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Abstract—High rate and large diversity product (or coding
advantage, or coding gain, or determinant distance, or minimum
product distance) are two of the most important criteria often used
for good space—time code designs. In recent (linear) lattice-based
space—time code designs, more attention is paid to the high rate
criterion but less to the large diversity product criterion. In this
paper, we consider these two criteria together for multilayer
cyclotomic space-time code designs. In a previous paper, we
recently proposed a systematic cyclotomic diagonal space-time
code design over a general cyclotomic number ring that has
infinitely many designs for a fixed number of transmit antennas,
where diagonal codes correspond to single-layer codes in this
paper. In this paper, we first propose a general multilayer cyclo-
tomic space-time codes. We present a general optimality theorem
for these infinitely many cyclotomic diagonal (or single-layer)
space-time codes over general cyclotomic number rings for a
general number of transmit antennas. We then present optimal
multilayer (full-rate) cyclotomic space-time code designs for two
and three transmit antennas. We also present an optimal two-layer
cyclotomic space-time code design for three and four transmit
antennas. The optimality here is in the sense that, for a fixed mean
transmission signal power, its diversity product is maximized, or
equivalently, for a fixed diversity product, its mean transmission
signal power is minimized. It should be emphasized that all the
optimal multilayer cyclotomic space-time codes presented in this
paper have the nonvanishing determinant property.

Index Terms—Algebraic number theory, cyclotomic number
rings and lattices, diversity product, full rate, multilayer space—
time block codes, nonvanishing determinant.

1. INTRODUCTION

INEAR lattice based space—time block code designs

from algebraic number rings/fields have recently attracted
much attention, see for example [1]-[14], mainly due to the
possibility of systematic constructions of full diversity and
high rate codes, and their fast sphere decoding/demodulation
[29]-[36]. Lattice-based diagonal space—time codes [4] are con-
structed based on lattices [y;....,y.,]" = Glz1,....2L,]",
where L; is the number of transmit antennas, I stands for the
transpose, x; represent complex-valued information symbols,
and G is a generating matrix, and g, are placed as diagonal
elements. This was motivated from the designs of full diver-
sity multidimensional signal constellations for resisting both
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Rayleigh fading and Gaussian additive noises proposed in
[1]-[3]. By properly selecting the generating matrix GG and the
information signal alphabet of z;, the diversity product 1 is
guaranteed by a result in algebraic number theory [37], [38].
However, the symbol rate for the above diagonal codes is only
1. Orthogonal space—time block codes [22]—-[28] are also lat-
tice-based codes but their symbol rates cannot be above 1 [23],
[27], [28]. Higher rate space—time codes have been proposed
earlier in Bell Labs layered space—time (BLAST) architecture
[15], linear dispersion codes [17]-[19], and threaded/multilayer
codes [16]. By employing some algebraic number theory,
lattice-based full-rate and full diversity threaded/multilayer
space—time codes were later proposed in [5], [7], [8], [10], [11],
[13], [12]. In these studies, not much has been discussed on the
diversity product (or the so-called coding advantage, coding
gain, determinant distance, or minimum product distance in the
literature) issue while diversity product plays an important role
in determining the symbol error rates (SER), see, for example,
[20], [21]. Although for diagonal lattice-based space—time
codes, the diversity products are fixed to 1 in the existing de-
signs, their mean transmission signal powers could be different
and the codes with the minimum mean transmission signal
power would be optimal and preferred. In what follows, the
optimality is always in the sense that the diversity product is
maximal when the mean transmission signal power is fixed or
equivalently the mean transmission signal power is minimized
when the diversity product is fixed. Different optimality criteria,
such as the peak-to-average power ratio (PAPR) and receiver
complexity, have been considered in [12].

To address the above optimality, we need to have a broad
class of valid (such as full diversity) codes with the same pa-
rameters including rates and sizes. For the above lattice-based
space—time codes, there are three issues that may affect the
code performance as pointed in [14]: i) where the information
symbols z; belong to; ii) where the elements of the generating
matrix G belong to; and iii) whether the generating matrix G is
unitary. In [14], these three issues were considered together in
a general way and a more general cyclotomic space—time code
design was proposed, where information symbols z; may not
necessarily be in Z[(4], elements of generating matrix G may
not necessarily be integrals of Z[(4], and generating matrix G
may not necessarily be unitary, and information symbols z; and
elements of generating matrix GG are from general cyclotomic
field extensions. A systematic construction of cyclotomic
diagonal space—time codes of full diversity was given in [14]
for a general number of transmit antennas, where for a fixed
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number of transmit antennas, there are infinitely many cyclo-
tomic space—time codes/lattices. In [14], the optimality was
converted to a criterion on the lattice generating matrix G by
using the lattice packing theory, see, for example, [42]. Based
on the criterion on matrix G, some optimal cyclotomic diagonal
space-time codes or lattices were found for some specific
numbers of transmit antennas but a general optimality theorem
for a general number of transmit antennas has remained open.
In [14], we also found that most existing ones in the literature
are not optimal and most of the optimal generating matrices are
not unitary.

In this paper, we first propose a more general multilayer cy-
clotomic space—time code design than the existing ones in the
sense that cyclotomic lattices on different layers can be different
and are of different mean powers. We then present a general
optimality theorem for single-layer (or diagonal) cyclotomic
space—time codes for a general number of transmit antennas,
which solves the open problem that remains in [14]. We then
present optimal multilayer cyclotomic space—time codes of full
rate and full diversity for two and three transmit antennas. We
also present optimal two-layer cyclotomic space—time codes for
three and four transmit antennas. Similar to [14] for single-layer
codes, we find that most of the existing multilayer codes are not
optimal and the optimal generating matrices are usually not uni-
tary. Although the optimal generating matrices are not unitary,
the optimal codes do not have significant “capacity” loss. In ad-
dition, we emphasize that all the optimal multilayer cyclotomic
space—time codes presented in this paper have the nonvanishing
determinant property.

This paper is organized as follows. In Section II, we describe
the problem in more details and briefly introduce the general
cyclotomic lattices and diagonal cyclotomic space—time codes
obtained previously in [14] as it is necessary for this paper to
be self-contained . In Section III, we first introduce a systematic
design of multilayer cyclotomic space—time codes, study the re-
lationships between a generating matrix and its corresponding
lattice, transmission signal mean power, and diversity product.
We then present the optimality results on single-layer and mul-
tilayer cyclotomic space—time codes. In Section IV, we present
some numerical simulation results. All lengthy proofs of the op-
timality theorems are in the Appendix.

The following notations are used throughout this paper: cap-
ital English letters, such as, K and G, represent matrices and
bold face lower case English letters, such as « and ¥, represent
complex symbols (or numbers or points) on two-dimensional
real lattices, lower case English letters, such as x, y, and z, rep-
resent real symbols (or numbers or points) and

Ly: number of transmit antennas.
N: natural numbers.

Z: ring of integers.

Q: field of rational numbers.

field of real numbers.
field of complex numbers.
Euler number of positive integer n.

m = exp (J%)
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Z[Cm): ring generated by Z and (,,,.

K and G: real and complex generating matrices for real
and complex lattices, respectively.

An(K): n-dimensional real lattice of real generating ma-
trix K.

r.(G) n-dimensional complex lattice of complex gen-
erating matrix G.

Q(Gm) number field generated by the rational field Q
and (.

Ae,, = two-dimensional real lattice with generating ma-

Ao(Ke,) trix

1 cos(%)
Ke, = [0 sin( %) ] '

Q: a set of space—time codeword matrices.

X: a linear lattice based space—time code structure,
such as the threaded/multilayer structure.

[E : F]: the extension degree of field E over field F.

i, complex conjugate and transpose.

®: Kronecker (or tensor) product.

A=BKC
AIZi

means |det(A)| = |det(4A ® B)|.
=AK..- KA.

%‘,_/
II. SOME NOTATIONS, COMPLEX LATTICES, AND
CYCLOTOMIC LATTICES

In this section, we first briefly describe some commonly
used criteria, i.e., rank, diversity product, and symbol rate, in
space—time code design, and then briefly review some necessary
concepts on complex lattices and cyclotomic lattices proposed
in [14] that shall be used in this paper. We also generalize some
of these concepts for the purpose of constructing multilayer
space—time codes.

A. Rank, Diversity Product, and Symbol Rate Criteria

Let L; and L, be the numbers of transmit and receive
antennas, respectively, and €2 be a space-time code. The
channel is assumed quasi-static. Let C, E € 2 be two different
space—time codeword matrices. Then, the pairwise error proba-
bility Pr{C — E} of the coherent maximum-likelihood (ML)
detection is upper-bounded by ([20], [21])

Pr{C — E} < % (H /\i> o (Z)_TLT
=1

where 7 is the rank of the difference matrix C — F, n is the
signal-to-noise ratio (SNR) at the receive antennas, and A;,
i =1,...,r,arethe r nonzero eigenvalues of (C— E)(C— E)#
and ¥ stands for the Hermitian operation, i.e., complex conju-
gate and transpose.

ey

Rank Criterion: A space-time code 2 is called to achieve
full diversity if the rank of difference matrix C — E is L, i.e.,
r = L, in (1), for any two different codeword matrices C and £
in 2. From (1) one can see that this criterion governs the SER
at high SNR.
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Determinant Criterion: When full diversity is achieved, the
SER depends on the diversity product (or called coding advan-
tage, coding gain, or minimum product distance in other litera-
tures), which is defined by

' . _ o H| /2
dmin () = o |det(C — E)(C — E)"|
L,
= min [[AY2 )

From (1) one can see that the larger the diversity product, the
smaller is the upper bound of the SER.

Symbol Rate Criterion: Another criterion is symbol rate
criterion, which is determined by the number of the distinct
codeword matrices in 2. In a linear space—time block code, the
symbol rate is defined as follows. An information sequence
is first mapped to k information symbols sq, So,..., Sk, in a
constellation, for example, quadrature amplitude modulation
(QAM), then these k information symbols are linearly placed
into a space—time code matrix design X of time block size B.
The symbol rate is defined by R = k/B symbols per channel
use (pcu). A space—time code with L; transmit antennas is
called to achieve full rate if its symbol rate is R = L; symbols
peu.

There have been considerable studies recently on full rate
and full diversity space—time code designs, see, for example,
[51, [7], 18], [10], [11], [13], [12] but not much studies on
space—time code designs of full rate full diversity and large
diversity product. The main emphasis in this paper is on the
designs of full rate full diversity space—time codes with large
(optimal) diversity product. In what follows, we say that a
space—time code X is better than another space—time code
X, if the mean transmission signal power of X; is smaller
than that of X5, when their diversity products are the same and
their symbol rates are the same. To do so, we first recall and
generalize some concepts on lattices proposed and used in [14].

B. Real and Complex Lattices

We first define a real lattice.

Definition 1: An n-dimensional real lattice A, (K) is a
subset in R™

Ty Z1

A (K) = zi€lforl1<i<mn

Tn Zn

where Z is the ring of all integers, and K is an n X n real matrix
of full rank and called the generating matrix of the real lattice
A, (K) and det(A,,(K)) £ |det (K)]|.

It is clear that A,,(K) is a subgroup of R™ with component-
wise addition. When n = 2, every point [z1,25]7 in a two-
dimensional real lattice Ay(K') belongs to R? and, therefore,
can be thought of as a complex number & = x; + jzo in the
complex plane C. In this paper, we do not distinguish between
a two-dimensional real point [z1,72]7 € R? and a complex
number or point £ = z1 + jx, € C; otherwise, it is specified.
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To distinguish it from general two-dimensional real lattices,
for (,, = exp(j 2;”) we use A, to denote the two-dimensional
real lattice with the generating matrix

K= [3 o)) < [0 e

where Re and Im stand for the real and imaginary parts of a
complex number, respectively. Thus, A¢,, = Aq(Kc,,). Itis
easy to check that

3

ACm C Z[Cm]7 AC4 = Z[Cél] = Z[]]?
and A¢, = A¢y = Z[Cs] = Z[¢6]  (4)
and A¢, is the square lattice.
A complex lattice defined below is a lattice based on a two-
dimensional real lattice.

Definition 2: An n-dimensional complex lattice I, (G) over
a two-dimensional real lattice A2(K) is a subset of C”

Y1 T

Fn<G): =G xiEAQ(K)7 for1<i<n

Yn Ty

)
where G is an n X n complex matrix of full rank and called
the generating matrix of the complex lattice I',, (G). The above

complex lattice is called a full diversity lattice if it satisfies

H lyil >0
i=1

for any nonzero vector

in (Ao (K))".

With complex lattice points [y, ...,y,]7, a diagonal
lattice-based space—time code X can be designed by
placing these n» components into the diagonal elements as

X = diag(y,, - - -,¥,,) and thus, its diversity product is

dmin(G) é

For this diagonal space—time code, one is interested in its signal
mean power of ¢, and its diversity product d,i,(G) in the sense
that either the signal mean power is minimized when the diver-
sity product is fixed or the diversity product is maximized when
the signal mean power is fixed. To study the signal mean power,
it is important to study the compactness of the lattice. To do so,
the above complex lattice needs to be converted to a real lattice.

