, = 2, respectively, and the other is non-RQAM
shown in Fig. 2 (a) and (b), respectively. For non-square RIQ#e compare our newly obtained optimal
transformationU; in Theorem 3 with the optimal rotation in [37], [39] that is tnoptimal among all
linear transformations in terms of diversity product. Foe two non-square QAMs in Fig. 2, we also

apply the optimal transformation for Case 1 in Theorem 2 oedfem 3 for square QAM or RQAM.

2Strictly speaking, it may not be a COD due to thfaftAi may not bel but has full rank.
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The corresponding diversity products are listed in Tabla Trable 1, we also listed the optimal diversity
products using the optimal rotations of half complex symslatitained in Su-Xia [30] where only complex
symbol pair-wise ML decoding is possible. The numbers afgrof their ML decodings are listed in Table
2. One can clearly see that for the same decoding complekityab symbol pair-wise ML decoding, the
diversity products for non-RQAM in Fig. 2 using Case 1 tramgfation are better than the others since

the constellations in Fig. 2 are better compacted than thegponding RQAMSs.

TABLE |

DIVERSITY PRODUCT COMPARISON

Constellations 4-QAM | 8-QAM | 32-QAM
Su-Xia [30] 0.1768 | 0.0801 | 0.0198
Case 1 (QAM in Fig. 2) 0.1672 | 0.0757 | 0.0187
CIOD 0.1672 | 0.0757 | 0.0187

RQAM with new optimal transform | 0.1672 | 0.0699 | 0.0167
RQAM with optimal rotation [37], [39]| 0.1672 | 0.0683 | 0.0164

TABLE 1l
ML DECODING COMPLEXITY COMPARISON NUMBER OF TRIALS
Constellations 4-QAM | 8-QAM | 32-QAM
Su-Xia (complex symbol pair-wise) [30] 32 128 2048
Case 1 (real symbol pair-wise) 16 32 128
CIOD (real symbol pair-wise) 16 32 128
RQAM (real symbol pair-wise) 16 32 128

Fig. 3 shows the block error rates vs. SNR at the receiveth@isjuare QAM, 4-QAM, for QOSTBC
without any rotation of symbols (diversity order 2), withetbptimal rotations obtained in [37], [39], with
the optimal transformations in Theorems 2-3, and for CIOEhwhe optimal rotation in [32]-[36], and
finally for the optimal rotation obtained in [30] with the cpiex symbol pair-wise ML decoding. All
other methods but the one in [30] are real symbol pair-wiseddtoding that is the same as the complex
symbol-wise decoding. One can see that three curves, QOSViBCthe optimal rotations obtained in
[37], [39], with the optimal transformations in Theorem®2and CIOD with the optimal rotation in
[32]-[36] coincide, which verifies what we mentioned at thed eof Section IlI-E, i.e., they perform

identically in terms of the performance and the decoding erity.
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~ QOSTBC and CIOD, 4 transmit and one receive antennas, 4QAM
10 T T T T T T T T

107}

Block Error Rate
=
O|

10

—+—  QOSTBC no rotation
—>—  QOSTBC with optimal rotation in [37,39] 4
- o- QOSTBC with new optimal transformation 1
—a—  QOSTBC Su-Xia [30]

-¢---  CIOD with optimal rotation [35,36]

10'5 | |
10 11 12 13 14 15 16 17 18 19 20

SNR at the receiver (dB)

Fig. 3. Simulation results for schemes with the transmissaie of 2 bits/channel use.

The aim of Fig. 4 and Fig. 5 is to compare the performance kertwtbe newly obtained optimal
transformationd’; in Theorem 3 for both RQAM and non-RQAM (Case 1) with the optinotation
obtained in [37], [39] for RQAM. The block error rates vs. SNHRthe receiver for 8-QAM (3 bits/s/Hz)
and 32-QAM (5 bits/s/Hz) are shown in Fig. 4 and Fig. 5, retipely. One can see that newly obtained
optimal transformationg/; in Theorem 3 for RQAM are better than the optimal rotationaoied in
[37], [39] for RQAM, and the newly obtained optimal transfaation U; for Case 1 in Theorems 2-3
for the non-RQAM constellations in Fig. 2 have the best penfince when real symbol pair-wise ML
decoding is imposed. In Fig. 4 and Fig. 5, we also compare thighoptimal rotation obtained in [30]
with the complex symbol pair-wise ML decoding. All theseuks have confirmed the theoretical results
obtained and discussed in Sections II-Ill. Note that, fer @AM constellations generated frosguare
QAM as shown in Fig. 2, the optimal rotation obtained in [3BQ] can achieve the same performance

as the optimal rotations for Case 1 in Theorems 2-3 do.

V1. CONCLUSIONS

In this paper, we systematically studied general lineansfi@mations of information symbols for

QOSTBC to have both full diversity and real symbol pair-wie decoding. We presented necessary
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Fig. 4. Simulation results for schemes with the transmissaie of 3 bits/channel use.

