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A Construction of Pairwise Co-Prime Integer
Matrices of Any Dimension and Their Least

Common Right Multiple
Guangpu Guo and Xiang-Gen Xia , Fellow, IEEE

Abstract—Compared with co-prime integers, co-prime integer
matrices are more challenging due to the non-commutativity. In
this paper, we present a new family of pairwise co-prime integer
matrices of any dimension and large size. These matrices are
non-commutative and have low spread, i.e., their ratios of peak
absolute values to mean absolute values (or the smallest non-
zero absolute values) of their components are low. When matrix
dimension is larger than 2, this family of matrices differs from the
existing families, such as circulant, Toeplitz matrices, or triangu-
lar matrices, and therefore, offers more varieties in applications.
In this paper, we first prove the pairwise coprimality of the
constructed matrices, then determine their determinant absolute
values, and their least common right multiple (lcrm) with a closed
and simple form. We also analyze their sampling rates when these
matrices are used as sampling matrices for a multi-dimensional
signal. The proposed family of pairwise co-prime integer matrices
may have applications in multi-dimensional Chinese remainder
theorem (MD-CRT) that can be used to determine integer vectors
from their integer vector remainders modulo a set of integer
matrix moduli, and also in multi-dimensional sparse sensing and
multirate systems.

Index Terms—Pairwise co-prime integer matrices, least com-
mon right multiple (lcrm), Smith form, Chinese remainder
theorem (CRT), multi-dimensional CRT (MD-CRT), multi-
dimensional sampling.

I. INTRODUCTION

IT is well-known that a family of pairwise co-prime integers,
i.e., every pair of integers in the family are co-prime, have

important applications in, such as, Chinese remainder theorem
(CRT) [1], [2] that has many applications in, for example, cryp-
tography and coding theory [2], [3], [6], and signal processing
[4], [5], [6], [7], [8], [9], [10], [11], [12], [13], [14], [15],
[16], [17]. Similarly, pairwise co-prime integer matrices have
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applications in multi-dimensional CRT (MD-CRT) [32], [33]
that can be used to determine integer vectors from their integer
vector remainders modulo a set of integer matrix moduli. Note
that when the integer matrix moduli can be diagonalized si-
multaneously, MD-CRT had appeared in earlier literature [21],
[5]. However, different from co-prime integers, due to the non-
commutativity of matrices, co-prime integer matrices are much
more challenging.

Co-prime integer matrices have been studied in [26], [27],
[28], [29], [30], [31] with applications in multi-dimensional
sparse sensing and multi-dimensional multirate systems. Most
studies in [26], [27], [28], [29], [30], [31] are for 2 by 2 circulant
integer matrices and their variants and commutative integer
matrices, 3 by 3 circulant integer matrices, Toeplitz integer ma-
trices, triangular integer matrices and their adjugate matrices.
In particular, a necessary and sufficient condition for two 2× 2
integer matrices are co-prime was obtained in [29], which is
easy to check.

Similar to the conventional CRT, in MD-CRT pairwise co-
prime integer matrices as matrix moduli may play an important
role as well to have a large range of uniquely determinable
integer vectors from their integer vector remainders modulo
the matrix moduli. In this paper, we present a new family of
pairwise co-prime integer matrices of any dimension and large
size. They are non-commutative and have low spread, i.e., their
ratios of peak absolute values to mean absolute values (or the
smallest non-zero absolute values) of their components are low.
We first prove the pairwise coprimality of the matrices in the
family and then determine their determinant absolute values and
also their least common right multiple (lcrm) with a closed and
simple form.

When matrix dimension is 2, the family of co-prime inte-
ger matrices we construct in this paper happen to be a set of
Toeplitz integer matrices, and satisfy the necessary and suffi-
cient condition for two 2× 2 Toeplitz integer matrices to be
co-prime obtained in [29]. When matrix dimension is larger
than 2, the family of co-prime integer matrices we construct
in this paper are much different from those in [26], [27], [28],
[29], [30], [31]. The key differences are that our construction
of pairwise co-prime integer matrices in this paper is: i) for
any dimension, ii) of large size, iii) not pairwise commutative,
iv) not circulant, and v) not Toeplitz or triangular matrices. In
addition, as mentioned earlier, we determine the lcrm of the
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family of pairwise co-prime matrices constructed in this paper,
including the family of 2× 2 co-prime integer matrices, which
has not been addressed in any existing literature.

Note that the determinant absolute values of the matrix
moduli are the sampling rates, i.e., the number of sampled
points per unit spatial volume, using these matrices as sam-
pling matrices [20], [21], [24], [25], [32], [33] for a multi-
dimensional signal. Also, an lcrm R of the matrix mod-
uli determines the range N (R) detailed in 1) in Section II,
called the fundamental parallelpiped (FPD) of R [24], of the
uniquely determinable integer vectors from their integer vec-
tor remainders modulo the matrix moduli [32]. The determi-
nant absolute value | det(R)|, called the dynamic range, is
the number of these uniquely determinable integer vectors,
which is given with the specified lcrm R in this paper for
our newly constructed family of integer matrices as matrix
moduli.

In this paper, we also show that the sampling rates of our
newly proposed pairwise co-prime integer matrices as (non-
separable) sampling matrices in each dimension are much
smaller than the maximal ones of the necessary sampling rates
of the conventional one dimensional samplings using diagonal
(separable) integer sampling matrices, when their maximal de-
terminant absolute values and the determinant absolute values
of their lcrm matrices, i.e., their dynamic ranges, are the same.
This is an advantage of non-separable sampling over separable
sampling for a multi-dimensional signal.

This paper is organized as follows. In Section II, we briefly
introduce some necessary notations and preliminaries on integer
matrices including MD-CRT. In Section III, we present a novel
family of pairwise co-prime integer matrices of any dimension.
In Section IV, we prove the pairwise coprimality of the integer
matrices in the constructed family. In Section V, we determine
the determinants of the integer matrices in the constructed fam-
ily and their lcrm, and also analyze their sampling rates. In
Section VI, we conclude this paper.

II. SOME NECESSARY NOTATIONS AND PRELIMINARIES ON

INTEGER MATRICES

Z denotes the set of all integers and R denotes the set of all
real numbers. All vectors, such as n, f and r, and matrices, such
as M, N and P, in this paper are D dimensional integer vectors
and D ×D dimensional integer matrices, respectively, i.e., n,
f , r ∈ Z

D and M, N, P ∈ Z
D×D, unless otherwise specified.

I is the D ×D identity matrix, and 0 is the all 0 matrix or
vector. det(M) denotes the determinant of matrix M, and �

stands for the transpose. And diag stands for a D ×D diagonal
matrix. For a set S, its cardinality is denoted by |S|. For two
positive integers n and m, the remainder of n modulo m is
denoted by 〈n〉m. Below we introduce some necessary concepts
on integer matrices and for details, see, for example, [19], [20],
[21], [22], [23], [24], [25], [26], [27], [28], [29], [30], [31], [32],
[33]. These definitions, when reduced to the one-dimensional
case, do not affect any of the classical results related to co-prime
integers.

Fig. 1. FPD of N.

1) Set N (M) called the fundamental parallelpiped (FPD)
of M [24]: Given a D ×D nonsingular integer matrix
M, set N (M) is defined as the following set of integer
vectors:

N (M) =
{
k | k=Mx,x ∈ [0, 1)D and k ∈ Z

D
}
.
(1)

The number of elements in N (M) is equal to the absolute
value of the determinant of matrix M, i.e., | det(M)|,
[20], [24]. The FPD of

N=

(
2 3
1 4

)

is shown in Fig. 1, where the dashed edges and hollow
vertices are not part of the FPD. We refer the reader to
[24] for more details about FPD.

2) Unimodular matrix: A square integer matrix is called
unimodular if its determinant is 1 or −1.