In Definition 2, points z; from a two-dimensional real lattice
have been treated as complex numbers explained previously and
therefore g, are also complex numbers. On the other hand, if we
treat all complex elements in matrix G' and ; and ¥, as points
in the two-dimensional real space and two-dimensional real lat-
tices, respectively, the above n-dimensional complex lattice can
be also represented as follows.
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Let G be an n X n complex matrix

gi,1 91,2 9din
92,1 922 92.n

= . ) (6)
gn,l gn,2 gn,n

with |det (G)| > 0, and {z1,Z>,...,z,} be n points on a two-
dimensional real lattice Ao(K') with generating matrix K. Let

Y1 31
l=a| . (7
Yn Tn
Then, [y;,...,y,]" is a point on the n-dimensional complex

lattice ', (G) over Ao (K).

We now rewrite y, with its real part y g, and imaginary part yy,
asy, = yr, + Jjyr, and entries g;; of G as g; 1 = gr,, + 91, ,-
Then, (7) can be rewritten as

YR, TR, K 21,1
yr, 1, K 21,2
=] 1 |=9
YR, TR, K Zn,1
2n %2
yr, xr, " Lz
)]

where 2;.1,2;2 € Z with

Ti1| _ Zi,1
|:£I71‘,,2:| =K |:Z'i’2:| (9)
and G is a 2n X 2n real matrix, which is from the real and imag-
inary parts of G as follows:

YRy 1 =95, 9R, » —95 .,
91, 1 IR 1 91, , 9R, ,
A .
g = (10)
IR, —I9I.1 AR, ., —Y9I..n.
g1, 1 IR, 1 eeooar,, IR, »

LetGr 2 G- diag(K,..., K). Following Definition 1, in order
to show that Gy is a real generating matrix of a 2n-dimen-
sional real lattice, we only need to show it has full rank, i.e.,
|det (Gk)| > 0. Since K is the real generating matrix of a
two-dimensional real lattice A2(K), |det(K)| > 0. Thus, we
only need to show that | det(G)| > 0, which is given by the fol-
lowing proposition. Therefore, the n-dimensional complex lat-
tice I',,(G) over Ao(K) is represented as a 2n-dimensional real
lattice Asn (G ).

Proposition 1: [14] Let G be an n X n complex matrix de-
fined in (6) and G be the 2n X 2n real matrix defined in (10).
Then, |det (G)| = |det (G)|*.

Proposition 1 tells us that an n-dimensional complex lattice
I',.(G) over A2 (K) can be equivalently represented as a 2n-di-
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mensional real lattice Ao, (G ). Furthermore, the determinants
of their generating matrices have the following relationship:

| det(Gr)| = [ det(G)[* - | det(K)|"

— [det(G) [ - | det(Ax(K)[™.  (1D)

C. Composed Complex Lattices

We now generalize the above complex lattices used in [14] for
diagonal (single-layer) space—time codes to composed complex
lattices to be used later for multilayer space—time codes.

Definition 3: An nL-dimensional composed complex lattice
Lhrn(Ga,...,Gr) over Ay(K4q) x -+ X Ao(Kp) consists of
all points [Y,..., ¥, Yni1s--- Yoz’ where each segment
[Y(—1)n+1: > Yia]” of length n belongs to complex lattice
' (Gy) over Ao(K7), ie.,

Yi-1)n+1 Z(-1)n+1

=G forz( 1ynti € Aa(Ki),

Yin Ty
forl1 <:<n,1<I<L.

In fact, the above composed complex lattice definition can be
stated in a more general form by simply relaxing &, from a single
two-dimensional real lattice A2(K) to several two-dimensional
real lattices Ao(K;) in Definition 2. In this paper, we are only
interested in the one in Definition 3 due to the special structure
of multilayer cyclotomic space—time code designs later.

Similarly to a complex lattice, an n L-dimensional composed
complex lattice can also be represented by a 2n L-dimensional
real lattice of generating matrix Gr, . g, and the following
determinant relationship holds:

L
(12)
1=1

which determines the packing compactness of the composed
complex lattice as we shall see in the following subsection.
With an n L-dimensional composed complex lattice, a linear lat-
tice-based space—time code X of size n X n can be formed by
placing these n L complex numbers gy, in X where each com-
ponent of X is either g, or 0 and each ¥, appears once and only
once (assume L < n). In this way, the mean transmission signal
power is the same as the composed complex lattice points or
its equivalent real lattice points. When the placing rule in X in
terms of ¥, is fixed, such as the multilayer or threaded structure
later, a space—time code design becomes a composed complex
lattice design.

D. Packing Density, Mean Signal Power, and
Generating Matrix

For the compactness of a real lattice, the packing density con-
cept has been introduced in, for example, [42] and for more de-
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tails, we refer the reader to [42]. Let A,, be an n-dimensional
real lattice. Its sphere packing density is defined by

_ Vup
~ det(A,)1/2

where V,, is the volume of the n-dimensional ball with radius
1 and p is the half minimal distance between the lattice points
called the packing radius. Its center density ¢ is defined by

5= —
see [42, pp. 10 and 13]. It is mentioned in [42, p. 13] that the
center density ¢ of a real lattice A,, is the number of points
of the lattice A,, in every p™ number of unit volumes, i.e., in
average every p" number of unit volumes (V,,) of R™ include
p"™(det(A,,))~1/? lattice points on lattice A,,. Therefore, on av-
erage, there are det(A,,) ™1/ lattice points of lattice A,, in every
unit volume of R™. This implies that, the lesser of the value
det(A,,), the more points of A,, are included in the unit ball of
R™. In other words, if we want to select a set S C A,, of lattice
points of a fixed size, i.e., | S| is fixed, such that the mean signal
power of the signal points in S is minimized, then, the lower the
value of det(A,,) or, equivalently, the lower the absolute value
of the determinant of its generating matrix, the smaller is the
mean signal power of the signal points in S. This is the base for
the following criterion of justifying that one composed complex
lattice is better than the other composed complex lattice.

= p"(det(An)) "

E. Criterion for Composed Complex Lattices for a Fixed
Space-Time Code Structure

In this subsection, the space—time code matrix structure X,
such as linear diagonal codes or linear threaded codes, is fixed
and as mentioned previously, an nL-dimensional composed
complex lattice I', (G4, ..., GL) is used to place its compo-
nents into the space—time code matrix X and designed one is
denoted as X (G4, ...,Gr). The purpose of this subsection is
to present a criterion on the design of a composed complex
lattice such that the space-time code X with this lattice has
a larger diversity product for a fixed mean signal power or
smaller mean signal power for a fixed diversity product, where
the diversity product is

dnin(G1, ..., Gr) 2

min

det(X (G4, ..., GL))-
[@1,...@n ] #[0,...,0]" (X (@, )

(13)

From the discussions in the previous subsections, any 7 L-di-

mensional composed complex lattice can be converted to a

2nL-dimensional real lattice and their corresponding signal

powers are exactly the same. With the argument in the previous

subsection and (12) we are ready to present a criterion to choose
a composed complex lattice.

Definition 4: Let I',(G1,...,Gr) and T, (GY, ..., GY)
be two nL-dimensional composed complex lattices over
Ao (Kq) x - x Ao(K ) and Ao (K7) X - - - x Ao( K] ), respec-
tively. We say composed complex lattice I',,.(G1,...,GL)
is better than composed complex lattice I',r(GY, ..., G}),
written as

Thr(Gy,...,Gr) <Tur(GY,...,G})
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if
L L
[T det(Go)| - det (k)" < T] | det(G)] - | det(K;)[™/?
=1 =1

when their diversity products are the same, i.e.,

dmin(Gl-, sy GL) = dmin(Gll. Cey IL)
where the diversity products are from (13).

When two diversity products are not the same, the two com-
posed complex lattices can be normalized similar to what is
done in [14] for diagonal codes and the following lemma is not
hard to see.

Lemma 1: LetT,(Gy,...,Gr) and T, (GY, ..., G}) be
two n L-dimensional composed complex lattices over Ao (K1) X
< X Ng(Kp) and Ag(K7) x --- x Ag(K7T), respectively. The
composed complex lattice T',,.(G1, . . ., G,) is better than the

composed complex lattice I',, . (GY, ..., G}), if
dn1ir1(G17...7GL) dmin( 117/G/L)
[Ty ldet(G)|-|det (K [m/2 HzL:1|det(G§)|-|det(Kl')|fE/lz )

These results coincide with the results presented in [14] for
diagonal cyclotomic space—time codes and cyclotomic lattices
when L = 1 and all n lattice components in I',,(G) are placed
in the diagonal elements of X, which is, in fact, a single-layer
cyclotomic space—time code as we shall see later.

FE. Cyclotomic Lattices and Diagonal/Single-Layer Cyclotomic
Space—Time Codes

In this subsection, we recall cyclotomic lattices and diagonal
cyclotomic space—time codes and some of their fundamental
properties obtained in [14]. For two positive integers n and m,
let N = mn and

¢(N)

$(m)
where ¢(N) and ¢(m) are the Euler numbers! of N and m,
respectively, and L, corresponds to the number of transmit an-
tennas in a space—time code. Then, there is a total of L; distinct
integers [;, 1 < < Ly, with0 =13 <lp < ---<lg, <n—-1
such that 1 4 [;m and N are coprime for any 1 < ¢ < L; (see
for example [39, p. 75]). With these L; integers, we define

L, = 15)

L
CN C]ZV CNi
1+lom <2(1+IQM) CLt(l—l—lgm)
G oal|SN N N
I+ip,m  2(141L,m) Li(1415,m)
N N SN L:XL¢
(16)
where (x = exp(j2F). One can easily check that the above

G, is unitary when n = L. It is not hard to see that ma-
trix G, has full rank since it is a Vandermonde matrix and

IThe Euler number (or Euler function) ¢(IN') of NV is the number of positive
integers that are less than /V and coprime with V. In fact, it can be expressed as

O(N) = ¢(p1")o(p2?) -~ ¢(py)
if N = p{tp5? ... por for some distinct primes p;. In particular, if p is a prime,
&(p*) = p* — p®~ 1, see for example [40]. It also implies that L, is always an
integer.
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1+1; 1+1;, . ) .
CN+ e CN+ 2™ # 0 for 1 <47 # i9 < L;. This means that

matrix G, ,, is eligible to be a generating matrix of a complex
lattice as we defined in Section II-A. We now define cyclotomic
lattices.

Definition 5: An  L;-dimensional complex lattice
T, (Gmn) over A¢, s called a cyclotomic lattice, where
G, is defined in (16) and A¢  is the two-dimensional real
lattice with the generating matrix K¢, defined in (3). Its
minimum product? d,yin (I'z, (G ) is defined by

L;
Amin(I' L, (G £ min il
( L ( / )) [0, ) ,O]T¢[y1='--=th]TerLi(Gm.n) Hy

......... bl
a7)

A cyclotomic lattice is a complex lattice. The above minimum
product (17) for a complex lattice coincides with the diversity
product defined in (13) when the space—time code structure X is
diagonal. With a cyclotomic lattice, a diagonal (or single-layer)
cyclotomic space—time code is defined as follows.

Definition 6: A diagonal cyclotomic space-time code €2 for

L, transmit antennas is defined by Q = {diag(y,,....y.,)}
where y,; for 1 < ¢ < L, are defined as follows:
Wiy, )" =Gl . 2r,]” (18)

where G, », is defined in (16),

[@1,...,21,]7 €S C (Z[¢n]) ",

and S is a signal constellation for information symbols.

By employing some theory on cyclotomic number
rings/fields, the following result was obtained in [14].

Theorem 1: [14] A cyclotomic lattice is a full diversity lattice
and a diagonal cyclotomic space—time code has full diversity.

The novelty of the above general cyclotomic space—time lat-
tices and codes presented in [14] is that the generating matrix
Gonn is concretely found and given for any cyclotomic ring
Z[(,] of any (,, for the full diversity, which has not yet appeared
in the literature in the area where a discrete Fourier transform
matrix that corresponds to the case when L, = n in the above
Gn,n or a Hadamard transform is commonly used.

When m = 4, a cyclotomic lattice I'y,, (G4,,) over A, is
called a Gaussian cyclotomic lattice, after the name of Gaussian
integers 1]j] = Z[(4]. When m = 3 or m = 6, a cyclotomic
lattice I'r,, (G ) Over A¢,, is called an Eisenstein cyclotomic
lattice, after the name of Eisenstein integers Z[(3] = Z[(s]-

2In [4], it is called minimum product diversity. The reason why we use the
minimum product is because we want to distinguish it from the diversity product
of the associated space—time code with this lattice as we shall see later. In [3],
it is called product distance.
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For Gaussian cyclotomic lattices and Eisenstein cyclotomic lat-
tices, it was proved in [37], [38] that the minimum products of
Gaussian cyclotomic lattices and Eisenstein cyclotomic lattices
are 1.