10°

QOSTBC, 4 transmit and one receive antennas, 32QAM
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Fig. 5. Simulation results for schemes with the transmissaie of 5 bits/channel use.
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and sufficient conditions on the linear transformations d0QOSTBC to possess a real symbol pair-
wise ML decoding. We then presented the optimal transfdonatatrices (among all possible linear
transformations not necessarily symbol rotations) ofrimi@tion symbols for QOSTBC with real symbol
pair-wise ML decoding such that the optimal diversity protis achieved for botlgeneralsquare QAM
and general rectangulaQAM signal constellations. We showed that with our newlygosed optimal
linear transformations for QOSTB for RQAM in one of the thresses, i.e., Case 1, QOSTB has full
diversity and good diversity product property and real sghgair-wise ML decoding for any finite signal
constellation on any lattice. Interestingly, the optimalegsity products for square QAM constellations
from the optimal linear transformations of information dyots found in this paper coincide with the
ones presented by Yuen-Guan-Tjhung by using their optitations. However, the optimal diversity
products for non-square RQAM constellations from the optitimear transformations of information
symbols found in this paper are better than the ones prasdayteyuen-Guan-Tjhung by using their
optimal rotations. We also presented the optimal transétions for the co-ordinate interleaved orthogonal
designs (CIOD) proposed by Khan-Rajan for rectangular QAivistellations.

As a remark, in this paper, we assume MIMO channels are uslated and no any feedback is used.
When MIMO channels are correlated, studies on QOSTBC camtnedfin, for example, [47]. When a
limited feedback is available, studies on OSTBC and QOSTBR ke found in, for example, [48]-[52].
Further recent developments on fast decoding and lineasfvemations can be found in, for example,
[41]-[44].

APPENDIX

In this appendix, we prove Theorems 1, 2, 3 and 6. To do sosldirst see a lemma.

Lemma 1. Let A be a real4 x 4 symmetry matrix and C R? be a subset of two dimensional real
spaceR2. Assume that there are at leastpoints inS such that they are not collinear. If for any real

number pairs(z1,y1), (x2,y2) € S,
1

1

(331 Yy 2 y2)A =0,
T2
Y2

then,A = 0.
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Proof: Assume(z;,y;) € S, i = 1,2, 3,4, are not collinear. Sincd is a real symmetric matrix4 has
a diagonalized formd = V!DV, whereV is an orthogonal matrix and = diag(u1, p2, p3, pta) With
real ;. To prove Lemma 1, it is enough to prove that= us = us = pg = 0.
From the condition of the lemma,
(xh Yi, Z’j, yj)vtDV(xla Yi, xja y])t = 07

for any1 < i,j < 4. Thus, if there exist, j such that the first component of vect@i(x;, y;, z;, y;)"*
is not 0, thenyu; = 0 is proved. To show so, let us use the contradiction methodurke that for any
i,5, 1 < i,j < 4, the first component o¥/ (z;, y;, zj, ;)" is 0. Denote the first row of matri¥” as
(v1,v2,v3,v4). Then

(v1,v2, v3,04) (4, Y, 25, ;)" = 0.
Consideringi = 1 andj = 1, we have

(v1,v2,v3, va) (21,41, 21, 1)" = 0.
Consideringi = 2 andj = 1, we have

(v1,va,v3,v4) (22, Y2, 71, 91)" = 0.

Therefore,

(v1,v2,v3,v4) (21 — T, Y1 — Y2,0,0)" =0,

vi(z1 — 22) + v2(y1 — y2) = 0.

Similarly, we have

vi(xy —x3) +v2(y1 —y3) =0 and wvi(z1 — x4) + v2(y1 —ya) = 0.

If (v1,v2) # 0, the the above three equations imply that the four pofmisy:), (z2,v2), (x3,y3) and
(z4,y4) are collinear, which contradicts with the assumption intieginning of the proof. Thus, we have
proved (vi,v2) = 0. Similarly, we can prove;s = v, = 0. This means that the first row of orthogonal
matrix V' is the all zero vector, which is impossible. Therefore, weehproved that there exist j

such that the first component &f(x;,y;, z;,v;)" is not0. Hence,;; = 0. Similarly, we can prove

Mo = U3 = U4 = 0. C]Ed
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Proof of Theorem 1
We first consider Case 1. Considgrin (20) and its representation in (25). Clear}y,is a quadratic
form of the variables;, s;, 7t sp+; and hence iff; can be separated as
fi(riy 8is ks Ski) = fir(1is 8i) + fia(Tois ki)

then, f;; and f;, are also quadratic forms of, s; andry,, sp+;, respectively. Therefore, there exist two

real 2 x 2 symmetric matricesi;; and 4,5, such that

T Tk+ti
fir(ri, 85) = (i, 8:)An and fio(Tkais Skti) = (Thtis Skti) Az (68)
S; Sk+i
Combining with (25), we have
T
[0 I Si T Thti
(45 Sis Thtis Skti) Uj Ui = (i, 8:)Ai1 + (Thi Skri) A2
I, 0 Thti 54 Skt
Sk+i
(69)
. U U "
Letting U; = and rewriting (69), we have
Us U;
T
UtUZ' —I—UtUZ' — A; UtUi —I—UtUZ' Si
(T4 Sis Thtis Skti) o s ' o = 0. (70)
(UhUir + U U)t  UbUis + UjUsa — Ao Tt
Sk+i

Therefore, by Lemma 1f; can be separated as a sum of two functions as Case 1 if andfonly i
UlLUse + UL Uiy = 0. (71)

Doing the similar calculations for functiogy in (19) and (24), we have that functiopscan be separated
as a sum of two functions as Case 1 if and only if
Thus,

U Ui Uia Ui

=0 and =0. (73)

October 30, 2008 DRAFT



35

. . . Uiz . .
Sincel; is non-singular and thus, the column vectors of mafrix are linearly independent and so
Ui

. Uil i3
are true for matrice and
U; U;

. The first equation in (73) tells us that the two dimensional

U,
real space spanned by the column vectorq of ] is the complimentary space of the one spanned
Uis

U.
by the column vectors o ? in the four dimensional real space. The second equation 3y (7
Ui

U‘
also tells us that the two dimensional real space spannedhdycalumn vectors o ® is the
Ui