3) Divisor and greatest common left divisor (gcld):
A nonsingular integer matrix A is a left divisor of an
integer matrix M if A−1M is an integer matrix. If A
is a left divisor of each of all L≥ 2 integer matrices
M1,M2, . . . ,ML, it is called a common left divisor (cld)
of M1,M2, . . . ,ML. Moreover, if any other cld is a left
divisor of A, then A is a greatest common left divisor
(gcld) of M1,M2, . . . ,ML.

4) Co-prime matrices: Two D ×D integer matrices are
left co-prime (or simply co-prime in this paper) if their
gcld is a unimodular matrix. For two integer matrices M
and N, they are left co-prime if and only if the Smith
form [18], [22] of the combined D × 2D integer matrix
(M N) is (I 0). In addition, an equivalent necessary and
sufficient condition on all the D ×D minors of matrix
(M N) was proposed in [29]. Also, it is not hard to
see that if the determinant absolute values of two integer
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matrices are co-prime, these two integer matrices are co-
prime [27]. Note that in this paper, only left coprimality is
considered.

5) Multiple and least common right multiple (lcrm): A
nonsingular integer matrixA is a right multiple of an inte-
ger matrix M, if there exists a nonsingular integer matrix
P such that A=MP. If A is a right multiple of each of
all L≥ 2 integer matrices M1,M2, . . . ,ML, A is called
a common right multiple (crm) of M1,M2, . . . ,ML.
Additionally, A is a least common right multiple (lcrm)
of M1,M2, . . . ,ML, if any other crm of them, is a right
multiple of A. If A is an lcrm of M1, · · · ,ML, AU is
also an lcrm of them when U is a unimodular matrix,
which means that lcrm is not unique but the absolute de-
terminant value of lcrm is unique. And this absolute deter-
minant value is the minimum one of that of all the crms of
these matrices. Although the lcrm of M1,M2, . . . ,ML

is not unique, we use lcrm(M1,M2, . . . ,ML) to de-
note one fixed representative. This helps simplify later
expressions. From this definition, it is not hard to
see that for any groups of D ×D integer matrices
M1,1, · · · ,M1,L1

, · · · ,Mk,1, · · · ,Mk,Lk
, we have

lcrm(M1,1, · · · ,M1,L1
, · · · ,Mk,1, · · · ,Mk,Lk

)

= lcrm(lcrm(M1,1, · · · ,M1,L1
), · · · ,

lcrm(Mk,1, · · · ,Mk,Lk
)). (2)

6) Division representation for integer vectors: Given a
nonsingular integer matrix M ∈ Z

D×D, any integer vec-
tor f ∈ Z

D can be uniquely decomposed as:

f =Mn+ r,

where r ∈N (M) and n ∈ Z
D. In modulo form, this is

represented as:

f ≡ r mod M,

where M is a modulus, and n and r are the folding integer
vector and the integer vector remainder of f modulo M,
respectively.

7) Multi-dimensional undersampling: Consider the fol-
lowing multi-dimensional harmonic signal, [21], [24],
[25], [32], [33],

x(t) = a exp (j2πf�t) + ω(t), t ∈ R
D, (3)

where a is an unknown amplitude and f ∈ Z
D is an un-

known D dimensional frequency of the signal, and ω(t)
is an additive noise. We want to determine the D dimen-
sional integer frequency vector f = [N1, N2, · · · , ND]�

from (possibly multiple) undersampled D dimensional
signals of x(t) with low sampling rates, where all Ni are
assumed positive integers and some of them may be large,
i.e., large frequencies.

We use L many D ×D nonsingular integer matrices
M1,M2, · · · ,ML to sample the multi-dimensional sig-
nal in (3) in the following sense:

xi[n] = a exp (j2πf�M−�
i n) + ω[M−�

i n], (4)

n ∈ Z
D, 1≤ i≤ L, where M1,M2, · · · ,ML are called

sampling matrices. For each sampling matrix Mi, there
are | det(Mi)| many sampled points per unit spatial vol-
ume of RD as we can see from (1), which is called the
sampling rate (or sampling density) of sampling matrix
Mi for a multi-dimensional signal.

Next, by performing the multi-dimensional DFT (MD-
DFT) to each xi[n] with respect to n ∈N (M�

i ), we have,
for k ∈N (Mi),

Xi(k)

= a
∑

n∈N (M�
i )

exp(j2πf�M−�
i n) exp(−j2πk�M−�

i n)

+ Ωi(k), 1≤ i≤ L, (5)

which arrives at

Xi(k) = a| det(Mi)|δ(k− ri) + Ωi(k), 1≤ i≤ L,
(6)

where ri is the integer vector remainder of the integer
frequency vector f modulo Mi, and δ(n) is the discrete
delta function that is 1 when n= 0 and 0 otherwise. Al-
though the sampling matrices employed in our framework
are not necessarily diagonal (i.e., separable sampling),
we can obtain their corresponding diagonal matrices by
calculating their Smith forms. By applying appropriate
input and output signal index transformations, equation
(5) can be reformulated into an MD-DFT based on diag-
onal matrices, i.e., the separable case. Then, we can use
the Fast Fourier Transform (FFT) for computational ac-
celeration on each dimension, for more details, see [21].
From (6), one can detect the integer vector remainders
ri ≡ f mod Mi, 1≤ i≤ L. Now the question becomes
how to determine the integer frequency vector f from
these detected integer vector remainders. This can be
solved by using MD-CRT [32].

8) MD-CRT: [MD-CRT for integer vectors [32]] Given L
matrix moduli Mi for 1≤ i≤ L, which are arbitrary non-
singular integer matrices, let R be any lcrm of them. For
an integer vector n ∈ Z

D, it can be uniquely determined
from its L integer vector remainders ri ≡ n mod Mi,
1≤ i≤ L, if n ∈N (R).

A detailed determination algorithm can be found in
[32]. From this MD-CRT, the range of the uniquely de-
terminable integer vectors f is N (R) for an lcrm R of
integer matrices Mi, 1≤ i≤ L, and the number of such
uniquely determinable integer vectors is | det(R)|, which
is called the dynamic range of the sampling matrices Mi,
1≤ i≤ L. Clearly one would like to have small sampling
rates | det(Mi)| and large dynamic range | det(R)|.

9) Some applications of multi-dimensional under-
sampling and MD-CRT: We present three cases
where multi-dimensional undersampling applies. One is
the conventional multi-dimensional sampling below the
Nyquist rate. This has similar applications as in the one
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dimensional case, such as sensor networks, and also has
applications in computational imaging [34], where the in-
terested 2 dimensional frequencies are too high compared
to the sampling rates of the sensors in a group of multiple
scattered monitoring sensors with low functionalities,
such as low sampling rates and low powers.

The second is in moving target parameter estimation in
synthetic aperture radar (SAR) imaging, where a moving
target speed and location parameters appear as frequency
components in the radar return signals after some radar
signal processing, such as range compression. In SAR
imaging, the antenna arrays are fixed on the platform
and the spatial sampling rate (corresponding to the time
sampling rate) is determined by the fixed distance be-
tween adjacent antenna elements. When the target moves
fast, the frequency components in the radar return signals
may become too large compared to the fixed spatial
sampling rate, which causes undersampling. To address
this, a method using two co-prime linear arrays was
proposed in [9] to accurately estimate the parameters of
fast-moving targets. However, the above linear antenna
arrays are not spatially efficient for platforms with
limited space, such as an aircraft. A natural way is to use
planar antenna arrays, turning a 1D radar return signal
into a 2D radar return signal, where co-prime linear
arrays turn to co-prime integer matrices. In this setting,
the results developed in this paper and the MD-CRT
may play a key role. Notably, 2D co-prime planar arrays
have already been applied in array signal processing,
for example, for direction-of-arrival (DoA) estimation
in [35] where, although, the co-prime integer matrices
used for co-prime arrays are diagonal (or separable).

The third application is in recent multi-channel
self-reset analog-to-digital converter (SRADC) for
complex-valued bandlimited signals [17]. It is a special
case of 2D-CRT with 2 dimensional co-prime integer
matrix moduli [36].