From the above cyclotomic lattices, one can see that, for a
fixed L, in (15), there are infinite options of integer m and thus,
infinite options of cyclotomic number ring Z[(,,] or lattices A,
and also infinitely many options of the generating matrix G, »
in (16). Then, a natural question arises: which one is optimal?
Several small numbers L; of transmit antennas have been con-
sidered in [14]. In the next section, we present a general opti-
mality theorem for a general L, which is cast in the single-layer
cyclotomic space—time code context as a special case of the mul-
tilayer one.

III. MULTILAYER CYCLOTOMIC SPACE-TIME CODE DESIGNS

In this section, we first propose a general structure of mul-
tilayer cyclotomic space—time codes. We then present optimal
single-layer cyclotomic space—time codes for a general number
of transmit antennas. We then present optimal multilayer
cyclotomic space-time codes of full rates for two and three
transmit antennas. We also present optimal two-layer cyclo-
tomic space—time codes for three and four transmit antennas.
After presenting the optimality results, we then propose three
methods of selecting lattice points for a set of codeword
matrices of a space—time code. Since the optimal multilayer
cyclotomic space—time codes we find are not unitary as we shall
see later, in this section we finally discuss the capacity issue.

A. A General Structure of Multilayer Cyclotomic
Space—Time Codes

Following the general structure of threaded space—time codes
in [16], we propose the following general multilayer cyclotomic
space—time codes (i.e., code structure X as mentioned previ-
ously) that will be optimized later in terms of the mean trans-
mission signal power and the diversity product.

Definition 7: Let L; be the number of transmit antennas
and I'z,(Gm,.n,) be an L;-dimensional cyclotomic lattice
as defined in Section II-F, where G,,, ,, is defined in (16),
for ! = 1,2,...,L;. Let p1,...,pr, be L, fixed com-
plex numbers. Then, a multilayer cyclotomic space—time
code structure is defined by (19) at the bottom of the page,
where [y,(1),...,y,(L:)]" is a point in cyclotomic lattice
L1, (Gmym,) for I = 1,..., L;. This multilayer cyclotomic
space—time code is denoted by

X(pIG’mq y1 9 e 7po, Gm/llt,nllt )

An L-layer cyclotomic space-time code with 1 < L < I,
is defined as a multilayer cyclotomic space-time code

p1y: (1) P2y (1)
pL.Yr,(2)  p1y(2)

p2Yo(Lt)  p3ys(Li)

PL;—1YL,—1 (1>
pr.—2Yr,-2(2) pr,—1Yr,-1(2)

thyLi (1)
19

pLith(Lt) p1Y1(Lt)
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We now have the following result on the full diversity prop-
erty for the above multilayer codes.

Theorem 2: For any integer L, with 1 < L < L;, an L-layer
cyclotomic space time code

X(plel,n17' L)

in (19) has full diversity if p; = pé)—l, l=1,..., L, satisfy one
of the following conditions:
i) po= CNO with Ny = nolcm(Nl....7NL) and

pLGmL,nL)

no = pi'py’ PRk, no > Ly(L—1)+1
where pi,...,pr are some prime factors of
lem(Ny,...,N.);
i) po = eI for an algebraic A # 0, i.e., po is transcen-
dental;
i) pg = \/[71/LtCN6 with a proper integer 3 and N} < Ny

with the same N as in i);
where N; = myn,, with

p(mimi)
$(mi)
and lcm stands for the least common multiple.

Proof: Tt is not hard to see that the determinant of
any nonzero codeword is a nonzero polynomial of py of
order less than or equal to L;(L — 1) with coefficients in
Q(Clcm( Niyo, NL))' Thus, the full diversity property is equiva-
lent to stating that pg is not a root of such a polynomial.

Let us first consider condition i). By the definitions of
Ny and (n,, we know that Q((iem(n,,...n.)) C Q(Cn,),
and the dimension of the vector space Q((n,) over field

Q(Clem(N,,...,N,)) 18

Ly = foril=1,...,L

¢(No)
¢(lem(Ny, ..., Nz))

=mng > Li(L—-1)+1.

From [39, p. 75], we know that {1,({n,, (%, ...,C]’\L,‘;_l} is
a basis of vector space Q((n,) over field Q(Ciem(n,,...,N.))-
Thus, the determinant of any nonzero codeword of L-layer
space—time code for L; transmit antennas can be considered as
a nonzero linear combination of 1, ( NO,CJQ\,O ey CX}(’)_I with
coefficients in Q(iem(n,,...,n,))> Which cannot be zero from
the linear independence of the basis.
For condition ii), its proof is similar to the proofs in [8], [13].
Condition iii) is broad enough that it contains the optimal
multilayer cyclotomic space—time codes that will be found later.
QED
Although the general form (19) of a multilayer cyclotomic
space—time code and the first two conditions in the above the-
orem look similar to those that appeared in [8], [13], there are
several differences as listed in the following.

* Similar to the one mentioned in Section II-F on diagonal
cyclotomic space—time codes, we have presented concrete
forms of generating lattices G, ,, which will help us to
find the optimal one later.
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» The cyclotomic lattices G, 5, on different layers may
be different, which differs from the existing ones in the
literature where all these lattices are the same.

e The parameters p; may not be necessarily on the unit
circle as often required in the current literature for main-
taining the capacity lossless property. As we shall see
later, by relaxing this requirement, cyclotomic space—time
codes with significantly better diversity products can be
achieved while the capacity loss is not significant.

From Theorem 2, we can see that for a given L < L, there are
infinitely many L-layer cyclotomic space—time codes with full
diversity. The question then becomes which one is optimal in
the sense that the diversity product is optimal if the mean trans-
mission signal power and the rate are fixed, or equivalently, the
mean transmission power is minimized if the diversity product
and the rate are fixed as mentioned before.

From Sections II-C-II-E, an L-layer cyclotomic space—time
code is equivalent to an L L;-dimensional composed complex
lattice as

o1y (1), - prys (L), pry (1), - oLy (Le)].

Therefore, from Lemma 1, the following lemma is obvious.
Lemma 2: An L-layer cyclotomic space-time code

X(p1Gmyimyse s PLGmy ny) is better than another L-layer
cyclotomic space-time code X (01 Gt nt s - - - LGt )5 if

Anin(P1Gmymys - PLGmy ny)
Ty | det(prGmyn)| - | det(Ac,,, )| F+/

i (D1 Gt s - - PG )

> — . (20)

ILizy [det(pi Gy )l - [ det(Ac,, )P/

From this lemma, one can see that the problem of finding
the optimal multilayer cyclotomic space—time code becomes a
problem of finding the optimal generating matrices G, », and
parameters p;, [ = 1,..., L, such that the ratio

dmin(plel,nl yeoe 7pLGmL,nL)
L
Hl:l | det(plG’nw,’ﬂl” ’ | det(ACmI )|Li/2

is maximized.

B. Optimal Single-Layer Cyclotomic Space—Time Codes

When L = 1, an L-layer cyclotomic space—time code be-
comes a single layer (or diagonal) cyclotomic space-time code.
For single layer codes, optimal cyclotomic lattices or space-time
codes for some small individual transmit numbers have been
studied case by case in [14]. In this subsection, we present a
general optimality for a general transmit antenna number L;.
Before presenting this result, let us first state a result obtained
in [14].

Theorem 3: [14] Let mq1 = 3 or 6. Let 'z, (G, 0, ) be
an L; > 2-dimensional Eisenstein cyclotomic lattice and
'z, (Gmyon,) be another L;-dimensional cyclotomic lattice
over A¢, . If

|det (G, ny )| < [det (G, )
then, lattice I'z,, (G.,,, ., ) is better than lattice I'z,, (G, s )-
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This theorem holds mainly because the minimum product of
an Eisenstein lattice is 1. From Theorem 3, one can see that,
to compare a cyclotomic lattice over A¢,, with I'z, (G ) over
A¢,,orwith 'z, (Gs ) over Ag,, it is sufficient to compare the
absolute values of their generating matrix determinants and the
two-dimensional real lattices A, can be ignored. Similar to
[14], we need the following lemma on Euler numbers.

Lemma 3: For any two integers n = pi*---p;’ qil ‘e qi",

m = p{' - pjlolt - --vy", then
d’(mn) 1 T
=pi' P d(no)
¢(m)
where pi1,...,p1,q1,...,qk,v1,...,vp are distinct primes,

no = ¢;' --- gy, and ¢(ng) = 1if ng = 1. Thus, ged(m,n)
is a factor of ‘ngf)) , where gcd(m, n) is the greatest common

divisor of m and n.

This lemma is a direct consequence of the definition and the
property of Euler numbers in Footnote 1. The following lemma
on composed cyclotomic lattices plays the key rule in proving
the general optimality result in the Appendix.

Lemma 4: Let m, ni and ny be positive integers and

$(mn1)
p(m)

Pp(mninz)

= p(mmny)

and Lo =

Then
|det (Gm,n1n2)| = |det (Gm,n1)|L2 |det (Gmnl,n2)|Ll

where G,y s Grung no» and Gy, are the generating ma-
trices of Lj-, Lo-, and L Lo-dimensional cyclotomic lattices
FLI (Gmynl)’ FL2 (Gmnl,nz), and FL1L2 (Gm7n1n2) over ACm’
Ac,.., > and A¢, , respectively.

Lemma 4 gives us a relationship between the determinants
det(Gn, ), det(Grung ny )» and det(Ghy, 0, n, ), Of cyclotomic
lattice generating matrices G ny » Gmny na» a0d Gy i n, from
different field extensions

Q(Cm) € Q(Gmny) C QGmnyn)-

According to the notations in the Introduction, the result of
Lemma 4 can be rewritten as

|det (G nyn, )| = [det (Grmny @ Ginnyiny)| OF

Gm,nlng = Gm,nl X Gmnl,ng (21)

where G,y ® Gy ,n, 1s the Kronecker (or tensor) product
of matrices G, n, and Gy ny-

The proof of Lemma 4 is given in the Appendix. From the
proof of Lemma 4, we know that Lemma 4 can be easily ex-
tended to more than two field extension cases, i.e., for any pos-
itive integers m,ni,na, N3, ..., nE and N = ning - - - ng, we
have the following result:

|det (Gm,N)|
= |det (Gmm, @ Gonyne @+ ® Grnyeomy_iny )| (22)
or, by the notation in the Introduction,

GmaN = Gmanl X Gmm ;12 XX Gmm"'nkflank .
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Corollary 1: For any two positive integers m and n, let
n f— p;l . e p/lrl qil . e qzk and m = pil .. .plel vil . e U;Lh

be their prime decompositions, where all p;, ¢;, v; are distinct
primes, and L; = d’(;?:ﬂ?. Then, the determinant det(G,, ,,)
of the generating matrix G,,, of the cyclotomic lattice
I, (Gh, ) satisfies

|det (G )]
o sl 1o,

where A, stands for the p; x p, discrete Fourier transform
matrix

1 1 . 1
¢ . 25 .. ij

A= " (24)
po—1  2(ps—1) ps(ps—1)
Ps Cps Ps

By, isthe (g, — 1) X (guw — 1) submatrix of matrix A,, with
the q,,th row and the ¢, th column absent, A®" stands for the
Kronecker product of 7 copies of A, i.e.,

A" =A@ ---Q A
N o

and ®._ A, =A, ® A,, ®---A,,. Also, (det(A,))? =pF
for any positive integer p and |det(B,)| = p®=2/2 for a
prime p.

Proof: From (16) it is not hard to see that, for any prime p
and any integer m

[ |det(4,)], if p is a factor of m
[det(Gomp)| = { |det(By)], otherwise. 25)
Let us consider the field extensions
Q(Cm) C Q(Cmm) c--C Q(Cle)
C Q(Cleql) c---C Q(Cmn) (26)

where N1 = Hlszl pss. Then this corollary can be easily proved
by using Lemma 4 or (22), (26), and (25). The last determinant
equalities of det( A, ) and det(B,) can be obtained directly from
the proof of Lemma 4. QED

By using the notation in the Introduction, (23) can be re-
written as

G = B, (A5 )]&[&ﬁ):1 (Agfiw—1> X qu)} . Q7)

We now present a general optimality result for single-layer
cyclotomic space—time codes.

Theorem 4: 1If the number of transmit antennas has the form
¢(3n) ¢(6n)
¢(3) ¢(6) °
then the optimal single layer L,-dimensional cyclotomic
space—time code (or lattice) can be achieved by an Eisenstein
cyclotomic lattice, i.e., m = 3 or m = 6, and the minimum
product (or diversity product) of the optimal single-layer cyclo-
tomic space—time code (or lattice) is 1.

L; = for some integer n.~ (28)

Theorem 4 can be described in another way: the optimal
single-layer cyclotomic space—time code can be achieved by
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an FEisenstein cyclotomic lattice if L;-dimensional Eisenstein
cyclotomic lattices exist.