U,
complimentary space of the one spanned by the column vecfofs ” in the four dimensional
Uia

U.
real space. Thus, the two dimensional real space spanneldebgolumn vectors o " is the

Uis
Uiz . .
same as the one spanned by the column vectoils of . This means that there exista 2 (real)
Ui
non-singular matrixR;; such that
U; U;
’ = ! Rib
Ui Uis
i.e.,
Uiz = Uit Rijp andU;; = Uiz R;1. (74)
Therefore,
1 _ 3 Ril _ 1441 Ril _ 1 Rlzl
Ui Ui UisRi1 Uis

U,
Again, by the linear independence of the two columns of mafri " , we have
Uis

R = I, (75)

U.
Similarly, we can obtain the results fqr 2. Thus, we have proved (i) for Case 1 in Theorem 1.
Uia
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For (ii) for Case 2, it is enough to note that

0 I Thti
Fi(Tis SisPhsis Skts) = (Vi Tty Siv Skts) (Ui Pr)' (UiPr)

[2 0 S;
Sk+i

and

¢ 12 0 Tk+i
9i(Ti, Sis ki, Skti) = (Tis Thvis S Sks) (Ui Pr) , (U P1)
0 2 S

Sk+i
Then, all results can be derivedif; is replaced byU; P, as in (i) for Case 1.

The proof of (iii) for Case 3 is similar to the one of (ii) for €a 2. g.ed.

Proof of Theorem 2
Let r; +js; andr, +jsi, i = 1,2,--- ,k,k+1,--- ,2k, be symbols taken from a square-QAM and

denoteAr; = r;—r, andAs; = s;—s,. The transmitted symbols are obtained through the tramsftions
(18):

(pi7 qis Pk+is Qk—i-i)t = UZ (Tia Sis Tk+is Sk—i—i)t; (pga q7/;7p;<;+i7 Q;g-}-i)t = UZ (Tga S;;J T;g-}-yh S;g-{-i)t' (76)
DenoteAp; = p; — p, and Ag; = ¢; — ¢;. Then,

(pr Aqlv Apk+i> AQk-‘ri)t = Ui(Aria AS@, Ark-{-ia Ask—i—i)t? (77)

and

det((AC) (AC)) = det ( (Balln (A0, ) ,

(Ab), (Aa)l,
whereAa = 37 (Ap;)? + 38 (Ag)? andAb = 23F  (ApiApyyi + AgiAgyys). And,

o ( (Aa)T, (Ab)I,

) = [(Aa)? — (AD)*]" = (Aa + Ab)"(Aa — Ab)". (78)
(AL, (Aa)l,

In the rest of this proof, since a QOSTBC is linear in termsarfables-;, s;, p;, ¢; and their differences

are also integers, for simplicity we omit the notation For convenience, we also denote

>

Dinin min det((AC)T(AC)),

(wlv“' 7-T2k)?£($l17“' 7m,2k)
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wherez; = p; + jg; andz, = p. + jqg;. Thus, the diversity product of a QOST;,, can be expressed as

1 a
C(an) = W(Dmin) an .

Let us first consider (i) for Case 1 in Theorem 2. By the debingi of Aa and Ab, we have

Aa + Ab
bi
b I, I qi
= > (Pir > Dhtis Thts)
i=1 Iy I Pk+i
qk+i
T
k
I2 [2 S;
= Z(Tiv Sis Th+i) 3k+z‘)Uit U; !
i=1 I Ip Thti
Sk+i
N ¢
Un U L I Us U
= Z(riv Sis Tk+is Sk—i-i)
i=1 UnRin UpaRio I, Ip UnRi1 UppRjo
i
k Ky K; S
= D (ris $is This k1) ,
i—1 K, K3 Thti
Sk+i
where
Ky = ULU; + RLULUG + ULU Ry + RLULUA Ry,
Ko = ULUp+ RLULUss + UL UisRis + R UL Uin Rio,
Kz = UbUps+ RLGULUs + ULUinRin + Rl ULUin Rio.

By (27) andR% = R, = I, we know thatK;> = 0. Therefore,

k k

i
Aa+ Ab = Z(m, si) K + Z(Tk+ia Skti) K
i—1 S; i=1 Sk+i

T+
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For anyi, i =1,2--- ,k,

”
(ri,si)K; '
S4
r;
¢
_ 1(r 55710 U; Ui Rin Ui Ui Rin S
— J\iy91y 14y 9%
2 UnRin  U; UanRin  U; T
S4
Hence,
T
(ri,si) I >0,
Sq

andK;,i=1,2--- ,k, are non-negative definite. Similarly;s, ¢ = 1,2--- |k, are also non-negative

definite. Therefore, for any fixed index: € {1,2,--- , k},

T T :
Aa+ Ab > (1, si)K; and Aa + Ab > (T, sk+i) Ki " (81)
Si Sk+i
Similar,
T
k Kﬂ 0 S;
Aa—Ab = Y (riy iy This Skti) ) (82)
i=1 0 K3 Thti
Sk+i
k k
— T = Tk+i
= ) (ri;si)Ka + > (Pkis sk Kis (83)
i=1 Si i=1 Sk+i
where
Ki — UitlUil - RflUZtlUZl - UitlUilRil + RglUitlUilRila
Kiz = ULUy — RLULU — ULUssRig + RULUsa Rio.