As we can see already from the above definitions, all matrix
multiplications in this paper are in the sense of left side multi-
plications. Also, from the above coprimality of integer matrices,
the elements of an integer matrix can be any integers including
negative integers, 1, and 0. Since a scalar integer can be thought
of as a special integer matrix, i.e., a 1× 1 integer matrix, for
the consistence with integer matrices, all integers are considered
for the coprimality. Integers p and q are co-prime if and only if
their gcd is 1 or −1. This relaxation does not affect any results
in this paper.

III. NEW CONSTRUCTION OF NON-DIAGONAL PAIRWISE

CO-PRIME INTEGER MATRICES OF DIMENSION D

We first let 1< q1 < q2 < · · ·< qL be L pairwise co-prime
positive integers and define the following set of D ×D integer
matrices

SD = {M|M ∈ {0,±1,±2, · · · ,±qL}D×D}. (7)

We next present a method and an algorithm to construct a
family of pairwise co-prime integer matrices in the set SD. To

do so, we first provide a definition. Let ND
Δ
= {1, 2, . . . , D}.

A permutation σ of ND is a one-to-one and onto mapping
from ND to itself. It can be represented by a vector σ =
(σ(1), σ(2), . . . , σ(D)), where each σ(i) ∈ND and all σ(i) are
distinct.

Definition 1: For a given non-empty subset K of ND, a
feasible permutation set Pf (ND) of ND is defined as a subset
of all permutations of ND:

Pf (ND) = {σj is a permutation of ND and its last element

σj(D) = j, j ∈ K}. (8)

From the above definition, it is not hard to see that there are
a total of

D∑

d=1

(
D

d

)
((D − 1)!)d

feasible permutation sets of ND. Any non-empty subset of d
elements of ND defines a feasible permutation set Pf (ND)
of ND and its size is d as well. If the whole set ND is taken
in defining a feasible permutation set, i.e., all the elements in
ND are taken as the last components of the permutations in
Pf (ND), the feasible permutation set has the largest size D.

For a given Pf (ND), we can construct a family of D ×D
pairwise co-prime matrices as follows.

To construct a D ×D integer matrix M, we begin by se-
lecting a permutation from Pf (ND) to place entries of 1 in its
specific positions. The construction details are

1) For any chosen permutation

σj = (σj(1), σj(2), · · · , σj(D))

from Pf (ND), we set the elements at the (D − 1)
positions (σj(1), σj(2)), (σj(2), σj(3)), · · ·, (σj(D −
1), σj(D)) of matrix M to 1.

2) Next, we choose the diagonal elements from the set of
pairwise co-prime positive integers {q1, q2, · · · , qL} with
q1 > 1. By choosing any integer qi from this set, we set
all diagonal entries of matrix M to qi.

3) Set all the other elements of M to 0.
This completes the construction of one D ×D integer ma-

trix. For each permutation from Pf (ND), we can create L
distinct matrices by choosing different diagonal elements from
the pairwise co-prime integer set {q1, q2, · · · , qL}. Given a
Pf (ND) with |Pf (ND)|= d for some positive integer d with
1≤ d≤D, this approach allows us to construct a total of dL
many D ×D integer matrices. In other words, for any given
feasible permutation set Pf (ND) of size d, 1≤ d≤D, we can
construct a family of dL many D ×D integer matrices that will
be shown pairwise co-prime later. The construction method is
summarized in Algorithm 1.

Let Pf (ND) be a feasible permutation set of ND of the
largest size D, such as, the set of all the cyclic permutations
of ND:

Pf (ND) = {(1, 2, · · · , D − 1, D), (2, 3, · · · , D, 1), · · · ,
(D, 1, · · · , D − 2, D − 1)}. (9)

Following the above construction method, for the sake of con-
venience, let Mi,j denote the matrix that is constructed by
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Algorithm 1 Pairwise Co-prime Matrices Construction
Algorithm

Input: A set of pairwise co-prime positive integers
{q1, q2, · · · , qL} with q1 > 1, dimension D and a feasible
permutation set Pf (ND) with |Pf (ND)|= d
Output: A set of D ×D integer matrices
{M1,M2, · · · ,MLd}
Initialize an empty list to store matrices
for each permutation σj = (σj(1), σj(2), · · · , σj(D)) from
Pf (ND) do

for each qi ∈ {q1, q2, · · · , qL} do
Initialize a D ×D matrix M with zeros
Set the element at position (σj(1), σj(1)) of matrix

M to qi
for k = 2 to D do

Set the element at position (σj(k − 1), σj(k)) of
matrix M to 1

Set the element at position (σj(k), σj(k)) of ma-
trix M to qi

end for
Add matrix M to the list of matrices

end for
end for
return the list of matrices

choosing qi on its diagonal and choosing the permutation σj

from Pf (ND) to position the 1’s, for 1≤ i≤ L and 1≤ j ≤D.
We can see that in matrix Mi,j , there are a total of (D − 1)
many 1’s, and at most a single 1 per row and at most a single
1 per column. Especially, the j-th row has no 1 and the σj(1)-
th column has no 1. Furthermore, each row has at most two
non-zero elements qi and 1 and each column has at most two
non-zero elements qi and 1.

Each matrix Mi,j in the above construction can be repre-
sented as

Mi,j = qiI+Aj , (10)

where Aj is a binary matrix constructed by following the
above construction Steps 1) and 3) with the chosen permutation
σj from Pf (ND). From the representation in (10), it is not
hard to check that Mi1,j and Mi2,j are commutative, for any
1≤ i1, i2 ≤ L and 1≤ j ≤D. However, matrices Mi1,j1 and
Mi2,j2 for 1≤ j1 �= j2 ≤D in the above construction are not
commutative.

As an example of matrices Mi,j , consider the case when D =
4 and the chosen feasible permutation set of N4 = {1, 2, 3, 4}
is

Pf (N4) = {(4, 2, 3, 1), (1, 3, 4, 2), (4, 1, 2, 3), (3, 1, 2, 4)}.

Then, the matrices constructed by the method (or Algo-
rithm 1) are: for 1≤ i≤ L,

Mi,1 =

⎛

⎜
⎜
⎝

qi 0 0 0
0 qi 1 0
1 0 qi 0
0 1 0 qi

⎞

⎟
⎟
⎠ ,Mi,2 =

⎛

⎜
⎜
⎝

qi 0 1 0
0 qi 0 0
0 0 qi 1
0 1 0 qi

⎞

⎟
⎟
⎠ ,

Mi,3 =

⎛

⎜
⎜
⎝

qi 1 0 0
0 qi 1 0
0 0 qi 0
1 0 0 qi

⎞

⎟
⎟
⎠ ,Mi,4 =

⎛

⎜
⎜
⎝

qi 1 0 0
0 qi 0 1
1 0 qi 0
0 0 0 qi

⎞

⎟
⎟
⎠ .

From this example, one can see that these matrices are not
circulant, Toeplitz, triangular, or their variants as studied in [29].

When D is an even number and the chosen feasible permu-
tation set is

Pf (ND) = {(1, 2, · · · , D), (2, 〈2 + 2〉D+1, · · · , 〈2D〉D+1),

· · · , (D, 〈D +D〉D+1, · · · , 〈D2〉D+1)}, (11)

the family constructed by the above method (or Algorithm 1)
happens to be a family of Toeplitz matrices. For example, when
D = 4 and the chosen feasible permutation set is

Pf (N4) = {(1, 2, 3, 4), (2, 4, 1, 3), (3, 1, 4, 2), (4, 3, 2, 1)}
= {(4, 3, 2, 1), (3, 1, 4, 2), (2, 4, 1, 3), (1, 2, 3, 4)},

(12)

the constructed matrices are: for 1≤ i≤ L,

Mi,1 =

⎛

⎜
⎜
⎝

qi 0 0 0
1 qi 0 0
0 1 qi 0
0 0 1 qi

⎞

⎟
⎟
⎠ ,Mi,2 =

⎛

⎜
⎜
⎝

qi 0 0 1
0 qi 0 0
1 0 qi 0
0 1 0 qi

⎞

⎟
⎟
⎠ ,

Mi,3 =

⎛

⎜
⎜
⎝

qi 0 1 0
0 qi 0 1
0 0 qi 0
1 0 0 qi

⎞

⎟
⎟
⎠ ,Mi,4 =

⎛

⎜
⎜
⎝

qi 1 0 0
0 qi 1 0
0 0 qi 1
0 0 0 qi

⎞

⎟
⎟
⎠ ,

where the index j in Mi,j corresponds to the last component
in a permutation in Pf (N4) in (12).