A proof of Theorem 4 for numbers of transmit antennas less
than 3080 is given in the Appendix. With more tedious calcula-
tions, the result for more general numbers of transmit antennas
can be similarly proved and we omit the details here. From this
theorem, Lemma 1, and the footnote about Euler numbers, the
following corollary can be obtained.

Corollary 2: If
Li=3"p3  (p2 = 1) it "M (pe — 1)

where k > 1, po, ..., pg are distinct primes and different from
3,andr; > 0,79 > 1,...,7, > 1 are integers, then the op-
timal single-layer L;-dimensional cyclotomic space—time code
(or lattice) can be achieved by an Eisenstein cyclotomic lattice,
i.e., m = 3 or m = 6, and the minimum product of the optimal
single-layer cyclotomic space—time code (or lattice) is 1.
Proof: This corollary can be easily proved by letting n =
3Mpy? . p’,;" , and using Theorem 4, Lemma 1, and the footnote

about Euler numbers. QED

(29)

As a remark, k& = 1 in the above corollary means that the
other terms po, ..., pr in (29) do not appear. Also, from this
corollary, it is not hard to see that, if L; = ¢(3n)/¢(3) for some
integer n then L; = ¢(6n)/¢(6) for some integer n and vice
versa. Thus, in what follows we only consider L; of the form
L; = ¢(3n)/¢(3) for some integer n. Although the numbers L,
of transmit antennas in (29) do not cover all positive integers,
such as primes 5, 7, etc., they cover a broad class of positive
integers, such as 2,3,4,6,8,9,10, 12, 16, 18, 20, 22, 24, 27, 28,
30, 32, 36,40, 42, etc. Clearly, Ly = p — 1 for any prime p is
covered by (29).

Theorem 4 tells us that, for L; transmit antennas, if L;-di-
mensional Eisenstein cyclotomic lattice exists, to find the op-
timal single-layer cyclotomic space—time code (or lattice) we
only need to find the optimal lattice among pairs (m,n) =
(3,n), (6,n) instead of all possible candidate pairs (m,n). For
afixed Ly = ¢(3n)/$(3), there are only a few cases of possible
n that are not hard to compare individually. Because all the min-
imum products of Eisenstein cyclotomic lattices are 1 and

|det(A¢, )| = |det(Ac,)| = V3/2

from Lemma 1, we know that to find the optimal single-layer
cyclotomic space—time code becomes to choose the integer n
with the smallest determinant |det(G's,,)| or |det(Gg »)|. For
example, the generating matrices of two-, three-, and four-di-
mensional optimal cyclotomic lattices are G’z 4 or G 2, G'3 3 or
Ge,3, and G35 or Gg 5, respectively.

C. Optimal Full Rate (Two-Layer) Cyclotomic Space—Time
Code for Two Transmit Antennas

In this subsection, we consider and find the optimal full rate
full diversity cyclotomic space—time codes for two transmit an-
tennas.

Theorem 5: For two transmit antennas, i.e., L; = 2, the
optimal full rate (two-layer) cyclotomic space-time code
X(p1Gynys P2Grmsony) In (19) is reached by p; = 1 and
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p2 = yV1xj,and m; = my = 4and ny = ny = 3. The
diversity product is
Amin(Ga3, /1 £ jGa3) = 1. (30)

The proof of this theorem is given in the Appendix. The prod-
ucts of the two layers in the above code are shown in Fig. 1. Itis
easy to see that a set of codeword matrices of the optimal full rate
cyclotomic space—time code for two transmit antennas contains
the codeword matrices of the optimal single-layer cyclotomic
space—time code as its subset by letting the second layer lattice
points be zero. However, the diversity product of the two-layer
code is not reduced compared to that of the single-layer code,
i.e., 1. This tells us that adding another layer into the optimal
single-layer code does not decrease the diversity product, i.e.,
has nonvanishing determinant.

The main idea for choosing the above parameter py in the
above optimal full rate full diversity cyclotomic space—time
code is as follows. The determinant of a code in (19) is

Y1 (1)y1(2) — p3y2(1)y2(2), where
[yz(l)vyz(2)]T € F2(Gm7’7’ni)7

and p; = 1 can be always chosen without loss of generality.
When I'y(G,,, n,) are Gaussian (Eisenstein) lattices, i.e.,
m = 4 (m; = 3 or 6), from [37], [38], it is known that the
products of the components y;(1)y;(2) belong to lattice A,
(A¢; = A¢,) and therefore their norms are either O or at least
1. From Fig. 1, one can see that the set S; of the products
of all possible y; (1)y,(2) for [y;(1),3,(2)]" € I'2(Gm,.n,)
do not fill lattice A¢, completely. Our idea to choose p» is in
such a way that the set Sp of all products p2y,(1)y,(2) not
only belongs to lattice A¢, but also does not intersect with Sy .
Therefore, the determinant g, (1)y;(2) — p3ys(1)y,(2) is also
on the lattice A, and not 0, i.e., its norm is at least 1 and this
means that the diversity product of the code is at least 1. This
idea also applies to the other optimal multilayer cyclotomic
space—time codes in the following subsections.

From the above idea, another remark we want to make here is
that the two elements pay,(1) and pay,(2) in the second layer
of the optimal code in Theorem 5 can be replaced by

p2ys(1) = /1% jexp(jo)z

fors=1,2

and
p2ys(2) = 1+ jexp(j(kn/2 — §))z>
where ¢ is any real number, k is any integer, and [21, z2]7 be-
longs to I'5(G4 3) according to [y, (1),%,(2)] and the perfor-
mance is the same as the optimal one.
Similar to the optimal code in Theorem 5, the following result
can be obtained for Eisenstein lattices.

Proposition 2: For two transmit antennas, i.e., L; = 2, the
diversity product of full rate (two-layer) cyclotomic space—time
code X (p1Gm, nysP2Gms.n,) in (19) with p1 = 1 and py =
31/4624 = 31/4 exp(j7r/12), and m; = Mo = 3 and ny =
no =4 (ormy =mo =6andn; = ny = 2)is 1, 1.e.,

dnin(G'3,4,3"/%€24G3 1) = dumin(Go.2,3" 424G 2) = 1.

Its proof is similar to the proof of Lemma 5 in the proof
of Theorem 5 in the Appendix. Similar to the optimal code in
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Fig. 1.
for the first layer; “o” stands for the second layer.

Theorem 5, the diversity product of code X (G5 4, 3'/4(24G'3 1)
orX (Gg,2, 31/4¢,, Gl,2) does not decrease when the signal con-
setallation size increases, i.e., the codes have nonvanishing de-
terminants. Also, the two elements poy,(1) and pay,(2) in the
second layer can be replaced by

p2y>(1) = 3% exp(j)z1
and

p2y2(2) = 3% exp(i(km /3 + /6 — §))2>
where ¢ is any real number, k is any integer, and [21, z2]” be-
longs to I's(Gg 2) or I'a (G5 4) according to [y, (1), 3, (2)]* and
the performance does not change. Comparing the codes in The-

orem 5 and Proposition 2 in terms of the normalized diversity
products in Lemma 2, their normalized diversity products are

Amin(Ga3, V1 £ 7G34) 1

|det(Ga3)det(v/1E jGa3)| - |det(Ac,)|? - 3v/2
and

dmin(G3,47 31/4(24G3,4)
|det(G3,4)det(31/4<24G3,4)| - |det(A<3 ) |2
Amin(Go,2,3'/4(24Gs 2) 1

|det(G672)det(31/4CQ4G672)| . |det(ACs)|2 3\/3

As a remark, from the previous section and [14] one can see
that, in the single-layer or diagonal code case, cyclotomic codes
['(Gy3) over A¢, and T'(G3 4) over A¢, (or I'(Gg.2) over A¢,)
reach the same optimal normalized diversity product but it is
different in the two-layer code case as shown above.

To quantitatively compare these codes with the existing
ones, let us normalize them as X ((1 & j)~/2G4 3, G4 3) and

Product distributions of lattice components on different layers in the optimal two-layer cyclotomic space—time code for two transmit antennas: “-” stands

X (374¢3, G5 4,G34) (or X(3714(5,' G 2, G 2)). These
normalized codes have a lower mean transmission signal power
than those in [8], [13] but its diversity products are 1/ V2 and
1/ V3, respectively, and larger than those in [8], [13].

D. Optimal Multilayer Cyclotomic Space—Time Codes for
Three and Four Transmit Antennas

We first consider two-layer cyclotomic space—time codes for
three and four transmit antennas.

Theorem 6: For three transmit antennas, ie., L; =
3, the optimal two-layer cyclotomic space-time code
X(p1Gmynys P2Gmsmy) in (19) is reached by p; = 1 and
p2:21/3, andm1 :m2:3 andn1:n2:3 (0rm1:m2:6
and n1 =n9 = 3). The diversity product is

Aenin(G'3.3, 2" %G 3) = dmin(Ge.3,23Ge3) = 1. (31)

A proof of this theorem is given in the Appendix. Similar to
the two-antenna case, the three elements poy,(7), i = 1,2,3,
in the second layer of the optimal code in Theorem 6 can be
replaced by

P2y (1) = 212 exp(j(h1 + k17/3))2:1

p2ys(2) = 2'/% exp(j($a + kam/3)) 22
and

pay(3) = 212 exp(—j(p1 + ¢2 + kam/3))23
where ¢ and ¢, are any two real numbers, k1, ko, and k3 are
any integers, and [z1, 22, 23] belongs to I'3(G3 3) or 's(Ge 3)
according to [y, (1),%,(2),¥,(3)]? and the performance is the
same as the optimal one.
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Fig. 2. Product distributions of lattice components on different layers in the optimal three-layer cyclotomic space—time code for three transmit antennas:
stands for the second layer; “[0” stands for the third layer.

TRt}

stands for the first layer; “o

Theorem 7: For four transmit antennas, i.e., L; =
4, the optimal two-layer cyclotomic space—time code
X(p1Gmynys P2Gmsm,) in (19) is reached by py = 1
and py = 38 = 3% exp(jn/24), and my = my = 3
and n;y = ny = 5 (ormy; = mo = 6 and n;y = ny = 5). The
diversity product is

dnin(G'3,5,3Y5CusGs 5) = dmin(Go 5,3 813G 5) = 1.
(32)

Its proof is similar to the proofs of the preceding theorems.
We omit the details. Similarly, the four elements pay,(7), ¢ =
1,2, 3,4, in the second layer of the optimal code in Theorem 7
can be replaced by

p2ys(1) = 31/8 exp(jo1)21
P2y (2) = 3'/% exp(ji2) 22
p2ys(3) = 3'/8 exp(jps)2s
and
payy(4) = 35 exp(ji(n/6 — p1 — p2 — b3 + km/3))24

where ¢1, ¢2, and ¢3 are any real numbers, k is any integer, and
[21, 22, 23, 24]" belongs to T'4(G3 5) or T'4(Gs 5) according to
[y,(1),9,(2),9,(3),y,(4)]T and the performance is the same
as the optimal one.

As aremark, the same idea as presented in [8] can be applied
here to reduce the PAPR for our optimal two-layer cyclotomic

@

space—time code for four transmit antennas by using the 4 x 4
Hadamard transform. Then, the new code has the form

1y (1)  —p2ys(4)  p1yr (1) pays(4)

X — L p2y2(1) p1Y1(2)  p2ya(1)  p1yi(2)

V2 =y (3)  p2y2(2)  p1yi(3)  p2ya(2)
—p2Y(3)  —p1yi(4)  p2y2(3) p1y1(4) (33)

We next consider three-layer cyclotomic space—time codes
for three transmit antennas.

Theorem 8: For a three-layer cyclotomic space—time code
X = X(G33,2"°G5,3,41°Gy.)

or
X = X(Gg3,23Ge 3,4 3G 3)

for three transmit antennas, its determinant is an Eisentein in-
teger, i.e.,

det(X) € Z[¢g]. (34)
Furthermore, its diversity product is 1, i.e.,
denin(G'3.3, 212G 3,4/3G3 3)
= dmin(Ge,3,2'/2 G 3,4 3G 3) = 1. (35)

The proof of this theorem is given in the Appendix. The prod-
ucts of the three layers in the above code are shown in Fig. 2.
Now we present optimal full rate cyclotomic space—time code
for three transmit antennas.
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Theorem 9: For three transmit antennas, i.e., L; = 3, the
optimal full rate (three-layer) cyclotomic space—time code
X(p1Gmy s P2Gms nyy P3Gmg mg) 10 (19) is reached by
p1 = 1, p2 = 21/3,andp3 = 41/3, andm1 = m92 = M3 = 3
andn1 = Ny = N3 = 3(orm1 = My = M3 = 6 and
ny = Ny = N3 = 3), i.e, X(Gg,g,,21/3G3,3,41/3G3,3) (OI‘
X(Ge3,2Y3Gg 3,4Y3Gg 3)).