Also for anyi, i =1,2,--- |k,
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_ T
(ri,si) K
Sq

¢
1 U; —-UnRi U; —-UnRi S5
= _(T’hs’iariasi)
2 —-Uin Rin U; —Un R Ui r;

_ T
(ri,si) K ( ) >0,
Sq

andK;;,i = 1,2--- , k, are non-negative definite. Similarli;3,7 = 1,2 - - , k, are non-negative definite

Hence,

too. Therefore, for any fixed indek i € {1,2,--- , k},

S5 Sk+i

Aa — Ab > (TZ',SZ')KH ( " ) and Aa — Ab > (Tk-i-z';sk—i—i)Ki?, ( a ) . (84)

Summarizing the above results, we have

(Aa)I, (Ab)I, T _ T
det > (ri,si) K (ri,8:) K ; (85)
(Ab)[n (Aa)[n S; S;
(Aa)[n (Ab)In Tk4i _ T+
det > (Thpis Skpi) K i (Thris Skvi) K3 " , (86)
(Ab)I,, (Aa), Skai Ski
for any indexi, i = 1,2, --- , k, which gives lower bounds of the determinant. Singe;, i = 1,--- , 2k,

are independent integers, these lower bounds can be adhwviettingr, = s, = 0 for ¢ # . Hence,

the minimum of (85) or (86) fof # (r;, s;) € Z x Z is the minimum of the determinant, i.e.,

Tt - Tt
Dmin = i i 5 ) 5 ) . 87
z‘e{l,rgl,-l-l.,k}oaé(r}gj)%zm {(Tt St)S ( s ) (Tt St)S ( s )} ( )

where(S;, S;) can be(K;1, K;1) or (K;3, K;3) that are non-negative definite.
We next want to have an upper bound f,;,. To do so, we need the following lemma, which can

be found in pp. 83, [54].

Lemma 2. Let¢ = ax + By, n = vz + 6y, and|ad — By|> = A > 0, wherex and y are integers. Then,
for the indefinite binary quadratic fornf = £n with discriminantA, there exists a poinfr, y) # 0 such

el = (e < /5. (88)
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To use this lemma, we need to change

T _ T

(Ti,Si)Sz' (Ti,Si)Sz' (89)
S; S;
into a product of two linear forms. To do so, it is enough to sidar the case whef§; = K;; and
S; = K;; and the other case is the same.
From R?, = I, we haveR;; = +I, or
a; b;
Ril _ il i1 7
Gi1  —aq1

wherea;1, b;1,c;1 are real numbers and subject to the following condition
af +bicn = 1. (90)

We next make some assumptions to partially prove the resulivanted, and then we fully prove the

result by removing the assumptions.

kit Ko

First, we assume Assumption &, # +1,. Let RL UL Uy + UL Ui Ry 2 . Then
kio ki3
il
(ri1, si1) K
Si1
Ti1
= (ri1,50)(ULUsn + RLULUA Ry + R UL U + UL U Ry)
541
il
= (ra,sa)(RL (RLULUn + U\ Un R ) + Ry UL Uiy + U U Ry
Si1
¢
a1 b ki1 Ko ki1 Ko il
= (71, Si1) +
Ci1 —a;1 kio ki3 kio ki i1
1+ai ki + ¢ ki 1+ai ki + ¢ ki T
— () ( 1)kt 1kiz ( 1)kio 1kis ) 1)
birkii + (1 — ai1)kia  binkio + (1 — an ki3 i1

Note thatK; is a non-negative definite (symmetry) matrix. ThUs#+ a;1)ki1 + ci1kio > 0, and
(1 + as1)kio + citkiz = bitkin + (1 — a;1)kio. (92)
Assume Assumption 21 + a;1)ki1 + ¢i1kiz > 0. Then, using (90) and (92), we have

Ti1l
(ri1, si1) Ki ’ = (\/(1 + ai1)ki + cirkio i1 +

(93)

V(1 + ain)kin + cirkio

2
(14 ai1)kiz + cinkis )
i1
Sil
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Similarly, for K;; we have

_ i1
(ri1, si1) K
Si1
Ti
= (ri1,s)(U4Uin + RLULUA Ry — RLUL UL — ULUaR:) '
Si1
¢
(rir. 511) a;1  bi ki1 ki2 ki1 ki2 i1
= (71,811 -
ci1 —ai kio  kiz kio ki3 Si1
(ai1 — Vkit + cinkia  (ain — 1)kia + cirkiz il
= (ri,si) (94)
birkii — (ai1 + Dkio  binkio — (ainn + 1)ki3 5i1

Also note thatk;; is a non-negative definite (symmetry) matrix and tas — 1)k;1 + ci1kiz > 0.

Assume Assumption Ja;; — 1)k + ¢i1kio > 0. Then,

_ Ti1
(ri1, sin) Kin ' = (\/(ail — kit + cinkio mi1 +
Si1

2
(i1 — D)kio + cinkiz s (95)
V(ain — Dki1 + cinkiz

Therefore, (89) can be rewritten into the following squapedduct of two linear forms:

Ti1 _ i1
(ri1, si1) K ' (rin, sin) Kin ' =

Si1 Sil
2
(14 air)kiz + cirkis s,
(3
V(L + ain)kin + cikio
2
(air = Dkig + cinkis s
(A
V(e — Dk + ek

(\/(1 + ai)ki + citkio rin +

X <\/(ai1 — Dki1 + cinkio rin + (96)

Let

(1 + a1 )kio + cirkis
VI +an)ka + ek
(ain — V)kio + citkiz
Vi — Dkt + ek
By Assumptions 2 and 3(1 + a;1)ki1 + ciikie > 0 and (a;; — 1)k + ci1kio > 0, and using (90),we

a=+/(1+an)ki + ciakiz, 8=

v = (an — Dk + cikio, 0=

conclude that;; # 0. Thus, by using (90) and (92), the discriminant is

a;1+1 a;1 — 1
4 ki1)(ki2 + &

A; = (ad — B7)” = 4(ki +
Ci1 Ci1

ki1) > 0. (97)

By Lemma 2, we have

. Az . 4 a;1 + 1 a;1 — 1 "
Dpin < — )" = = | ki k1) (ki k; . 98
3 5 T e ,k}{5 ( 2+ =k + =0 1>} 8)
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We next begin to remove the three assumptions: AssumptioR;1,# +1I»; Assumption 2,(1 +
a;1)ki1 + cirkio > 0; and Assumption 3(a;; — 1)ki1 + ¢i1kiz > 0.