When D = 2, i.e., the two dimension case, the feasible per-
mutation set with the maximal size D = 2 has only one possibil-
ity, i.e., the one in (11) or (9), and therefore, all the constructed
matrices Mi,j happen to be Toeplitz as we will study more
later for their lcrm. In general, our constructed family is not a
family of Toeplitz matrices and the above case with the special
feasible permutation set is the only case of Toeplitz matrices.
Furthermore, we do not use any property of Toeplitz matrices
in the following studies.

For the above constructed family {Mi,j : 1≤ i≤ L, 1≤
j ≤D} of D ×D integer matrices, we have the following
results about their pairwise coprimality, determinants, lcrm,
and dynamic ranges. As mentioned above for the 2 dimen-
sional case, our contructed 2× 2 integer matrices happen to
be Toeplitz, every pair of which indeed satisfy the neces-
sary and sufficient condition for them to be co-prime obtained
in [29].

IV. PAIRWISE COPRIMALITY

In this section, we show the pairwise coprimality of the inte-
ger matrices in the family constructed in the previous section.
To do so, we first present a lemma.

Lemma 1. Let m1 and m2 be two non-zero integers with
gcd(m1,m2) = k for a positive integer k. For each i with



2192 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 73, 2025

1≤ i≤D, we can obtain a new matrix [kei 0] by performing
elementary column transformations on matrix [m1ei m2ei],
where ei is the D-dimensional vector with the i-th component
1 and the other components 0.

Proof: When |m1|= |m2|, by multiplying 1 or −1 to each
column of matrix [m1ei m2ei], we can get a new matrix
[kei kei] for k = |m1|= |m2|. Then, by multiplying −1 to
the first column and adding it to the second column, we get
matrix [kei 0].

When |m1| �= |m2|, without loss of generality, we assume
that |m1|> |m2|. Apply the Euclidean algorithm to m1 and m2

and assume that there are L equations here to calculate the gcd
of m1 and m2:

m1 = n1m2 + r1, 0≤ r1 < |m2|,
m2 = n2r1 + r2, 0≤ r2 < r1,

r1 = n3r2 + r3, 0≤ r3 < r2,

...

rL−3 = nL−1rL−2 + k, 0≤ k < rL−2,

rL−2 = nLk. (13)

Consider the first equation in (13), we can get a new ma-
trix [r1ei m2ei] by multiplying the second column of matrix
[m1ei m2ei] by −n1 and adding it to the first column. Then,
consider the second equation in (13), by multiplying the first
column of matrix [r1ei m2ei] by −n2 and adding it to the
second column, we can get a new matrix [r1ei r2ei]. Follow-
ing all L equations in (13), we eventually get a matrix with two
columns kei and 0 in the form of either [kei 0] or [0 kei],
depending on L is odd or even. So, by switching the order of
the two columns if necessary, we get matrix [kei 0].

We now consider the pairwise coprimality of the constructed
family of integer matrices {Mi,j}.

Theorem 1: The matricesMi,j , for 1≤ i≤ L and 1≤ j ≤D,
are pairwise co-prime.

Proof: We divide this proof into two parts. First, we prove
that Mi1,j and Mi2,j are co-prime, for any 1≤ i1 �= i2 ≤ L and
1≤ j ≤D. Second, we prove that Mi1,j1 and Mi2,j2 are co-
prime, for any 1≤ i1, i2 ≤ L and 1≤ j1 �= j2 ≤D.

We begin by the first part. Consider two matrices Mi1,j and
Mi2,j for any given 1≤ i1 �= i2 ≤ L and 1≤ j ≤D. Let σj =
(m1,m2, · · · ,mD), where mD = j, and D × 2D matrix A=
(Mi1,j Mi2,j). We then calculate the Smith form of A step
by step.

In the first step, we can see that the m1-th column of A
is qi1em1

, and the (D +m1)-th column of A is qi2em1
. As

qi1 and qi2 are co-prime for i1 �= i2, we can get the new m1-
th column em1

and the new (D +m1)-th column 0 by ap-
plying Lemma 1. In the second step, we can use vector em1

to eliminate 1’s in the positions (m1,m2) and (m1, D +m2)
of matrix A and get the new m2-th column qi1em2

, and the
new (D +m2)-th column qi2em2

. Similarly, we can get the
new m2-th column em2

and the new (D +m2)-th column 0
by applying Lemma 1. By continuing in this manner, we can

always get qi1emn
and qi2emn

in the mn-th and the (D +mn)-
th columns in the n-th step, respectively, for 3≤ n≤D. There-
fore, we can always get two new columns emn

and 0 in the
n-th step, for 3≤ n≤D. After D steps, we get all vectors
en, for 1≤ n≤D. Finally, by rearranging the newly obtained
columns, we obtain the Smith form of A is (I 0). This proves
that Mi1,j and Mi2,j are co-prime, for any 1≤ i1 �= i2 ≤ L and
1≤ j ≤D.

We next prove the second part. Consider two matrices Mi1,j1

and Mi2,j2 for any given 1≤ i1, i2 ≤ L and 1≤ j1 �= j2 ≤D.
Let B= (Mi1,j1 Mi2,j2). We then calculate the Smith form
of D × 2D matrix B.

Let σj2 = (m1,m2, · · · ,mD), where mD = j2. We first
show that Mi2,j2 can be transformed to the form of

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 · · · 0 1 qi2
0 0 · · · 1 qi2 0
0 0 . .

.
qi2 0 0

... . .
.

. .
.

. .
. ...

...
1 qi2 . .

.
0 0 0

qi2 0 · · · 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(14)

by rearranging the rows and columns.
We first rearrange the rows of Mi2,j2 . After performing some

proper row permutations, we can let the m1-th row be the first
row, the m2-th row be the second row, the m3-th row be the
third row and so on until the mD-th row be the last row. From
the construction, the positions of 1’s in Mi2,j2 are (m1,m2),
(m2,m3), · · ·, (mD−1,mD) and the positions of qi2 ’s in Mi2,j2

are (m1,m1), (m2,m2), · · ·, (mD,mD). In the newly ob-
tained matrix, the positions of 1’s are (1,m2), (2,m3), · · ·,
(D − 1,mD) and the positions of qi2 ’s are (1,m1), (2,m2),
· · ·, (D,mD). Then, we rearrange the columns of the newly
obtained matrix by implementing column permutations. Let the
mD-th column be the first column, the mD−1-th column be the
second column and so on until the m1-th column be the last
column. Now, the positions of 1’s are (1, D − 1), (2, D − 2),
· · ·, (D − 1, 1) and the positions of qi2 ’s are (1, D), (2, D − 1),
· · ·, (D, 1). It is the form in (14).