Proof: From Theorem 8, we know that

X (Ge3,2"%Ge 3,4Y2Gg 3) and X (G'3 3,2Y°G3 3,413 Gy 3)

are full rate full diversity cyclotomic space—time codes with di-
versity product 1. The proof of the optimality can be obtained
similar to Theorem 6 and the detailed proof is omitted. ~QED

Similar to the two transmit antenna case, the codeword
matrices in the optimal two-layer space—time codes for both
three and four transmit antennas and the optimal three-layer
space—time codes for three transmit antennas contain those of
the optimal single-layer codes as their subsets but their diversity
products are the same as those of the optimal single-layer codes.
In other words, adding other layers to the optimal single-layer
code does not decrease the diversity product in the above cases,
i.e., has the nonvanishing determinant.

E. Codeword Matrix (or Lattice Point) Selections

After an optimal L-layer cyclotomic space—time code struc-
ture X for L, antennas is determined as in the previous subsec-
tions, to design a space—time code (2 for a practical system with
a fixed throughput (bits pcu), one needs to select lattice points on
the corresponding composed complex lattice as y = Gz, where
x and y are LL;-dimensional complex vectors. From the results
presented in the previous subsections, the diversity product is
1 for the optimal multilayer cyclotomic space—time codes no
matter what the code size || is. Then, the codeword matrix
or lattice point selection problem becomes a problem to select
the points such that their mean power is minimized, which does
not apply to the existing full rate and full diversity cyclotomic
space—time codes in, for example, [8], [13], where there is no
lower bound for the diversity product and the diversity product
depends on the size of 2. Let R be the throughput (bits pcu).
Then, |Q| = 2%%¢, Similar to what is done for diagonal code
designs in [14], we now present three methods as follows.

Method I: Component-Wise Independent Selection: In this
case, all information symbol components of £ are independently
selected. A signal constellation S of size 27/7 needs to be se-
lected on the two-dimensional real lattice A¢,, such that its total
energy is minimized

sz{zi: :lri;«é:rlEA(Cm)forlgz'yél§2R/L}
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on the cyclotomic lattice I'z,, (G, ,,) need to be selected such
that the total energy is minimized

S = {Ql = [xh...?.’I:Lt]T.,l S 7 S 2RLt/L

2 # 2 € (AGn)™ fand min Y (G e

€S
Method II: Joint Layer Selection: In this case, L different
layers are selected jointly and 27X+ lattice points on the com-
posed complex lattice I'(p1 G s - - - pLGm.n) need to be se-

lected such that the total energy is minimized

S = {Q: [@1,...,x01,]  : &, 42 € (A(Cm))LLi}

zeS

After the minimization is done, all composed complex lattice
points (or codeword matrices) y, are shifted such that the mean
is at the center 0, i.e.,

12

1
Y.~ 101 Y,
L

F. Multilayer Space—Time Coded Channel “Capacity”

A space-time coded multiple-input multiple-output (MIMO)
relationship is

Y, «B=Ar.x0, Xr,xB+ WL, xB (36)

where X1, x5, Y1, xB, AL, x B, and W,_y g are the space—time
coded signal matrix, the received signal matrix, the channel ma-
trix, and the additive noise matrix, respectively. By stacking
these matrices into column vectors column-wise, we have

Vi, Bx1 = AL, BxL,BXL,Bx1 + Wi, Bx1 37

where
AL Bxr,B = A® Ipyp = diag(4, ..., A).

If the transmitted signal X is generated by
a full rate (L;-layer) cyclotomic space—time code
X(p1Gmynas - - L, Gmy, ,nLt) in (19), we have B = L; and
Xr,1,x1 can be written as in (39) at the bottom of the page,
where x; ; are the information symbols. Let

(38)

A= ALrBXLtB : diag(ple1,n1 y- o9 PLy GmenLt )

After the transmission power is normalized, the capacity of the
space—time coded channel A can be written as

C(cyclotomic

1 _
= L_ 10g2 (det(ILtthLtLt + ’Y.A.AH))
t

L,
. 1
and min = » [« =— log, (det(IL,xz, + o1 YAGm, 0, GE, ., A™))

zeSCA Ly —

¢m =1
) . . (40)

Method 11: Layer-Wise Independent Selection: 1In this case,
L different layers are independently selected and 2%7+/% points ~ where ~ is the SNR.

XLtLtX1 = diag(plelﬂh PR thGmean )[zl,h ce 31 Lyy- -3 TL, 15 7‘1:Lt-,Lt]T (39)
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Channel Capacity and Space Time Code Mutual Information for Lt=Lr=2

18 T

Channel Capacity
Space—Time Coded "Capacity"

16~

14—

Bits pcu

: : 2

10

15 20 25 30

SNR (dB)

Fig. 3.

When all the generating matrices Gy, », are unitary matrices,
the above capacity (40) becomes

Ly
1
Ccyclotomic = L_t Z 10g2 (det(ILt X Ly + |p1|2’7AAH))
=1

(41)

which equals the original channel capacity C'(A) of channel
A when all p; satisfy |p;| = 1. In this case, the cyclotomic
space—time code is called capacity lossless [18], [17], [5], [8],
[13].

Although in our optimal multilayer space-time codes pre-
sented in the previous subsections, G4 3 for two antennas and
G3 3 and Gg 3 for three antennas are unitary, these codes are
not capacity lossless because |p;| # 1 for some [. However,
the “capacities” of our optimal full rate cyclotomic space—time
coded systems for two transmit two receive antennas and three
transmit three receive antennas are calculated and only about
0.1- to 0.6-dB capacity loss as shown in Figs. 3 and 4, respec-
tively, where “capacities” are the capacities of channels A but
not of the original channel A.

IV. SIMULATION RESULTS

In this section, we present some simulation results for two
transmit and two receive antennas. The channel is assumed
quasi-static fading. The entries of the channel matrix are inde-

Original and space-time coded channel capacities with the optimal full rate cyclotomic space—time code for two transmit and two receive antennas.

pendently identically complex Gaussian distributed with mean
zero and variance 1.

Two multilayer cyclotomic space—time codes are compared.
One is the full rate full diversity code B> 4 in [5] with

0(s3 + ¢s4)

S1 — ¢82

L si+¢se
V2 [0(s3 — ¢s4)

where si,s92,53,54 are independently chosen from an
M-QAM, and 62 = ¢ = ¢//2. The other is the optimal
full rate (two-layer) full diversity cyclotomic space—time code
X(Ga3,v/1+4 jGa3) where the lattice points are selected
based on the layer joint selection method, i.e., Method III, in
Section III-E. The reason why the four information symbols s;
in code B , are independently rather than jointly selected is
because this code does not have a fixed diversity product lower
bound that code X (Gu43,+/1+ jG4,3) has and the diversity
product depends on selected lattice points and therefore it is not
easy to do the joint selection. Two different throughputs, R =
4 and 6 bits pcu, are simulated and the simulation results of
symbol error rates versus SNR are shown in Figs. 5 and 6, re-
spectively, where SNR is the SNR at each receive antenna. One
can clearly see the performance improvement of the optimal
cyclotomic codes over the nonoptimal ones in the literature.

By =

V. CONCLUSION

In this paper, a systematic and general multilayer cyclotomic
space—time code design has been proposed and several optimal
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Channel Capacity and Space Time Code Mutual Information for Lt=Lr=3

25 T
——  Channel Capacit )
-—-—--  Space—Time Coded "Capacity"
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Fig. 4. Original and space-time coded channel capacities with the optimal full rate cyclotomic space—time code for three transmit and three receive antennas.

SER of Full Rate Cyclotomic Space—Time Code for Lt=Lr=2, Rate=4 bits pcu

B, "
Optimal Cyclotomic Code

T

SER

T

4 6 8 10 12 14 16 18 20
SNR (dB)

Fig. 5. Symbol error rates of full rate cyclotomic space—time codes with 4 bits pcu for two transmit and two receive antennas.
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SER of Full Rate Cyclotomic Space—Time Code for Lt=Lr=2, Rate=6 bits pcu

10

+
—&—  Optimal Cyclotomic Code

Bz,q)

10

12 14 16 18 20

SNR (dB)

Fig. 6. Symbol error rates of full rate cyclotomic space-time codes with 6 bits pcu for two transmit and two receive antennas.

multilayer cyclotomic space—time codes and code families have
been obtained, where the optimality is in the sense that the
mean transmission signal power is minimized when the diver-
sity product is fixed. In particular, optimal single-layer (diag-
onal) cyclotomic space—time codes have been found for a gen-
eral number L, of transmit antennas as long as L; can be rep-
resented as Iy = ¢(3n)/¢(3) for some n that covers a broad
family of L,, where ¢(n) is the Euler number of n. The op-
timal full rate cyclotomic space—time codes for two and three
transmit antennas have been obtained. Optimal two-layer cyclo-
tomic space—time codes have been obtained for three and four
transmit antennas. We want to emphasize here that all the op-
timal multilayer cyclotomic space—time codes obtained in this
paper have the nonvanishing determinant property.

As a remark, after we submitted this paper in November of
2003, we have come across recent works [43]—-[48] on various
constructions of nonvanishing determinant full rate space—time

APPENDIX

A. Proof of Lemma 4

We first consider three special cases.
Case I: no [I;_,pi* and p; Divides mny for
1 =1,2,...,s: Inthis case, from Lemma 3, we have

¢(mn1n2)

L2 = d(mny)

= Nn2.

Let N = mnns. From (16), G'r, n, can be rewritten as (42)
at the bottom of the page. Let

1 1
codes. Itis not hard to check that the optimal full rate (two-layer) 1 ¢ (na—1)
cyclotomic code for two transmit antennas presented in The- G = " " (43)
orem 5 in this paper has slightly better lattice (packing) com- : : .
paction than the Golden code [45] does. 1 ¢reh (n2=1) o
1 1 1 (N
o : &
G = |- : : " “2)
(na—1)  2(na—1) na(na—1) ' e
o o no naXno N
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It is not hard to check that

ne 0 e 0 0
0 0 0 no
0 0 ny 0
GG =] . ) (44)
0 0 ng--- 0 0
0 ny O0--- 0 0
Thus, (det(G))? = £ny?. Therefore,
na(ny=1) ng(ng+1)
Aet(Goun, ) = (ED) V20527 (7
= (£1)2ng2 2 (— 1)l (4s)
This implies
(det(Gmnyn,))* = £n52 Gl € QGnny ). (46)
Fork = 1,...,Ly, let 7, be the L; = d>(m_7:1) embeddings

of the field Q((mn, ) into C that fixes Q(¢) and 7 (Cmn, ) =
C,l,’;nl for some integer [, see [39, p. 75]. Then, we obtain

Tk((det(Gmnl,ng))2> = Tk( ) (Cﬁ:ﬁjl)) — ngz lk(nz+1)

mny
47)
From (47), we know that the relative norm

NQ(CWH])/Q(Cm) ((det(G’mnlﬂw))?)
of (det(Gumn, n,))? is [41]

):ﬂTk((det(Gmnl,nz))2)

k=1
+1 ‘1 N
:ngle(( AV

NQ(Cmm )/ Q(Cm) ((det(Gmnl )
(48)

By the Theorem of Relative Discriminants in Tower [41], we
have

AQ(Crnynz)/Q(Cm)
= A )/QC )NQ«W>/@(cm)(AQ(cw,12>/Q<<ml>) (49)
where
AQCon;n)/QCn) = (Aet(Grnnyny))? (50)
AQ(Cmﬂwlz)/Q(Cmn]) = (det(Gmnlyn2))2 (51)
and
AQ(Crny)/ Q) = (det(Gmny))?. (52)

From (48)—(52), we have

| det(Grm s )|
= |det(67’n’7q7’7/1)|2n2 ‘NQ(C'mnl)/Q(Cm ((det(GmnlaHQ))2)|

lo+1 Lll
= et (G, )| [ r (2D 2l

= |det(Gm, )" ny2 1. (53)
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Using (46) again, we have

no L
)72 [det (G, ny )

(54)

? = |det(Gm,
2
= |det(Gm,n1) ® Gmnl,n2)|

|det(Gn,nin, )|

which proves the lemma.
Case II: ny is a Prime Number and Coprime With mny: In
this case, from Lemma 3 we have

P(mnins)
— = — 1= Lo.
B(mn;) "2 2
From (16)
Gmnl,ng
C’Tll12 C211 T(Jzzg—l)ll
_ dé <212 7(122—1)12
lnéfl 2ln2—1 (nz—i)lw,l
N9 no .. No (n271)x(n271)
(N ,
¢
% . (55)
. CJ(\';12—1)

where N = mnino, I,k =1,2,...,no—1, are ny — 1 distinct
integers in {0,1,...,n9 — 1} such that 1 + lymn, and N are
coprime. Let

Cll <2l1 . (n2—1)l1
o n2
Cle 21, . (n2—1)l2
G = no no no
171.2—1 ng—1 (nQ_i)lnr_)—l
n2 Cns e n2 (n2—1)x(n2—1)

(56)

Let ng be the integer that is not taken by I, in {0, 1, ..., no— 1},
ie,0<ng<ng—1butng#Il; fork=1,2,...,ny—1. By mul-
tiplying the kth column of G by (; ™ fork=1,2,...,np—1
and then reordering the matrix row-wisely, G can be changed
into

Gy 2 ey
2 4 2(n2—1)
Gy = | 77 " " (57)
CnQ 1 721(112_1) T(lﬁ2‘—1)2
and
n ny-1,
det(GQ) = + ¢, 2 "det(Gy,)
_ (n2*1)”2
== C’ﬂg : det(an)
= F exp(—jno(nz — 1)m) det(G.,)
= + (=1)"02=D+ det(G,,, ). (58)
If no = 2, then mn; is an odd number and ¢(mnins) =

d(mn1), Grnine = Gmony» a0d Gruny ny, = 1. Thus, this is a
trivial case. We next assume ny > 2.
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By [41, Theorem 2.32 , p. 84] and since ny is a prime, we
have

ny—1

det(G2))=(-1)"7 ny*?€ZCQ. (59)
Thus,
(det(G))? = (-1)™“ > 2 ecZCQ (60)
and
(det(Gmm,nz))z
= det(G)2 e "t
=(-1) et ngz—ZCJT\LTQ(nz-I-l)
= (1) 032t € L(Gmmy) € QGmny) (61

which is similar to (46) in Case I. Then, this case can be similarly
proved by using the same arguments as in (47)—(54) in Case 1.