For Assumption 1, ifR;; = I, then K;; = 0 from the definition ofK;;. Using (87), we know that
Dpin = 0. So (98) is true. IfR;; = — 15, then K;; = 0 and (98) is also true.

For Assumption 2, if(1 + a;1)ki1 + ci1kia = 0, then from (91),

i1 0 (14 ai1)kiz + cinkis i1
(ri1, sin) Ki = (741, Si1)
541 birkii + (1 — ai1)kio  binkio + (1 — ain)kis Si1
Ti .
Lettingr;; = 1 ands;; = 0, we have(r;1, s;1)K; L 0. Going back to (87), we havB,;, = 0.
Si1

Hence, (98) is still true. The same method can be used to rerAegsumption 3. Therefore, the upper
bound formula (98) is always true.

To derive an upper bound of the normalized diversity prodi®s,) in (38), we need to calculate
the determinant

det(Uy) det(Us) - - - det(Uy).

Let us seelet(U;):

¢
UnRii UiaRio UnRii UpaRio

(det(U;))? = det(UlU;) = det ((
= det(UZtlUZl + Rfl Uflelel) det(UthUZQ + szUfQUZQRZQ)

kit Kio lin 1o

= det(RL)det det(R},) det

ki ki3 lig i3
where the third equality comes from (27) aRJ, = I, and in the last equality, we denote that

2 RLULUss + UbUsn Rio.

For [;; and R;», similar properties as (90), (92), and (98) also hold. Adaink? = R?, = I,, we have
|det(R;1)| = | det(R;2)| = 1. Therefore,

(det(U))? = |kirkiz — k| [linlis — 1] (99)
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and
k k k
| [T det@)| = (| [T Vkirkis — k5| T llialis — 22|, (100)
i=1 =1 =1
We assume that
[kigrkigs — kol = _min {[kinkis = kbl lnlis — U531} - (101)
Then i
| TT det@i)] > [kigikigs — k2o l* (102)
i=1

By the definition of((Q2,) in (38), (98) and (102) fok;; or I;;, we obtain the following upper bound:

igl igl™ 1/4
_ 1 4. ((/%2 + alcoio—li_lkiol)(kiﬂ + 11/%1))

Cig

n) < —)* 103
$(@2n) 2\/2T(5) iy 1kigs — k3] (199
On the other hand, from (90) and (92), it is not hard to see that
as, +1 A1 — 1
it kiys — K2 o] = |(Rigz + —=——Fig1) (Kig2 + —=——Kig1)-
Cip1 Cip1l

Thus, we obtain the following upper bound ¢(Q2,,):
n) < =) 104

Next, we show that if we let/;; = U;s = -1, and

V2

R —Ry—R— ( cos() sin(6) ) 7

sin(f) — cos(#)
wheref = arctan(2), then((Q2,) achieves the above upper bound.
By letting a;1 = cos(0), b1 = ¢i1 = sin(#), we know thatU; are orthogonal matrices. By the definitions
in (79) and (83), we know thak;; = I, + R and K;; = I, — R. Thus, from (87), we have
Dinin = i I H(r,s) (T2 — 0"
Oyé(rIfsl)lenZXZ ((Tv S)( 2+ R)(T, S) (7", 8)( 2 R)(Tv 8) )

B 075(717181)12Z><Z[(1 + COS(Q))T2 +2sin(f)rs + (1 — COS(H))32]H

x [(1 = cos(8))r* — 2sin(6)rs + (1 + cos(6))s*)"
= g, (4leos(®/2)r + sin(®/2)s][sin(6/2)r — cos(8/2)s]")"

= 07&(?17151)12Z><Z ([Sin(g)r2 —2cos(f)rs — Sin(9)32]2)n

= (sin®(9))" O#T{Q)igzxz ([ —rs —s%%)", (105)

where the last equality comes frotan(6) = 2, i.e., sin(f) = 2 cos(6).
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Sincer ands are integers andr, s) # 0, we have[r? —rs — s%? > 1. If we letr = 1 ands = 0, we
have[r? — rs — s?]? = 1. Therefore,D,,;, = (sin?(#))". Butsin?(9) = 2, and hence

4

Duin = (=) (106)

o

On the other hand, sindg; are orthogonal matrices, we hayvéet(U;)| = 1. Therefore, we obtain

((Qan) = #ﬁ(g)l”- (107)

This proves (i) for Case 1 in Theorem 2.
If in the above proof, we repladg; by U; P;, we can similarly prove (ii) for Case 2, and if we replace

U; by U; P,, we can prove (iii) for Case 3, in Theorem 2. g.ed.

Proof of Theorem 3

We inherit all the notations in the above proof of Theorem inilar to the proof of Theorem 2,
we evaluateD,,;, and obtain an upper bound, and then show that this upper boamde achieved.
Unfortunately, the result for indefinite binary quadraticris in Lemma 2 can not be applied here for
finite signal constellations.