After performing the above elementary transformations on
B, we get a new matrix, denoted by B

′
, and the second half

of B
′

has the form of (14). We claim that there must be a 1 in
the last row of B

′
. Otherwise, the row in Mi1,j1 and the row in

Mi2,j2 that have no 1 have the same row number. Since in this
case, from the construction Step 1), we know that the j1-th row
of Mi1,j1 has no 1 and the j2-th row of Mi2,j2 has no 1, since
σj1(D) = j1 and σj2(D) = j2. Because from the construction,
there is only one row has no 1 in a matrix, we have j1 = j2,
which leads to contradiction. Also, from the construction, each
row has one qi1 . Thus, there are a 1 and a qi1 in the last row of
B

′
. Let the column containing the 1 in the last row be the k1-th

column and the column containing the qi1 in the last row be
the k2-th column. Without loss of generality, we assume k1 <
k2. If not, we can exchange these two columns. Therefore, the
matrix B

′
now has the form of (15) at the bottom of the next

page.
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We then calculate the Smith form step by step. In the first
step, we use the (2D − 1)-th column to eliminate the other
non-zero elements in the first row by performing elementary
column transformations. Then, by using the newly obtained
the first row to perform elementary row transformations, we
can get the new (2D − 1)-th column e1. By continuing in this
manner, in each step n, for 2≤ n≤D − 1, we can always
identify a 1 in the (2D − n)-th position of the n-th row. Then,
using the (2D − n)-th column, we perform elementary column
transformations to eliminate the other non-zero elements in
the n-th row. Then, by using the newly obtained the n-th row
to perform elementary row transformations, we can eliminate
the other non-zero elements in this column and get the new
(2D − n)-th column en. By now, we have get all vectors en,
for 1≤ n≤D − 1.

We now consider the (2D)-th column, the k1-th column,
and the k2-th column after the above (D − 1) steps. Based
on the previous discussion, each time 1 is used to eliminate
the other non-zero elements in the same row, there exists an
adjacent element qi2 in the next row of the same column with
the chosen 1. As a result, when we eliminate a non-zero element
from the current row, a new non-zero element is introduced
in the next row within the same column with this non-zero
element. Therefore, in each step n, for 1≤ n≤D − 1, we need
to eliminate the non-zero element (−1)n−1qni2 in the n-th po-
sition of the (2D)-th column, so the (2D)-th column becomes
[0, · · · , 0, (−1)D−1qDi2 ]

� after (D − 1) steps.
From the construction, the k1-th column of B

′
must has a sin-

gle 1, a single qi1 , and (D − 2) zeros. Assume this qi1 in the k1-
th column is in the r1-th row, 1≤ r1 ≤D − 1. All the elements
in the column are zero for the first (r1 − 1) rows, meaning that
the first (r1 − 1) steps have no effect on this column. Similar to
the (2D)-th column, from step r1 through step D − 1, in each
step we apply elementary column transformations to eliminate
the non-zero element that appears in this column. Then, the new
k1-th column after the (D − 1) steps is

[0, · · · , 0, 1 + (−1)D−r1qi1q
D−r1
i2

]�.

The k2-th column of B
′

may have or may not have a 1. Next,
we will discuss these two cases separately and prove that, in
both cases, we can obtain eD by performing elementary column
transformations on these three columns.

Case 1: the k2-th column of B
′

has no 1.
In this case, the k2-th column of B

′
is [0, · · · , 0, qi1 ]�. Since

there are no non-zero elements in the first (D − 1) positions,
the k2-th column remains [0, · · · , 0, qi1 ]� after the (D − 1)
steps. Then, we can get a column of eD by multiplying the

k2-th column by (−1)D−r1+1qD−r1
i2

and adding it to the k1-
th column.

Case 2: the k2-th column of B
′

has a 1.
In this case, assume that the 1 is in the r2-th position of the k2-

th column, 1≤ r2 ≤D − 1. Note that r1 �= r2, otherwise, there
must be a1 and a2 from {1, 2, · · · , D} such that the elements
at (a1, a2) position and (a2, a1) position of Mi1,j1 are all 1,
which is impossible from the construction. Similar to the k1-
th column, the newly obtained k2-th column after the (D − 1)
steps is

[0, · · · , 0, qi1 + (−1)D−r2qD−r2
i2

]�.

Since the power of qi2 in the (2D)-th column is larger than that
in the k2-th column, we can obtain the new (2D)-th column

[0, · · · , 0, (−1)r2qi1q
r2
i2
]�

by multiplying (−1)r2qr2i2 to the k2-th column and adding it to
the (2D)-th column.

If r2 ≤D − r1, we can get a column of eD by multiplying
the (2D)-th column by

(−1)D−r1−r2+1qD−r1−r2
i2

and adding it to the k1-th column.
If r2 >D − r1, we multiply the k1-th column by

(−1)r2−(D−r1)+1q
r2−(D−r1)
i2

and add it to the (2D)-th column. We then get the new (2D)-th
column

[0, · · · , 0, (−1)r2−(D−r1)+1q
r2−(D−r1)
i2

]�.

If r2 − (D − r1)≤D − r1, we can obtain a column of eD by
multiplying

(−1)2(D−r1)−r2qi1q
2(D−r1)−r2
i2

to the (2D)-th column and adding it to the k1-th
column.

If r2 − (D − r1)>D − r1, we then compare r2 − (D − r1)
and D − r2. If r2 − (D − r1)≤D − r2, we can get qi1eD by
multiplying

(−1)(D−r2)−r2+(D−r1)q
(D−r2)−r2+(D−r1)
i2

to the (2D)-th column and adding it to the k2-th col-
umn. Then, we can obtain a column of eD by multiplying
(−1)D−r1+1qD−r1

i2
to the k2-th column and adding it to the k1-

th column.
From the steps above, it can be observed that when the power

of qi2 in the (2D)-th column exceeds that in the k1-th column or

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

∗ · · · ∗ · · · ∗ · · · ∗ 0 0 · · · 0 1 qi2
∗ · · · ∗ · · · ∗ · · · ∗ 0 0 · · · 1 qi2 0
∗ · · · ∗ · · · ∗ · · · ∗ 0 0 . .

.
qi2 0 0

...
...

...
...

...
...

...
... . .

.
. .

.
. .

. ...
...

∗ · · · ∗ · · · ∗ · · · ∗ 1 qi2 . .
.

0 0 0
∗ · · · 1 · · · qi1 · · · ∗ qi2 0 · · · 0 0 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(15)
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k2-th column, we can use elementary column transformations
with the k1-th column or the k2-th column to reduce the power
of qi2 in the (2D)-th column by amount of D − r1 or D − r2,
respectively. Since D is a finite integer, after a finite number of
steps, we are guaranteed to obtain a new (2D)-th column

[0, · · · , 0, (−1)b1qi1q
b2
i2
]�

with b2 ≤D − r1 or a new (2D)-th column

[0, · · · , 0, (−1)b3qb4i2 ]
�

with b4 ≤D − r1 or b4 ≤D − r2. Then, we can use this (2D)-
th column to obtain a column of eD by performing elementary
column transformations.

Thus, combining the above two cases, we can always get a
column of eD. Then, by eliminating the other elements in the
D-th row and rearranging all the columns, the Smith form of B
is (I 0). This means that Mi1,j1 and Mi2,j2 are co-prime, for
any 1≤ i1, i2 ≤ L and 1≤ j1 �= j2 ≤D. This proves the second
part.

By combining the above two parts, we have completed the
proof. �

We next show that the above constructed matrices Mi,j are
still pairwise co-prime when we change some elements of the
matrices, which provides much more selections of pairwise co-
prime integer matrices.

Corollary 1: If the signs of any (one or more) elements in
any matrix within the family constructed by Algorithm 1 are
changed, the modified integer matrices are still pairwise co-
prime.

Proof: For the proof we only need to simply revise the
proof of Theorem 1 and show that these changes don’t affect
their coprimality by proving that these changes don’t affect the
calculations of the Smith forms in the proof of Theorem 1.

First, we show that if we change the signs of any elements
in the matrix A of the proof of Theorem 1, we can also obtain
the Smith form of the newly obtained matrix, denoted by A1,
as (I 0).