Case III: ny = p*, p, and mn, are Coprime: In this case,
we consider the tower of field extensions

Q(Cm) C Q(Cmnl) C Q(Cmfnp) C Q(Cmnlp"')'

From Case II, we know that

[det(Gnnyp)| = [det(Grn, @ Gnny p) (62)

and from Case I, we have

|det (G i pr )| = |det(G oy ppr-1))|

= [det(Grmnip @ Coamippi-1)| - (63)

By combining (62) and (63), we have

| det(G o,y )|
= |det(Gm,n1 ® Gmnhp) ® Gmn1p,pk_1)|

= [det(Grmm)|*2 |det(Grnns ) ® G ppi=t)| ¥

. (64)

From Case I again, we have

|det(Gmnth ) | = |det(Gmn17ppk—1 ) |

= |det(Gmn, p) @ Grunyppi-1)| . (65)

By combining (64) and (65), we finally have

|det(Gr i )| = [det(Gomn )™ [det( G, po)| ™

= |det(Gm7n1 X Gmn1,n2)| (66)

which proves the lemma.

General Case: In general, no can be written as ne =
nb [1;_, pi* where p;, i = 1,...,s, are distinct primes and
none of these primes p; divides mmn1, and all the prime factors
of n}, divide mny. One can see that n} is similar to Case I while
p; are similar to Case III. Consider the field extensions

Q(¢m) C Q(Cmny) C Q(Cmnln'z)
C Q(Cmnln'zpil) c---C Q(Cmnan)

By using the results of Case I and Case III, repeatedly, the
lemma can then be proved. QED
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B. Proof of Theorem 4

Our basic idea to prove this theorem is: for any given
L,-dimensional cyclotomic lattice I'z, (G n) over A¢, with
generating matrix G,,,, we find an Eisenstein cyclotomic
lattice 'z, (G3,n,) OF T, (Gé,no) OVer A, = A¢y such that
I'1,(Gs.n) or I'r, (Gg.n, ) over Ag, is better than 'z, (G ).

Let m and n be integers of prime decompositions
no=ppltgt gk, m o= pit ~-~p7’v§1 -~-va’1,anst -
Z(m) , where p;, g, v; are distinct primes and rj, i, e;,t; > 1,
and p; may be 1. Let ng = pj* - -- Py’ with distinct primes p;
and u; > 1 such that Ly = ¢(mn)/d(m) = ¢(3no)/d(3). We
next want to prove this theorem in two different cases: one is
when m and n have no common prime factors greater than 3
and the other, when m and n have some common prime factors
greater than 3. In the first case, under most situations, we can
show that the determinant |det(G's »,)| (or |det(Ge n,)|) is
less than or equal to | det(G,, )| and then by Theorem 3, we
know that 'z, (G3 o) or ', (G, ) is better than 'y, (G ),
where we do not need to consider the minimum products (or
diversity products) duin(LCrz, (Gim,n)) and duwin(Cr, (G3.n0))-
In the second case and one situation of the first case, we need
to consider the minimum products dyin(T'z,(Gnn)) and
Amin(T'L, (G35, )) in addition to the determinants | det(G'3 , )|
and | det(G., )|, i.e., we need to compare the following ratios:

dmin (FLt (Gmm))
|det(Gm,n)lldet(Ac,,)

dmin r G n
B (L (Gam))
|det (Gs,n, )|[det(Ag, )|

Case l:p1,...,prarel,2 or3,i.e, mandn Have No Other
Common Factor Than 1,2, or 3: Let us consider the first sub-
case.

Subcase 1.1: 3 is not a factor of n.

When 2 is not a common factor of m and n, we choose

ng = n. Then

B(3n0) _ ¢(mn) e
o(3) $(m) !
and
Game = BE_, [Aﬁ?fw‘” &qu] = Gy

(1= 1) q* "(qr — 1) = Ly,

When 2 is a common factor of m and n, n = 2’"1qi1 e qi’”‘.
Choose ng = 2n. Then

$(3n0) _ $(mn)
o3)  d(m)

By using Lemma 4 and | B2| = 1, we have

i1—1

= 2" q1

(= 1) g (ar — 1).

Gsmy =AY BBy K [A;Eiu(iwil) X qu}

= AP [ABC VR B, | = G

In either situation, we have |det(Gs )| = |det(Gpn)|- By
Theorem 3, we have proved the theorem in this subcase.
Subcase 1.2: 3 is a factor of n.
The proof of the theorem in this subcase is given under two
different situations: 3 is a factor of m, and 3 is not a factor of m.
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Subcase 1.2.1: 3 is a common factor of n and m. When 2 is a common factor of m and wn,
In this subcase, we first consider when 2 is not a common n = 2M3" g - qpk, and
factor of rn and n. In this case, n = 3" ¢;* - - - ¢;* withr; > 1

and Lt _ ¢(mn) _ 31‘1—1(3 _ 1)27'1 q§2*1(q2 _ 1)
o(mn) ¢(m)
mn s i — i —
L= S0 =3 = 1) = 1), g = 1)
G = ATV R By R AT R, [A2C DR B, |
Choose 1o = 1. Then, since ¢, . . ., qx are distinct prime num- —GX B, (72)
bers and different from 3
3n . . i.e.,
d’;(?);)) = 3"gh 1(q1_1)...qkk l(qk—l)ZLt- ) L2
|[det(Gm n)| = [det(G)[” |det(Bs)[™* (73)
By using Lemma 4 where
Gy = A5 ey [AZV BB, | = G G= AP iR AP, A%V mB, ] )
ie., Letng = 214231~ 1gl> ... it = 41 "and we have
|det(Ga,ng)| = |det(Grmn)l - 3n - i .
: Ao =3t g 1) gt 1) = L
We then consider the case when 2 is a common factor of m
and . Similar to Subcase 1.1, we can also choose g = 2n and  and by noticing |Bs| = 1
|det(Gs.n, )| = |det(Gm,n)| by using Lemma 4 and | B| = 1.
Thus, the theorem is proved in this subcase. Gs, = A2 1 B, ) ARG gk [Ag(iw—l) X B ]
. ;10 2 2 3 w=2 quw quw
Subcase 1.2.2: 3 is a factor of n but not a factor of m. _ORA .
'When 2 is not a common factor of m and n, n = - 2 (75)
3 q§2 . q;k , and i‘e"
p(mn i1— in— ie— .
- ¢f<m>) =313 - g N - 1) gf e - 1) |det(Ga )| = |det(G)[ [det(4)[*/*. (76)
Grn= A?(il_l) X By ®* _, [A;Ew(i‘“_l) X qu} =G X B; We next prove
67
©7 o P2, (Grmn)) . dain(C, (Gyny)
L2 = L./2"
ie., [det( G, )| [det(Ac, )| /2 7 |det(Ga )| [det(Ac, )| (/727
When m = 3, I',(Gy,.n) is an Eisenstein cyclotomic lattice
_ 2 L./2 L, m,n
|det(Gm’")| = |det(G)[” |det(Bs)| (68) itself. So, we may assume m = 4 or m > 5.
Subcase 1.2.2.1: 3 is a factor of n and m = 4.
where In this subcase
_ A®(i1—1) gk R (i —1
G = A3 ' |Zw=2 I:A(LE ) X Bq“’] ) (69) dmin(rLt (G4,n)) = dmin(FLt (GS,nO)) =1
Let ng = 223112 ... gl = 42, and we have and
3n i1 ia im |det(Az) det(Ag, )| = |det(Bs) det(Ac,)| = V3.
¢§>(3§) =2x3"7g2 g = 1) g T e — 1) = Ly ’
From (67) and (70), or (72) and (75), we have
and

[det(Gon,n)| [det(Ac, )| ¥/ = |det(Ga,ng )| [det(Ac,)| /2.
_ R(i1—1) sak R (i —1
G = A2 R Br W Ay D=2 [Aqlf g qu} Thus, we have

dmin(PLt (Gm,n)) dmin(FLt (G3,n0 ))

|det(Gonn)| [det(Ac, )[*7?  |det(Gan,)] |det(Acs>|L}¢s>

|det(Gs ny )| = |det(G)|? |det(Ay)|“/2. (71)  which proves (77).
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Subcase 1.2.2.2: 3 is a factor of n but not a factor of m,
and m > 5.

We first estimate the minimum product dmin(I'z, (G n))-
To do so, we divide the problem into two situations: m is an
even number or both m and n are odd number; and m is an odd
number but 7 is an even number.

i) m is an even number or both m and n are odd numbers.

In this situation, n has the form of n = 271 3% q? ---q,F and

¢(mn)

¢(m) 4 .
=213 13 - 1) e — 1) -+ ¢ gk — 1)

L, =
(719)
where 1 = 0 when m and n are both odd numbers. Let

Ny =2m30"1gp™ i 7, and N’ = Njgz -+~ qi. (80)
Then,

n=Ny3q2--q. = 3N’ (81)

and

Ly =Ni3—1)(g2 — 1) (q& — 1). (82)
From the definition of generating matrix G, ,, of cyclotomic
lattice I'z,, (G n ), we know that the element g;, j, of G, ,, at
the j1th row and the jath column is o, ((72,,), where o, is an
embedding from Q((y,,) to C that fixes Q((y, ) and o, (Gnn ) =
1+l“m, suchthat 0 < 1+1;, m < mn, and 14+[;, mis coprime
with mn.
Since ¢; in (79) are distinct primes greater than 3, it is not
hard to show that when

Ly <2(5—=1)(7=1)(11=1)(13=1)(17=1)(19—1)(23—1)

= 36495360, (83)
the following inequality holds:
(3_1)((12_1)"'(%_1)ZQZ"‘(Ik"'F(,] (84)
ie.,
Li>N +1=n/3+1. (85)
Now we can define an L;-dimensional vector
x=[z,...,01,] € A¢,, X+ X A¢,
withz; = 1 — (n, when!l = 1; 2 = —(1 — (), when
Il = N’ + 1; otherwise, z; = 0. Thus,
Y=y, 7th]T = Gm,nz‘T €T, (Gmn)
and
¥ = (1= Gn) [0(Goun) = 0i(CNFY)]
= 0:(Gnn) (1 = G)oi(1 = (10
=0i(Gmn) (1 = Gn)oi(1 = Cam).- (86)
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Since |0;(Cmn)| = 1, |¥;] = 11 = Gulloi(1 = (3m)|- Then we
have

dmin(rLt (G'm,'n)) S |’!I1 o 'th|
=11 = Gl ™ |NG(eon)/@(cm) (1= Cam)|

(87)
by using the definition of Relative Norm [41].
ii) m is an odd number 'but n is an even number.
In this situation, n. = 3'12"2¢5* - - - ¢;*. And
1 _ )
H(m) | |
=313 - 125 g g = 1) gt T (ak — 1)
(88)
Let
N} = 3i1712i271q§3_1 e qzk_l and N’ = Njg2 - qp.
(89)
Then
n:NéSXqu---quGN' (90)
and
L= No(3=1)(g2 = 1)~ (gx — 1). 1)
Since the inequality (84) also holds here, we have
Li>N +1=n/6+1. (92)

Similar to the previous situation, we define an L;-dimensional
vector

.’I::[.'L'l,...,ZLt]EACm X---XACW

withz; = 1 — (, whenl = 1; 2, = —(1 — (), when
| = N’ + 1; otherwise, £; = 0. We then have

Y, = U7(<mn)(1 - Cm)oL(l - <6m>7 (93)
and
dmin(FLi(Gmm)) <lyy-- 'th|
= |1 - <’m«|Lt |NQ(<mn)/Q(<m) (1 - <6m)| :
(94)

In both situations, (87) and (94) can be rewritten as

dmin(PLt(Gm,n)) < |'y1 o 'th|

=1 = ml"™ |Na(e,n)/@ie) (1= Gamr)|
(95)

where m’ = m in (87) and m’ = 2m in (94). We next want to
further estimate the right-hand side of (95).
Since

1- C3m’ € Z(C?)m’) C Q(C?)m’)
[Q(Cmn) = RlCam)] = Lit/2, [@(Cam) = B(Gm)] = 2
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from the Relative Norm Theorem [41], we have

|NQ(CW171)/Q(<W)(1 - C?:m’)|
= Na(¢, /@) (NQCmn) /@) (1= CGmr))]

L./2
= [N, /@ (1= Gm) ™))
L./2

= INQ (o) /@(C) (1 = Camr) (96)

We now consider the field extension Q(() C Q(Capm)- Since
3 is not a factor of m and m’ = 2m may occur only when m
is odd, ﬁ?;}; ) — 2, from [39, p. 75], there are two embeddings
71 and 75 from Q ({3, ) to C that fix Q((), with 71 (C3pr ) =
Came> T2(C3my) = éjn"}/“, where [, = 1, whenm’ = 3mg + 1,
for some integer mg; lo = 2, when m’ = 3mg + 2, for some

integer m. Therefore, (95) can be rewritten as

dmin(FLi (Gmm))
t _ qL:/2
< 1= Gnl™ Nay/@icn (1= Gm)| = duils  O7)
where

o 32 |1 = Gl foms
I ,é{|(1—53m’)(1—43<3m/)|,
(A= Camr) (1= )|

(98)
if m'=3mg+1, mp>1
if m’ =3mqg+2, mg>1.