By checking formulas from (76) to (87) and from (89) to (96} ¥ind that these formulas are all true
under the conditions of Theorem 3. Especially, (87) and ¢®)true and the three assumptions in the

proof of Theorem 2 can be removed too. Let us recalculate

r; _ T
(riy 8i) K (1, 8:) Kin (108)

Sq S;
under the conditions of Theorem 3. Continuing with (96) arsihg a?l + bjicii = 1 and¢j1kiz =

birkin — 2a;1k;o from (92), we have

T _ T
(ri,si)K; (ri,s:) K

S; Si
;1 b‘l
= (k‘222 -+ 2Lk‘i1k‘i2 — L]{TZZI)(CHT‘? — 2ai1Ti18i1 — bilsg)z. (109)
Ci1 Ci1
Since
2 _ 12 1 _ 1.2 ail bi1 2
ki — kinkiz = ki — kit— (bitkin — 2ai1kio) = ki + 2—kitkio — —kjp,
Ci1 Ci1 Cil
we have

r; _ T
(ri, si) K; ( ) (ri, si) K ( ) = (ki — kitkis)(cir} — 2ainrasi — bas;)>. (110)
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On the other hand,

ki kio

kia  kig

= det(RLULUn + ULUn Riy) = det(RL) det (UL Uy + R4 UL U Riy)

kitkis — k% = det

= —det(U4U;1 + RLULUARy) (111)

where the second equality is from the definitionkgf in the proof of Theorem 2, and the last equality
is from the facts that
a; b;
R,y = " " and a?l + bj1cii = 1.
Ci1 —a

Consequently, (110) can be changed into

(ri,84) K ( TZ: ) (ri, si)Kin ( Ti' )

= det(Ufl Uil + R§1U;1Ui1Ri1)(Ci17‘i2 — 2ai1Ti18i1 — bi18?)2. (112)

Note that the above calculations are also true(f§fs, K;3), and thus (112) holds if the subscriptin
(112) is replaced by. Hence, going back to (87), we obtain

Dain = 32 4 075(r,s)r€nAiI|l?QAM Jnin, {det(U};Usj + RL;ULUij Rig) (cijr® — 2ai5ms — bijs®)? "
(113)
where ARQAM 2 {(r1 — 79,81 — s2) | r1 +js1 € RQAM; 1y + jso € RQAM}. From the form of an
RQAM in (8)-(9), one can see that fgr, s) € ARQAM, r ands must be integer multiples of.
Let us first evaluate determinatt(Uf;U;; + R}, U/, Ui R;;). We now need the energy constraint (47).
Without loss of generality, we may assume that

> (rws) (UL U + Ry UL Ui Ru)

ru-i—jsuERQAM Su
r:
< Z (Ti, Sz)(UthUz] + Rf]UZtJU”R”) ’ s 1< < k, j = 1, 2.
ri+jsi€RQAM Si

Then, from (47), we have

0< > (russW)(ULUn + R UL Uiy Ruy) <1. (114)
rutis.cRQAM Su
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o kul ku2
From the definition =R, UL Uy + UL Uy Ry and R2, = I, we have

ku2 ku?)
qulUul‘FRZlUilUulRul = R21(R21U51Uu1+U51Uu1Ru1)
Gyl Cul kul ku2

byt —au1 kuz  kus

auikul + curkuo  auikus + cuike
_ 1Ru1 1Ku2 1Ku2 1Ru3 ' (115)
bulkul - aulku2 bulkuZ - CLulku3
Note that the above matrix is symmetric, we havek,s + cu1ku3 = burkul — au1kuo, and (114) can be
changed into
(aulkul + Cy1 ku2) Z 7"5
ru+is.cRQAM

+ 2(aulku2 + Culku?)) Z TuSu + (bulkuZ - aulku?)) Z SZ S 1. (116)

rotis. cRQAM ro+is. cERQAM
Because
4N3? N ANZ — 1 A
Y= M- Pl om e fa (117)
ru+is.cRQAM ! 2
4AN3 N 4AN2 -1 A
Z Si = Nl( 32 - %)dz = 2(2N2 _1_22N2 _ 1) = &2, (118)
ru+is.cRQAM 1 2

and Z“JFJ-SHERQAM rusy =0, (116) becomes
0 < e1(aurkur + curku2) + €2(burkuz — ayikus) < 1. (119)
From 2a,1 kyo = by1ku1 — cu1kus, the energy constraint (114) becomes

0<

(a2 + 1)er + b3152k . c2ier + (al; + 1)ey
L —

kys < 1. 120
2a41 2041 5= ( )

Now we can evaluate determinaﬁt(UﬁlUul + RilUilUmRm)- From (111), an®ay1 kyo = byrkur —
cu1ku3, We have

b2 k2 — 2(ady + Dkuikus + 21 k2,

det(UL Ut 4+ R UL U Rut) = K2y — kyrkus = "
ul

(121)

where we have assumed that; # 0. The case when,; = 0 will be considered later.
Using Lagrange multipliers, we can obtain the upper boundeofU?!, U, + R! UL, U1 R,1) under
condition (120):

1

0 < det(Ut, U,y + R U Uyi Ruy1) = k2o — kytkys < .
= e( wtUul + Lo Uy Ut 1) u2 1hu3 = (bu1€2_cu151)2+4f5152

(122)
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Combining it with (113), we have