Compute the Smith form of A1 by following the same steps
used in computing the Smith form of A. In each step n, for
1≤ n≤D, we can always get qi1emn

and qi2emn
in the mn-

th and the (D +mn)-th columns by multiplying 1 or −1 to
the mn-th and the (D +mn)-th column. Therefore, we can
always get emn

in the n-th step. After D steps, we get all
vectors en, for 1≤ n≤D. Finally, by rearranging the newly
obtained columns, we obtain the Smith form of A1 as (I 0).
This proves the first part.

Second, we show that if we change the signs of any elements
in the matrix B of the proof of Theorem 1, we can also obtain
the Smith form of the newly obtained matrix, denoted by B1,
as (I 0).

When we apply the same transformations to matrix B1 as
we did to matrix B in the proof of Theorem 1, we obtain a new
matrix B

′

1, which can also be obtained by changing the signs of
any elements in matrix B

′
. Next, we calculate the Smith form

of B
′

1 with the same steps in Theorem 1.
In each step n, for 1≤ n≤D − 1, we can always identify a

1 in the (2D − n)-th position of the n-th row by multiplying

1 or −1 to the (2D − n)-th column. Therefore, we can always
get en in the n-th step.

After (D − 1) steps, the (2D)-th column becomes

[0, · · · , 0, qDi2 ]
� or [0, · · · , 0,−qDi2 ]

�,

the k1-th column becomes

[0, · · · , 0, 1 + qi1q
D−r1
i2

]� or [0, · · · , 0, 1− qi1q
D−r1
i2

]�

by multiplying it by 1 or −1. If the k2-th column of B
′

1 has no
1, it is

[0, · · · , 0, qi1 ]� or [0, · · · , 0,−qi1 ]
�

after D − 1 steps. We can get eD by multiplying the k2-th
column by qD−r1

i2
or −qD−r1

i2
and adding it to the k1-th column.

If the k2-th column of B
′

1 has a 1, the newly obtained k2-th
column after (D − 1) steps is

[0, · · · , 0, qi1 + qD−r2
i2

]� or [0, · · · , 0, qi1 − qD−r2
i2

]�

by multiplying it by 1 or −1. Then, we can use the same steps
as in the proof of Theorem 1 to reduce the power of qi2 in the
(2D)-th column until we obtain a new (2D)-th column

[0, · · · , 0, (−1)b1qi1q
b2
i2
]�

with b2 ≤D − r1 or a new (2D)-th column

[0, · · · , 0, (−1)b3qb4i2 ]
�

with b4 ≤D − r1 or b4 ≤D − r2. Then, we can use this (2D)-
th column to obtained eD by performing elementary column
transformations. Finally, by eliminating the other elements in
the D-th row and rearranging all the columns, we get the Smith
form of B1 as (I 0). This proves the second part.

Combining these two parts, the corollary is proved.
Since multiplying any unimodular matrices from the right

does not change the coprimality, the above newly constructed
matrices after multiplying any unimodular matrices are still
pairwise co-prime.

V. DETERMINANTS AND LEAST COMMON RIGHT MULTIPLES

In this section, we first determine the determinants of the
integer matrices constructed in Section III, which correspond to
the sampling rates as mentioned in Introduction using the sam-
pling matrices Mi,j in the multi-dimensional sampling problem
described in 7) and 8) in Section II.

Theorem 2: The determinant of the matrixMi,j is the product
of all the diagonal elements, i.e., det(Mi,j) = qDi , for 1≤ i≤
L and 1≤ j ≤D.

Proof: From the construction Steps 1) and 2), the diago-
nals of Mi,j are all qi and the chosen permutation is σj . For
convenience, let σj = (m1, · · · ,mD−1, j). Next, we calculate
the determinant of Mi,j by applying Laplace expansion.

From the construction Step 1), we know that the m1-th col-
umn has no 1, which means that the m1-th column of Mi,j is
qiem1

. So, we expand the det (Mi,j) by the m1-th column, and
we have

det(Mi,j) = (−1)m1+m1qi det(M
\(m1)
i,j )

= qi det(M
\(m1)
i,j ).
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where M
\(m1)
i,j is the (D − 1)× (D − 1) submatrix obtained

by removing the m1-th column and the m1-th row of Mi,j .
After removing them1-th row and them1-th column ofMi,j ,

from the construction Step 1) we have that the elements in the
m2-th column of Mi,j are all zeros expect a single qi, since the
element 1 located at the position of (m1,m2) in Mi,j has been
removed. Then, we can identify this column in matrix M

\(m1)
i,j .

Without loss of generality, we assume that this column is the
k1-th column of M\(m1)

i,j , for 1≤ k1 ≤D − 1. Besides, all qi’s

of M
\(m1)
i,j are also in all the diagonals of M

\(m1)
i,j , because

M
\(m1)
i,j is obtained by deleting the m1-th row and the m1-th

column of Mi,j . We then expand det (M
\(m1)
i,j ) by the k1-th

column and have

det (M
\(m1)
i,j ) = (−1)k1+k1qi det (M

\(m1,m2)
i,j )

= qi det (M
\(m1,m2)
i,j ),

where M
\(m1,m2)
i,j is the (D − 2)× (D − 2) submatrix ob-

tained by removing the k1-th column and the k1-th row of
M

\(m1)
i,j , which is the same as removing the m1-th and the m2-

th rows and the m1-th and the m2-th columns of Mi,j .
Similarly, for each 3≤ n≤D − 2, we can always identify a

column of all zeros expect a single qi in the kn−1-th column
of matrix M

\(m1,··· ,mn−1)
i,j , which is obtained by removing all

ml-th rows and all ml-th columns of Mi,j for 1≤ l ≤ n− 1.
Actually, this column is the mn-th column of the original matrix
Mi,j . Since all qi’s are in the diagonals of matrix Mi,j and the
deleted rows and columns have the same indices in all the steps
to get the next new matrices, the remaining qi’s are always in
the diagonals of matrix M

\(m1,··· ,mn−1)
i,j . So, we can expand

the det (M
\(m1,··· ,mn−1)
i,j ) by this column and have

det(M
\(m1,··· ,mn−1)
i,j )=(−1)kn−1+kn−1qi det(M

\(m1,··· ,mn)
i,j )

=qi det (M
\(m1,··· ,mn)
i,j ),

where M
\(m1,··· ,mn)
i,j is the (D − n)× (D − n) submatrix ob-

tained by removing all the ml-th columns and all the ml-th rows
of Mi,j , for 1≤ l ≤ n.

Eventually, we can get that

det (Mi,j) = qD−2
i det

([
qi 0
1 qi

])

or

det (Mi,j) = qD−2
i det

([
qi 1
0 qi

])
,

which means that det (Mi,j) = qDi , i.e., the product of all
the diagonal elements of Mi,j . This completes the proof of
Theorem 2.

Similar to Corollary 1, from the above proof we immediately
have the following corollary.

Corollary 2: If the signs of any (one or more) elements in any
matrix Mi,j within the family constructed by Algorithm 1 are
changed, the determinant of the modified matrix is the product
of all the diagonal elements, i.e., det(Mi,j) =±qDi , where 1≤
i≤ L and 1≤ j ≤D.

Since q1, q2, · · · , qL are pairwise co-prime, we can directly
obtain the following corollary using one result in 4) of Sec-
tion II, i.e., two integer matrices are co-prime if their determi-
nants are co-prime [27].

Corollary 3: Mi1,j1 and Mi2,j2 , for any 1≤ i1 �= i2 ≤ L and
1≤ j1, j2 ≤D, are co-prime.

This corollary directly leads to the proof of the first part in
the proof of Theorem 1 in the previous section, i.e., for each
fixed j, 1≤ j ≤D, the group of matrices {Mi,j , 1≤ i≤ L} are
pairwise co-prime, which, however, has onlyL integer matrices.
One of our main contributions of the constructed family {Mi,j}
in the previous section is being able to add D − 1 many more
integer matrices with the same determinant to the pairwise co-
prime integer matrix family for each fixed i, i.e., for each fixed
integer qi in the known set of co-prime integers qi, 1≤ i≤
L. This leads to that the family of pairwise co-prime integer
matrices in our new construction has DL many matrices. In
addition, it also implies that the coprimality of determinants
of two integer matrices is only a sufficient but not necessary
condition for two integer matrices to be co-prime.