99)

Thus, from (97) and (68) we have

dmin (rLt (Gm,n))
|det(G o n)| |det(Ae,,)
st/Z

m’,3

L./2

<

" |det(@)]? |det(Bs)[*/? [det(Ac,, )|
= 1 ( dm’,3 >Lt/2
|det(G)[* \|det(Ac,, ) det(Bs)] '

We next consider the cyclotomic lattice I'z, (G54, ). Since
the minimum product of lattice I'z, (G5 1, ) i8

dmin (rLt (GS,ng)) =1

and the determinant of A, is det(A¢,) = V/3/2, from (70), we
have

(100)

dmin (FL,g (G3,n0 ))

|det(Gang )| |det(Ag, )|/
1

 [det(G)[* |det(Ay) det(A, )"/
1 1
|det(G)[* |det (Bs)|"*/?

(101)

where second equation is because
| det(Bs)| = | det(As) det(Ac,)].

By comparing (101) with (100), to prove the theorem, we only
need to prove

dm’,3
[det(Ag,, )|
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In fact, if we let

= 2tan (7/m) fams,
(102)

dm’ dm’.
7 (m) -y 3 ( )

_ 3
|det(A¢, )| sin (27 /m)

sin
m>5

it is easy to check that g1 (m) is a decreasing function of m, and
g1(m) < g1(5) < 0.9 < 1 form > 5. As a remark, when L
does not satisfy (83), the above estimation can be refined in a
tedious manner with more cases and is omitted here, while in a
practical system the number of transmit antennas L; may always
satisfy (83).

Case 2: There is Some ps > 5, i.e., m and n Have Common
Prime Factors Greater Than 4: By the assumption of the the-
orem, there is an integer ng such that

L = $(3n0) _ $(mn)
$(3) p(m)
Let us assume ng = 3“pj'---py?, with ug > 0 and 3,

D1,-..,Dg are distinct primes. Hence, we have
¢(mn) r rr i1—1 in—1
L, = =plt...pitght —1)---qg -1
t $(m) 51 n'a' (¢ ) ay T (ak )
¢(3n0) g —1/— g, —1/ =
= = 3%“p)t —1)---pls —1). (103
50) P (L= 1) Py (Pg — 1). (103)
We next estimate |det(G'3 )|, dmin(Ta,. ,.), |det(Gim,n)|, and
then show
dmin (FLt (GM,TL)) < 1
L; - L, ’
[det (G| [det(Ac, )™ ™ [det(Ga,n, ) Idet(Ag,)| "/
(104)
i) Estimate |det(G'3 n, )|
From Lemma 4, we have
Gamy = Ay R, [AVT'R B, ] (105)
Since |det(Ax)| = NN/2 for any integer N > 0, and
|det(An, B Ay, )| = [det(An, )™ |det(Any,)|™
= |det(An,nN,)] (106)
Equation (106) can be rewritten as
ANlNQ :ANl &ANQ. (107)
Thus, (105) can be rewritten as
G3ny = An, X (RY_, Bp,) (108)

where

g
No= 3% .
t=1
From Lemma 1, we have | det(B,)|?> = pP~2 for any prime
p > 2. For notational convenience, we use By to denote an
(N —1) x (N — 1) matrix with determinant

|det(By)| & NV=2)/2 (109)
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for any integer IV even if N is not a prime. One can check that,
for any two integers p and ¢ greater than 2

|det(B, ® B,)|* = |det(B,)|**"" |det(B
(a=1)(p=2) ,(—1)(g=2)

IV

=D
< (P -1(g=1)+ 1))
(110)
Then, (108) can be rewritten as
|det(G3 )| < |det(An, ® Bp, )] (111)

where po = ([J/=;(pe — 1)) + 1.
For any two integers N; > 1 and N» > 2 except in the cases
when Ny = 2 and Ny = 2, 3,4, 5, one can check that

N1N1N2(N2 + 1)N1(szl) < (N1N2 + 1)A71N2*1 (112)
which means
|det(AN1 IZBNz-I-l)| < |det(BN1N2+1)| . (113)

By the assumption of Case 2, there is some prime number
ps > 5, and p; is a factor of some p; or some p; — 1 for some
t=1,...,9.Thus, Ng > 5o0rpg >2x5+1=111in(111).
Since No(po — 1) = L4, by combining (111) and (113) and
repeatedly using (110) we have

|det(G3 n,)| < |det(Br,+1)]. (114)
ii) Estimate dmin(I'z,(Gm,n))
Without loss of generality, we may assume 1 <gq; <--- <.
If k =1and g1 = 2, thenn = pi' ---p,"2" and
®i, —
G = Ay B By KA Y=4g,.
By using (114), we have
| det(Gm.n)|?
=|det(Ar,)]* = L;*
>(Li+1)E 7= |det(Br, 11)” > | det(Gs )2 (115)

By using Theorem 3, Theorem 4 is proved.

In the case when ¢; = 2 and ¢» > 3, similar to Subcase
1.2.2.2, we may use m’ = gym = 2m. Thus, without loss of
generality, we may assume ¢q; > 3. Let

PEPT P NG 2P g TN 2 Nogo -+ i
(116)
Then
n=Noq - qu=qN (117)
and
gb(mn) i1—1 ip—1
L; = 1= —1)---q* —1
C= o) =Pq' (= 1) gt (e — 1)
=No(qr = 1) (qr — 1). (118)
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From the assumption of Case 2, there is a ps > 5, thus, we have
P > 5. Similar to (84), when q; = 3 we have

(=1 (=1 =g -q+1/Ng (119
ie.,
Ly>N +1=n/3+1 (120)
and when 7 > ¢; > 5 we have
(n—=1)---(qgr—1) >2q2---qx +1/Ng (121)
ie.,
Li>2N"+1=2n/q +1 (122)
and when ¢; > 11 we have
(1 —1)---(qr—1) > 3q2---qx + 1/Ng (123)
ie.,
Li >3N"+1=3n/q +1. (124)
Similar to Subcase 1.2.2.2, we define an L,;-dimensional
vector & = [%1,...,21,]asx, = (1 — (), v =1,..., Ly,
where «, are constants defined in two cases: a) oy = 1,
a4y = —1,and o, = O for other v, when q; = 3;b) a; =1,
a14N’ = —2, ajyons = 1, and o, = O for other v, when
G125
Lety = [yy,...,yr,]" = Gunx® € T, (Gpn,n). Similar
to (86) and (93), we have
dmin(FLt(Gm,n)) <y, -- 'th|
L,
=11 = Gl ™ [Naon) /@) (Barm)|
(125)
where

1m—§ a’l}(llm

From the Relative Norm Theorem [41], we have

C(Ilm] - Q(C(Ilm) - Q(Cmn)

ING(Cnn)/@em) (Pgrm) |
= ‘chqlm)/mcm) (N@<cm>/Q<<m> (ﬁql,m))‘

L, —1
= [Na, /@ (Canm)™@ )|
Lo/(qi-1)
= |NG(Grs /@) B m) - (126)
Define
-1
dm,ql é |1 - Cm|’11 ‘NQ(qum)/Q(an) (9111:"71)‘ (127)
which is
dingy = 1= Gl ™ 7V |99l 4 (128)
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where

/

A
_ [ Gnall,-1]7, when ¢; = 3
B G’mafh[l _271707-~-;0]T, when q1 Z 5

and G,,, 4, isthe (¢1 — 1) X (¢1 — 1) generating matrix of cyclo-
tomic lattice I'y, _1 (G q, ) OVer A¢, : When g1 = 3, we have
Y, =1 — Cm» ¥y = 1 — C4C3m, where [ = mod(m, 3). When
q1 > 5, we have

-1

?/S = Z ﬂv (Céi(qlm)vil
v=1

where 3, = a1y(,—1)n7, and 0 < [ < ¢ such that 1 + [ym
are coprime with gym fors = 1,2,...,¢; — 1.
Therefore,

dmin(rLt (Gm,n)) S st/(qlil)

m,q1

(129)
and

dmin (FLt (Gm,n ))
[det(Gon,n)| |det (A, )| "2

Le/(qi=1)
1 d

< ULEVE . (130
= |det(Gom,n)| <|det(A<m )|<41—1>/2> (130

For ¢; > 11, we can also define another L;-dimensional

vector £ = [Z1,...,%r,]as Z, = (1 — (), v =1,..., Ly,
ap =1 a14n = =2,Q1498 = 2, 1438 = —L,and &, = 0
for other v.
Lety = [§1.-.-.9,]" = Guu® € '1,(Gm,y). Similar
to the derivation of ¢ above, we can get
~ ~ L. /(g1 —1
dmin(FLt(Gm,n)) < |y1 o "!JLt| = dm,/ng ) (131)
where
gy = 11 = Gl ™ 7" (3 Fgy 1
Wy ¥y 1) =Gmg[1,-2,2,-1,0,...,0]" (132

and G, q, is the (¢1 — 1) x (g1 — 1) generating matrix of cy-
clotomic lattice I'y, —1(Gy, 4, ) over A¢, and

q1—1

'.i/s = Z BU (Céiqum)vil
v=1

where Bv = Q1q@-1n>and 0 < Iy < g such that 1 + [ym
are coprime with ggm fors = 1,2,...,¢1 — 1.
So, when ¢; > 11

unin (T, (Gim,)) < mim (/0 =0, dE =) - (133)
Let

~ dm,qI; when q1 < 11
g, = min {dm,q1 , Jm,ql } ,

when ¢; > 11. (134)

1123
Combining (134), (133), and (130), we have
dmin(FLt (Gmn))
[det(Gn,n)| [det(Ac,, )| /2
A Li/(q1-1)
1 d
< . . (135
|det(G.r )| <|d€t(A<m) (QIl)/2>
iit) Estimate |det(G, )|
From Lemma 4 and (103) and (116) we have
G = Ap &E_) [AP"1R B, ] (136)
and |det(Ap)| = PF/2. Since
¢(Pn) i —1 in—1
L: :7) w —1)--- k -1 137
‘= 5P ¢ (= 1)t (g — 1) (137)

Gp p, is also a generating matrix of an L;-dimensional cyclo-
tomic lattice I'z,, (Gp ) over A¢,, and

Gpn=ApR}_, [A“"'RB,,] (138)
i.e.,
|det(Gp )| = |det(Grn)l - (139)
Since m = m1P > 5my, it is not hard to check that
dm s dp.,
»q1 < »q1 (140)
1=1)/2 — 1—1)/2
[det(A¢, )| ™7 7 [det (A,
where we get (141) at the bottom of the page, and
[yllv R 7y;1—1]T
— GP,q1 [1/ _1]T7 when q; =3
o { Gp.[1,-2,1,0,...,0]T, whengq; >5 (142)
A -
=Gp.g[l,-2,2,-1,0,...,0]", forqs > 11 (143)

and G'p 4, is the generating matrix of g; — 1-dimensional cy-
clotomic lattice I'y, —1(Gp 4, ) over A¢,,.