2 _ _ 22\ "
Dmin < min {(Culr 2(1u17‘82 buls ) } . (123)
0#£(r,s)cARQAM | (bure2 — cu1€1)? + 4e162
Since(d,0) € ARQAM, (0,d) € ARQAM and (d,d) € ARQAM,
. 2 22 o2 A 2 2 54
min Cu1”” — 204178 — by15°)° < min{by,1d”, ¢, d”, (cur — 2a41 — by1)7d” }.
o;é(r,s)eARQAM( ! ! 15°) ad’, cad’, (en 1= bu)d}
Therefore,
o2 g4 2 _ _ 247\
Dmin S {mln{buld ,Culd ,(Cul 2au1 bul) d }} ‘ (124)
(burea — cu1€1)? +4e1e2

It is not hard to prove that under conditiom%l +byi1cy1 = 1 andey +e9 = 1 that is from the definitions
of 1 ande, in Theorem 3, whe?, = c2, = (cu1 — 2ay1 — bu1)?, i.€., b2 = ¢, = 4a?; = £, the right

hand side of (124) achieves the maximum. Therefore, we have

d* "
Dyin < {7} . (125)
14 €169

We now consider the case whey, = 0. If a,; = 0, thenb,1c,1 = 1 from the fact thatzﬁ1 +buicur =1

and the energy constraint (119) becomes
(curer + bure2)kuz < 1. (126)

On the other hand, from (115),

cutkuz  curkus

bul kul bul ku2

UleUul + RZlUélUulRul —

Since the left hand side of the above equation is non-negdgfinite, we have, k.o > 0 andb, ko >
0.
Sincee; > 0,69 > 0 andbyicy1 = 1, we havec, 61 + b9 # 0. Hence, combining:,1 k.2 > 0 and

bu1kye > 0 with inequality (126) andce; > 0,e2 > 0, we obtain that the left hand side of inequality

(126) is positive and
1 2
s (o)
Cu1€1 + bui€z

Consequently,

det(UleUul + RZquilUulRul)

= kiy — kukus = klp — kul(bﬂkul) k2, kilbm;m
Cul Cu1

IN

k2, < ( 1 >2 < 1
U2 = \cyre1 +buiea) = (buiea — cure1)? +4eren’

October 30, 2008 DRAFT



48

where the first equality comes from (121), and the secondligguammes fromb, 1k, — curkus =
2a41ky2 = 0, and the first inequality is from,;c,; = 1, and the last inequality is also duelg c,; = 1
ande; > 0,e2 > 0. Therefore, (122) is also true wheg; = 0, and so is the upper bound formula (125).

With the upper bound (125) oP,,;,, we next prove that this upper bound is achievable. To dotso, i
is enough to construct matricé§ such that this bound is achieved.

For a fixed RQAM, the numberd;, N, ande;, ey with €1 +e2 = 1 are fixed. Leta = arctan(2) and

P \/% Let the matricesk, P, ¥ be

R(cos(a) sin(a))7p<0 1)7 E(1+El 1251). (127)
sin(a) — cos(a) 10 1-21 2—¢
Clearly, R* = R, R?> = I, and P? = I,. Becausd < ¢; < 1, ¥ is symmetric and positive definite. So,
¥ has a diagonal decompositioh= VDV, where D = diag(\1, \2), A1, X2 are the eigenvalues af,
V' is an orthogonal matrix.

Let Uj; = pViV/DV fori=1,2,---  k andUs, = pVidiag(v/ Az, vA)VP fori=1,2,--- k. Then,

ULUn = p*Y andULUjp = p?PVidiag(A2, A1)V P. LetR;; = RandR;, = —PRPfori=1,2,-- k.
ThenR? = R? =I5, R%, = PR?*P = I,, and

RLULUss + UL Usa Rig
VA0 v Vi 0

0 VA 0 VA
A0 X2 0
+p*V! Vi V.Vt Vie VP(—PRP)
0 VA 0 VA

= p?>/MMa(RP — RP) =0.

Therefore, the conditions in (i) for Case 1 in Theorem 1 atesfgad.

We next calculate the minimum determindnt,;, by using (113). Since, for anye {1,2,--- ,k},j =
1,

det(Uijij + Rt--U-t-Uinij)(Cij’l"2 — 2aijrs — bij82)2

LV}

4 (r? —rs — s%)?
4 2 2\2
= det(X + RXR)(= —rs— = 128
p* det(S + RER)(Z)(r? —rs — ) = T (128)
For ;7 = 2, we want to show
2 212
det(Uj;Usj + Ri;ULUsj Rij) (cijr? — 2a;57s — bijs?)? = o —rets) (129)

14 €189
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To do so, we first show
det(ULUss + RiGULU; i Riz) = det(UL Uiy + RL UL Ui Rin). (130)
From the definitions ot/;; and R;»,
det(ULUs + RlGULUin Rio)
= det(p?PV'diag(Az, \1)V P + (—PRP)(p*PV'diag(\1, \2)V P)(—PRP)
= ptdet(Vidiag(Ag, M)V + RV'diag(\a, A1)V R).