With Theorem 2, we immediately have the following absolute
value of the determinant of the product of all the matrices in the
constructed family:

∣
∣
∣
∣
∣
∣
det

⎛

⎝
∏

1≤i≤L,1≤j≤D

Mi,j

⎞

⎠

∣
∣
∣
∣
∣
∣
= (q1q2 · · · qL)D

2

. (16)

It is known that in one dimensional case, for the given pair-
wise co-prime integers 1< q1 < q2 < · · ·< qL, their least com-
mon multiple (lcm) is their product q1q2 · · · qL that corre-
sponds to the dynamic range of the conventional CRT using
q1, q2, · · · , qL as moduli. This means that all the nonnegative
integers within the dynamic range can be uniquely determined
by using CRT from their remainders modulo moduli qi, 1≤ i≤
L. However, due to the non-communtativity of the constructed
integer matrices Mi,j , their lcrm R may not be their product.
Thus, it is not clear whether the value in (16) is the determinant
absolute value of their lcrm, which is the dynamic range, i.e.,
the number of integer vectors that can be uniquely determined
by using MD-CRT and their integer vector remainders modulo
the matrix moduli as mentioned in 8) in Section II) similar to
the conventional CRT [32], [33]. Next, we first determine an
lcrm of the constructed family Mi,j for the two dimensional
case, i.e., D = 2, without the need of symbolic computations.

The 2× 2 pairwise co-prime integer matrices constructed by
our proposed method (or Algorithm 1) are: for 1≤ i≤ L,

Mi,1 =

(
qi 0
1 qi

)
,Mi,2 =

(
qi 1
0 qi

)
. (17)

As mentioned before, the above 2× 2 integer matrices happen
to be Toeplitz and do satisfy the necessary and sufficient con-
dition for two 2× 2 integer (Toeplitz) matrices to be co-prime
obtained in [29].

We now calculate lcrm(Mi,1,Mi,2) following [22], [33], for
1≤ i≤ L. First, we calculate

M−1
i,1Mi,2 =

(
1 1/qi

−1/qi (q2i − 1)/q2i

)
.
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The lcm of the denominators of all the elements in M−1
i,1Mi,2

is q2i . One can easily check that the Smith form of matrix
q2iM

−1
i,1Mi,2 is

U(q2iM
−1
i,1Mi,2)V

=

(
0 1
1 q3i + qi

)(
q2i qi
−qi q2i − 1

)(
−qi q2i − 1
−1 qi

)

=

(
1 0
0 q4i

)
.

Let

Λ=
1

q2i

(
1 0
0 q4i

)
=

( 1
q2i

0

0 q2i

)
,

Λα be a diagonal matrix whose diagonal elements are formed
by taking the numerators of all the diagonal elements of Λ and
Λβ be a diagonal matrix whose diagonal elements are formed
by taking the denominators of all the diagonal elements of
Λ.1 Then, we can get Λα = diag(1, q2i ) and Λβ = diag(q2i , 1).
Therefore, an lcrm of Mi,1 and Mi,2 is

Mi,1U
−1Λα =Mi,2VΛβ =

(
−q4i − q2i q3i

−q3i q2i

)
,

and det(lcrm(Mi,1,Mi,2)) =−q4i .
Let R be any lcrm of matrices Mi,1,Mi,2 for all 1≤ i≤ L.

From (2), R is also an lcrm of matrices lcrm(Mi,1,Mi,2)
for all 1≤ i≤ L. For the sake of convenience, let Mi =
lcrm(Mi,1,Mi,2). There exists a nonsingular integer matrix Pi

such that R=MiPi for each 1≤ i≤ L. Then, we can get

| det(R)|= | det(Mi)|| det(Pi)|= q4i | det(Pi)|,

which means that | det(R)| has a divisor q4i , for every 1≤
i≤ L. Since q1, q2, · · · , qL are pairwise co-prime integers, we
have that | det(R)| has a divisor (q1q2 · · · qL)4. Therefore,
| det(R)| ≥ (q1q2 · · · qL)4.

We now show the following matrix

R2 =

(
(q1q2 · · · qL)2 0

0 (q1q2 · · · qL)2
)

(18)

is an lcrm of matrices Mi,1,Mi,2 for all 1≤ i≤ L. For each
matrix Mi,j , 1≤ i≤ L and 1≤ j ≤ 2, matrix M−1

i,j R2 is a
nonsingular integer matrix since

M−1
i,j = adj(Mi,j)/det(Mi,j) and det(Mi,j) = q2i .

Therefore, it is a crm of matrices Mi,1,Mi,2 for all 1≤ i≤ L.
As det(R2) = (q1q2 · · · qL)4 and for any lcrm R, its determi-
nant absolute value det(R)≥ (q1q2 · · · qL)4 as proved above,
R2 has to be an lcrm of matrices Mi,1,Mi,2 for all 1≤ i≤ L.
This proves the following theorem.

Theorem 3: The matrix R2 in (18) is an lcrm of the 2× 2
pairwise co-prime matrices in (17) constructed by Algorithm 1.

We next study the case when the dimension D is more than 2,
i.e., D > 2. For all 3≤D ≤ 75, when the feasible permutation
set is the set of all cyclic permutations (9), we have utilized

1In the algorithm of calculating an lcrm of two non-singular integer
matrices, all fractions used to generate these two diagonal matrices Λα and
Λβ are in irreducible forms.

Mathematica to perform symbolic calculations following the
algorithm in [22], [33] and determined that for each group of
matrices {Mi,j , 1≤ j ≤D},

| det(lcrm(Mi,j , 1≤ j ≤D))|= qD
2

i .

Similar to the case of D = 2, the determinant absolute value
of an lcrm of all the matrices Mi,j , 1≤ i≤ L and 1≤ j ≤
D, in the constructed family is greater than or equal to
(q1q2 · · · qL)D

2

.
Let RD be the following D ×D diagonal matrix:

RD = (q1q2 · · · qL)D I. (19)

For each matrix Mi,j , 1≤ i≤ L and 1≤ j ≤ L, matrix
M−1

i,j RD is a nonsingular integer matrix since

M−1
i,j = adj(Mi,j)/det(Mi,j) and det(Mi,j) = qDi .

Therefore, it is a crm of all the matrices Mi,j , 1≤ i≤ L and
1≤ j ≤ L. Since

det(RD) = (q1q2 · · · qL)D
2

, (20)

RD has to be an lcrm of all the matrices Mi,j , 1≤ i≤ L and
1≤ j ≤ L, in the constructed family. This proves the following
theorem.

Theorem 4: For 3≤D ≤ 75, the matrix RD in (19) is an
lcrm of the D ×D pairwise co-prime matrices constructed by
Algorithm 1, where the feasible permutation set is chosen to be
the set of all cyclic permutations (9).

For all D > 75, due to our limited computational power,
although we are not able to confirm the above result, we have
the following conjecture.

Conjecture 1: The matrix RD in (19) is an lcrm of the D ×D
pairwise co-prime matrices constructed by Algorithm 1 for D >
75, where the feasible permutation set is chosen to be the set
of all cyclic permutations (9).

If we can add any other integer matrix M with | det(M)|=
qdi for some integers i and d, 1≤ i≤ L and 1≤ d≤D, which
is not included in our constructed family, to our constructed
family, RD is still an lcrm of these DL+ 1 matrices, i.e.,
lcrm(RD,M) =RD, since in this case, RD is a right multiple
of M. This implies that for all D ×D integer matrices with
their determinant absolute values qdi for 1≤ i≤ L, 1≤ d≤D,
no matter they are pairwise co-prime or not, RD is an lcrm of
all these D ×D integer matrices.

In the meantime, from the above discussions, it is not hard
to see that if any member in our constructed family is removed
from the family, the lcrm of the newly formed family of in-
teger matrices has strictly less determinant absolute value than
| det(RD)|, since in this case qDi for some i, 1≤ i≤ L, will not
be included in | det(RD)|. Thus, we have proved the following
corollary.

Corollary 4: The constructed family Mi,j , 1≤ i≤ L, 1≤
j ≤D, is the smallest family of integer matrices with determi-
nant absolute values qdi for 1≤ i≤ L and 1≤ d≤D such that
RD in (19) is their lcrm.

As mentioned in 7) and 8) of Section II, when Mi,j are
used as sampling matrices, | det(Mi,j)| are their sampling rates
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and | det(RD)| is their dynamic range. Thus, under the same
sampling rates, our constructed family is the smallest set of
sampling matrices to achieve the maximal dynamic range.

From the above results, we also see that the number of
integer vectors that can be uniquely determined from their
integer vector remainders modulo the constructed integer ma-
trix moduli Mi,j , 1≤ i≤ L, 1≤ j ≤D, using MD-CRT, i.e.,
the dynamic range, is (q1q2 · · · qL)D

2

. Notice that since these
matrix moduli Mi,j , 1≤ i≤ L, 1≤ j ≤D, do not commute,
they cannot be diagonalized simultaneously in any sense. Thus,
the corresponding MD-CRT cannot be equivalently converted
to multiple conventional CRTs for integers. In other words, they
are non-separable. On the other hand, to have the same dynamic
range as that using multiple individual CRT for integers, i.e., the
separable case, it is obvious to construct diagonal integer matrix
moduli as, for 1≤ i≤ L,

Di,1 = diag(qDi , 1, · · · , 1), · · · ,Di,D = diag(1, · · · , 1, qDi ).
(21)

These diagonal integer matrices are clearly pairwise co-prime
and their product is their lcrm, and thus their dynamic range is
also (q1q2 · · · qL)D

2

, the same as that of Mi,j , 1≤ i≤ L, 1≤
j ≤D. In the meantime, det(Di,j) = qDi = det(Mi,j), i.e., the
sampling rates of Di,j and Mi,j are the same as well for 1≤
i≤ L, 1≤ j ≤D. Note that only for the convenience in com-
parison, these sampling rates are counted in the sense of over-
all D dimensional volume-wise sampling rates for the multi-
dimensional sampling matrices applied to the D dimensional
real vector (t1, t2, · · · , tD)�. Below we analyze the sampling
rates for each dimension tj , i.e., how fast a sampling of each
continuous real variable tj is.

We first see that the ratios of the peak values and the average
values of the components in integer matrices Mi,j and integer
matrices Di,j are, respectively,

γMi,j
=

D2qi
Dqi +D − 1

≈D, when qi are large, (22)

and

γDi,j
=

D2qDi
qDi +D − 1

≈D2, when qi are large. (23)

Also, the ratios of the peak values and the smallest non-zero
absolute values of the components in integer matrices Mi,j and
integer matrices Di,j are, respectively, qi and qDi . Clearly the
above two ratios of Mi,j are smaller than those of Di,j .

We next consider the sampling rates on each dimension.
For the above diagonal sampling matrices Di,j , for each i the
diagonal element qDi means that the sampling rate in dimension
j is qDi that could be too high in practice when qi and (or) D
are (is) large.

For the newly proposed sampling matrices Mi,j constructed
in Algorithm 1, where all the elements inMi,j are non-negative,
from 1) in Section II one can see that FPD N (Mi,j) (or the
component-wise inverses of its elements) corresponds to the
unit spatial volume of RD in the multi-dimensional sampling.
We next show that for any dimension k, any line Lk included in
set N (Mi,j), that is parallel to the k-th dimensional coordinate

axis of variable tk, has the largest value not above qi + 1 and
the smallest value not below 0. Since all elements in Mi,j are
not negative, the smallest value on line Lk is not below 0. Next,
we show that the largest value on line Lk is not above qi + 1.
This means that the sampling rate in dimension k for continuous
variable tk is not larger than qi + 1 that is much smaller than
the largest sampling rate qDi for the above diagonal sampling
matrix Di,j .

For line Lk included in N (Mi,j) that is parallel to the k-th
dimensional coordinate axis, let the two ending points of this
line be xl = [x1, · · · , xk,l, · · · , xD]� for l = 1, 2. To show the
largest value on the line Lk is smaller than qi + 1, we only
need to show that xk,1 and xk,2 are smaller than qi + 1. From
the definition of N (Mi,j) in 1) in Section II, there must be
two vectors a= [a1, a2, · · · , aD]� and b= [b1, b2, · · · , bD]�

in [0, 1)D such that

Mi,ja= x1 and Mi,jb= x2. (24)

From the construction of Mi,j , the k-th row of Mi,j may
have no 1 or have a single 1.

If the k-th row of Mi,j has no 1, we can get qiak = xk,1 and
qibk = xk,2 from (24). Since 0≤ ak, bk < 1, we can obtain that
xk,1 and xk,2 are smaller than qi.

If the k-th row of Mi,j has a single 1, without loss of
generality, let σj = (m1, · · · ,mD−1,mD). There must be an
i, 1≤ i≤D − 1, such that k =mi. Then, from (24) we can
get

ami+1
+ qiami

= xk,1, and bmi+1
+ qibmi

= xk,2. (25)

Since 0≤ ami+1
, ami

, bmi+1
, bmi

< 1, we conclude that xk,1

and xk,2 are smaller than qi + 1. This completes the proof.
In summary, the above analysis tells us that for any i, 1≤ i≤

L, the sampling rate in each dimension of the sampling matrix
Mi,j is no larger than qi + 1 for any j, 1≤ j ≤D, while the
sampling rate in one dimension of the sampling matrix Di,j is
qDi . This shows an advantage of non-separable sampling over
separable sampling for a multi-dimensional signal. Next, for
the illustration convenience, we only take a two dimensional
example to show the sampling rate analysis result on each
dimension.

Example 1: Let qi = 3, the diagonal 2× 2 sampling matrices
are

Di,1 =

(
9 0
0 1

)
and Di,2 =

(
1 0
0 9

)
,

and the sampling matrices Mi,j are

Mi,1 =

(
3 0
1 3

)
and Mi,2 =

(
3 1
0 3

)
.

The FPDs of these four matrices, i.e., N (Mi,j) and N (Di,j),
are shown in Fig. 2. From the figure, we can easily see that the
maximal sampling rate of Mi,j on each dimension is 4 = qi +
1, while the maximal sampling rate of Di,j on each dimension
is 9 = q2i .
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Fig. 2. FPDs of the four matrices in Example 1.

VI. CONCLUSION

In this paper, we have presented a new construction of pair-
wise co-prime integer matrices of any dimension and large
size. They are non-commutative and have low ratios of peak
absolute values over mean absolute values (or the smallest non-
zero absolute values) of their components. We have also deter-
mined their least common right multiple (lcrm) with a closed
and simple form. These integer matrices have applications in
MD-CRT to determine integer vectors from their integer vec-
tor remainders, which may occur in undersamplings of multi-
dimensional harmonic signals. Although the dynamic range
of these non-diagonal integer matrices using MD-CRT can be
achieved by diagonal integer matrices using separable CRT for
each dimension, their sampling rates in each dimension are
much smaller than the conventional ones. In other words, non-
separable sampling has a true advantage over separable sam-
pling for a multi-dimensional signal. This means that the newly
constructed pairwise co-prime integer matrices may also have
applications in multi-dimensional sparse sensing and multi-
dimensional multirate systems. Since any new construction of
families of pairwise co-prime objects, such as co-prime inte-
gers, co-prime algebraic numbers, and co-prime integer matri-
ces, is fundamental, we believe that the new families of pairwise
co-prime integer matrices presented in this paper may have
other applications as well.
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