Note thatdet (U}, U;; + R, UL Uit Ri) = p* det(Vidiag(A1, A2)V + RVidiag(A1, A2)V R). Thus, to prove
(130), it is enough to prove

det(thiag(/\g, )\1)V + Rthiag()\g, /\1)VR) = det(thiag()\l, /\2)V + Rthiag(/\l, )\2)VR)

Denote the matrices inside the determinant signs of thatedftthe right hand sides of the above equation

by M; and Ms, respectively. Then,

M+ My = Vidiag(A + A2, Ao + AV + RVidiag(A\1 + A2, A2 + M)V R

= 2()\1 + )\2)]2.

mip ma
If we denotelM; = , then,
ma ms3

20\ + Ao) — _
det(Mz) = det(2(\ + Ao)lo — M;) = (A +A2) —ma M
—ms 2(A1 + A2) —m3

= [2(0 + X2) = mu][2(A1 + Ao) — mg] —m3

= 4(M1 4 X2)? = 2(my 4+ m3) (M + Xo) + myms — m3

= 4(A1 4 A2)? = 2tr(My) (M1 + Xo) + det (M)

= 4+ X2)% —2(2(01 + A2)) (A1 + X2) + det(My) = det(M;),

where we use the fact that(M;) = 2(A\; + A2). Thus, we have proved (130). From (130) and (128),
we have (129).
Clearly, min_,, . \ARQAM ("> — s — s%)? < d' becaus€d, 0) € ARQAM. On the other hand, for

any0 # (r,s) € ARQAM, (r2 — rs — s%)2 = Md*, whereM is a non-zero positive integer. Hence,
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ming_(, e ARQAM (r? —rs — s?)? = d". Similarly, min,, s)EARQAM(_T2 —rs+s%)? = d*. Going

back to (113), we have
4 n
Dmin = { d } .
14 €189

This proves (i) for Case 1 in Theorem 3. Similar to the prooffbEorem 2, the rest two cases (ii) and

(iii) can be proved the same as Case 1 by replaéipgvith U; P, and U, P,, respectively. g.ed.

Proof of Theorem 6

Let us first see the conditions @n to maintain the total signal constellation energy tolb€onsider

a RQAM and let

Ul U2 ) . . )
U= andB={p+jq: (p,q)' =U(r,s) for r +js € RQAM}.
Uzl  U22

Thus,

1= Y @*+dH= Y 09

(r+ig)eB (r+ig)eB q

¢ T
= > (naUT
(r+is)cRQAM 8
— Z {(udy + udy)r? + 2(uiiuiz + ugruse)rs + (uiy + u3q)s® }
(r+is)cRQAM
= (uf; +u3)er + (ufy + udo)ea. (131)
We next calculate the determinant AQs,) AQ,,. Denotex; = p; + jg;, o, = p; + jq; for j =
1727"' 72k Then,i'j = p] +ij+jl "i.; = p; +jq;g+] for ,] = 1727’” ,k‘, and 'i'k-i-] = pk+] +jq]l
Ty ; = Plyy; +iq; for j = 1,2,--- k. DenoteAz; = &; — &, and Ap; = p; — pj, Ag; = q; — ;.
By the linearity of the transformatiolv, (Ap;, Ag;) = U(Arj, As;)', where Ary = rj — 1, Asj =

sj — s and(p;, q;) = U(rj,s5)", (0}, q;) = U(r}, s})". Hence, by the linearity and the orthogonality of

G(zy,--- ,x), we have
I - 9o\ 9
Dmm — O;A(Axrlr,l}RAxgk)det ((\/iAQ%L) (\/iAQ%L))

— min 2(IAF1 2+ - + |AFL ) (| AT e 1| + -+ + [AZogp[2)™
osadtin 2TIAT |AZE|")" (|AT 41 ] | AZioi )

_ . 22nA 2+A 2+—|—A 2—|—A 2\n
ApiAGeAB (1Ap1]” + |Agr1] |Apx|” + [Agr+x[7)

(|Apka 2+ [Aq]* + - + | Apresrl® + [Age )™,
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where not allAp; + jAg; = 0, the second equality is due to the orthogonality(fin (60), andv/2
in the first equality comes from the consideration on energyabse at every transmission, the half of
antennas are silent, i.€,

Since (Ap;, Ag;) are independent in terms of from the above equation the following holds:

Dpin = i i 2Ap; Ag)*"
i i:l{g}-?,% O#ApiI-EjlgqieAB( PilAgi)
= min min {2(u11Ari + ulgASi)(’LLQl Ar; + u22AS¢)}2n . (132)

i=1,2,- 2k 0£Ar,+jAs;e ARQAM
We next simply2(u11 Ar; + u12As;)(u21 Ar; + ugeAs;) and use the same method as in the proof of
Theorem 3. We also omit the notatidk

SinceU is non-singulardet(U) # 0. Hence
2(ur1r; + wizsi)(u21mi + u228;)
= (2uyumr? 4 2(uriugs + uiote )78 4+ 2ui9unsT)

= det(UtU)(cr? — 2ar;s; — bs?)

(2

where
oA 2unun RS +U12U217 p 2 2uazuz 7 (133)
det(UtU) det(UtU) det(UtU)
and obviouslya? + be = 1. Therefore,
Dpin = min min {det(UtU)(crl-2 —2ar;s; — bs?)z}n. (134)
i:1727"'72k T1+J81€ARQAM
It is not hard to check that, under the constraint (131),
1
det(U'U) < .
¢ ( ) - (661 — b€2)2 + 4e1e9
Therefore,
2 —2ar;s; — bs?)2 "
Doy = min min {(”Z o 1) } . (135)
=12, 2k 1 1js, e ARQAM | (ce1 — be2)? + de1eo
The same as the proof of Theorem 3, we can prove fhat, is upper bounded by
d* "
Dyin < {7} | (136)
14 €189
Furthermore, for a fixed RQAM, define = arctan(\/%), @1 = arctan (@‘11 /i—j) 02 = a— 61, and
cos(fy)  sin(6;)
_ vV 261 RV 262
U= _sin(f2) cos(f2) |- (137)
261 262
Then, this transformation achieves the upper bound (136). g.ed.
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