In fact, |1 — (| = 2sin(w/m), det(A¢,,) = sin(2x/m).
Thus,

a 1—=Cnl 1
~ det(A¢,,)  cos(m/m)

hi(m (144)

is a decreasing function of m. By the definition of
Yi,---,Yy, 1, and some numerical calculations, we find
that

ha(m) 2 |'!//1 e "!/:11—1

-1
A,P _{|1_<~P|(11 |yll"'qul—1|7
q1

. -1 —1 |~ ~
min {[1= Gp ™yl o 11— G T @ By} wheng > 11

when ¢; < 11
(141)
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is also a decreasing function of m for any given prime ¢;. Then

dm,q1

|det(Ac,, )|/

— |1 _ <m|(fh—1)/2 hg(h_l)/Q(m)hg(m)

< 1= Gl @7V BTV (PY Ry (P)
<|1- CP|(q1_l)/2 hgql_l)ﬂ(P)hg(’P)
_ dAP,ql
ldet(Ac, )|V
From (135) to (142) we have
Amin(L'z, (Gimn))
|det(Gm,n)| [det(Ac,, )

(145)

L:/2

< 1 Czpan
= |det(Gp )| |det(AC7>)|({h_l)/2

Li/(q1—1)
) . (146)
iv) Prove inequality (104)
From (114) and (146), we can obtain (104) if we can show

1 622 Li/(q1—1)
P.a1
|det(Gp )| <|det(A<p)|(h1)

1
< 5 T
[det(Br, 1) |det (A, )|
Taking logarithms of both sides of (147), we have
log(|det(Gp,)I")
> log(|det(Br,+1)[) + Lt [log(|det(Aq, )|)

2L A
— log(|det(A, )] + ——— log(dp,g,) (148)
(n—1)

(147)

i.e., we need to prove

log(MoP) + i <q“’ —2 log(qw)>

w=1 Jw — 1
L, —1 sin(2m/3)
> log(Ly +1) +1 —_—
- + 0g(Le +1) + log <sin(27r/77)
log(d 14
+ — log(dp,) (149)
due to
Gpn=ApRE_, [A¥'R B, ]
k
L=t
[det(Gp,n)* = (MoP)™ TT 4™
w=1
and |det(Br,11)| = (L + 1)F+=1/2 and
k .
Moy = H gt
w=1
Define the following function of & integer variables:
K’ j 9
. . A w T -
J1seeeyJrr) =1 M, log(jw
F(grs- - dw) = log(PMo) + ; (J — log(y ))
L-1
- log(L +1)
sin(2m/3) 4
—1 — log(dp ;
o8 <sin(27r/P)> j1—1 08(dp.j1)
(150)
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where
k/

L=PM [[(u—1)

w=1

3< < < g

are odd numbers, P > 5and P ¢t j,, and j,, t P, and czp,jl is
from its definition (141).
Comparing (149) with (150), we can find that (149) can also
be represented as
F(jrs--sdrwr) 20 (151)

with &' = k, ju = qu,and L = L;. In (149), it is an expression
for primes p; and ¢q,, and is hard to handle. However, (150) or
(151) is for any integers, which is easier to understand. Equation
(151) can be numerically proved when

a) P=7orP > 10or;

b) j1 = 3or;

¢c) P=5,and k' =1 or;

d) P=5and k' =2, (j1 —1)(j2—1) < (23-1)(29-1).
So,when L; = L < 5 x (23 — 1) x (29 — 1) = 3080, (147)
and therefore Theorem 4 is proved. For L; > 3080, we need
to re-estimate the value dyin (I'z, (Gin ), we omit the lengthy
details. QED

C. Proof of Theorem 5

Before proving the theorem, we need the following lemma.
Lemma 5: For any &,y € Z[(12], if

Nai)/aco (@) = (1 +)Nge)/qe) (@) =0
thenz =y = 0.

Proof: Since {1, (12} is a basis of Q((12) over Q@((y), for
any £ € Z[(12], it can be expressed by £ = 1 + 22(12 with
Z1,Z5 € Z[(4]. From the definition of relative algebraic norm,
Na(ci»)/@ca) (®) = o1(x)o2(x), where oy and o3 are the em-
bedding of Q((12) to C with o1(2) = 02(2) = z for any
z € Q((y) and 01 (Cr2) = Ci2, 02(Ci2) = (fo. Thus,

Na(cn)/ae) (®) = 01()os(2) = 27 — 27 + jz1zs. (152)
Similarly, for any y € Z[(12] withy = ¥, + Y5Ci2 and ¥y, Y, €
Z[(4], we have

N /ae) ) = 91 —¥3 + 9192 (153)
Since (1 + j)Z[(4] is an ideal of ring Z[(4], for the above
T1,Z2,Y,, Y, there is an integer [y such that

lo lO
zp =Y p 7wy and yp =) o'y, (154)
=1 =1

where p = 1 + 7, and
mk,hyk,l € {0,6Xp(j2pﬂ'/4)7p = 17 s 74}

If Ng(cio)/@) (®) — (1 4+ 7)Ngci)/qc) (¥) = 0, from
(152)—(154), we have

‘Til - 23,1 +JT1,1%2,1
A S S =2 =2 P
=p (y1 Y5 +Jy1y2) — p(pZ1 1 — pT51 + jpT11%21)
—20(21,1%1,1—T2,1%2,1) — jp(&1,1T21 +Z21%11) (155)
where

lo
T =y 0w € Z[G),
1=2

k=1,2.
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Since the term on the right-hand side of (155) belongs to pZ[(4],
the term on the left-hand side of (155) also belongs to pZ[(4],
ie.,

.'L‘il — ‘T%,l —i—jml,l.'tg,l € pZ[C4] (156)

Checking (156) with
T1,1,T21 € {07 eXp(J2p7r/4),p = 17 v ,4}

we find that (156) holds only when ;1 = £21 = 0. In this
case, (155) becomes

¥ —¥7 + Y1y
i.e.,
2 2 P
Y11~ Y21 1T IY11Y21
=p (-’73%,1—53%71 +jE1,1E2,1) —p {p(@%,l_@%,l)‘}’jmfl,l-’i?,l}
=2p(Y11Y11 — Y2.1Y21 T IY11Y21 +IY21911) (158)
where

—p(@}, — T3, + jB11%21) =0 (157)

lo
@k,l = Zp172yk,l € Z[CG]/ k= 172
=2
Similar to the proof for #;i,%2: in (156), we can get
Yi1 =Y, = 0.
Similarly, we can prove thatx; » = &3 » = 0, and then Yo =
Yoo = 0, and so on. Finally, we can getz =y = 0. QED.

Now, we are ready to prove Theorem 5.
Let po = (1 +14)'/2. We first prove that the diversity product
Aumin (Ga,3, poGa ) of two-layer cyclotomic space—time code
X (G473,p0G473) is 1, i.e., dmin (G473, p0G4,3) = 1, and then
prove that X (G4 3,p0G4,3) is optimal.
For any nonzero two-layer cyclotomic space—time code X €
X (G4,3,p0G43), i.e
y1(1)  poys(1)
poy2(2)  91(2)

where [y;(1),3:(2)]", [y2(1),92(2)]" € T2(Ga3), from a
result in algebraic number theory [37], [38], it is known that

Yy (Dy1(2) € A¢,, ¥2(1)y,(2) € A¢,. Furthermore
pey2(1)Y2(2) = (14 5)ya(Lya(2) € A, (160)

which means that the determinant value det(X) of X in (159)
belongs to A¢,, i.e., det(X) € A,. Therefore, either det(X) =

(159)

0, or |det(X)| > 1. We next show |det(X)| > 1.
By the definition of cyclotomic lattice I'2 (G4 3) over A¢,, we
have
yl(l):| _ |:C12 <122:| |:.'L'1:| 161
i) - [e [ tey
?/2(1)} [Clz C12} [ }
2 162
{92(2) 12 Y (162)

where T1,Z2,Y;,Y, € A¢,. Itis easy to find that

det(X) = Ng(¢i.)/@) (®) = (1 + )Ny /@) (¥)
where £ = 1 + (12%2, Y = Y1 + (125.
From Lemma 5, we know that
det(X) = Ng(cio)/@) (@) = (1 + 5)Ngci)/qec.) (¥) # 0

exceptx = y = 0, i.e.,, codeword X = 0, which is also il-
lustrated in Fig. 1. In Fig. 1, the product y, (1)y, (2) of the first

1125

layer of X is marked by *“, “and the product p3y,(1)y,(2) of
the second layer of X is marked by ”o.” They do not overlape
unlessz =y =0, ie.,y,(1) =y,(2) = y,(1) = y,(2) = 0.

This proves that the diversity product duin (G4,3, poGa3) =
1. Thus, we have

dmin (G4.3, poG 1
: ( 4,35 PO 4,3) S = (163)
lpol” [det(A¢,) det(Glas)|

3V2

since |det(A¢, )| = (Ga3)] = V3, and |po|* = V2.

We next prove that for any two-layer cyclotomic space—time
code  X(p1GmynysP2Gman,), With diversity product
Aumin(P1Gmy ny s P2G iy my ), the following inequality holds:

dmin(plel,nl ) pZsz,’ﬂz)
|p%p% det(Ale ) det(ACmQ ) det(Gml,nl) det(sz,nz )|
dmin (G4,3, p0G4,3) _ 1
= Jpol? det(Ac, ) det(Gas))®  3V2

which therefore proves that the code X (G4 3,p0G43) is op-
timal based on Lemma 2.

Without loss of generality, we may assume that one of p; and
p2 is 1, and the norm of the other is greater than or equal to
1 since a scaling factor does not affect the ratio at the left-hand
side in (164). Since the symmetry of (11, n1) and (me, ns), we
may also assume

|det(Am, )| > |det(A

(164)

ma)| - (165)

For Gy, ., to be a cyclotomic generating matrix, m has to be not
less than 3. Thus, m1, me > 3. Under the assumption (165), for
parameters m; and ms we have the following cases: ms = 4
and m; = 4; me = 3,6 and m; = 3,4,5,6; me = 5 and
my = 475; mo Z 7andm1 S mo.

If |pl| > p2 = 1, then

dmin(ple1 KR P2Gm2,n2) S dmin(FQ(Gmg,ng ))
and therefore,

dmin(plelsnl ) pZsz,nz)

|03 det(Gony n, )| |det(Grm o )| [det(Ac,,, )| |det(Ac,, )|
dmln(r2(Gm2mz))
B |,01| |det( mq m)”det( ma,n2 ||det )l |det(ACm2)|

rnin (I'2(Gry s ))

|det( m1ng )| 1det (G ns)| |det Acml | |det A<m2)|
rnin (T2 (G iy ))

|det(Gnyn )| [det(Grny s )] |det(Asz>

If |p2| > p1 = 1, then
dmin(plel,n17p2Gm2,n2) S |p§dmin(FZ(Gm2,n2))|

and therefore,

- (166)

Amin(P1G oy s s P2Gm2,n2)
03] |det(Gin, o, )| |det(Gm, ny )| [det(Ag,,, )| [det(Ag,,, )|
|p2|dm1n(r2(sz,nz))
|p2||det( my, ny)| [det(G ma,na ||det Ale | |det Acmz)|
Ainin (I'2(Grnz n))
et (Gony na)| 1det (G s )| |det(A<mz)

- (167)
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From the above proof, one can see the left-hand side of (164)
is always upper-bounded by

dmin(plel,nl ) p2Gm2,n2)
|P%P% det(Ale ) det(A<n12 ) det(Gmh?h ) det(Gm2,n2 )|

dmin(FZ(Gmi,ni ))
|det(Ging ny)| |det(Ag,,, )| |det(Ac,,, )|
for: =1, 2. (168)

In the above discussions, both Gy, »; for i = 1,2 have
L; = 2. Thus,

i) |det (Gmn)| = |det(As)| = 2, when n = 2 and m is an

even number; or when n = 4 and m is an odd number;

ii) |det(Gm.n)| = |det(Bs)] = /3, when n = 3 and

ged(m,n) = 1; or when n = 6 and ged(m,n) = 1.

We now prove (164) in different cases in terms of values of
ma. When 3 < mo < 8, for different mo, we may need different
estimation methods of the left-hand side of (164) and therefore
they are listed into separate cases. When ms > 9, we may find
a common estimation method of the left-hand side of (164) that
is listed as the final case.

Case 1: my = 3,4, or 6: We consider this case in two sub-
cases.

Subcase 1.1: mg = 3,4 or 6 but my # 5.

In this case, m; € {3,4,6}. Let S; and Sy be the following

two sets in C:

81 = {17 _lvja _j}

Sy = {eﬂe"", k:1,2,...,6}.

It is not hard to check that for any 2 € &, there is some
[y(1),y(2)]" € T2 (G4,n) such that y(1)y(2) = 2; and for any
z € Sy, there is some [y(1),y(2)]T € I'2(G3,,) and some
[y(1),y(2)]" € T2 (Gs ) such that y(1)y(2) = 2.

Without loss of generality, we assume |p2| > p; = 1, other-
wise, the proof is similar due to the above similar forms of the
above values of m; and ms. In this case,

dmin(plel,nl ’ pZsz,ng) S |dmin(r2(Gm1,n1 ))| .
By the assumption (165) and dmin (I's (G, n,)) < 1, when
|pa| > 2'/4, the left-hand side of (164) is upper-bounded by
dmin (FZ (Gm1 ,n1 ))
2 2

|P2| |det (Gml,n1)| |det(Gm2,n2)| |det(ACmQ )|
< 1
= 3|p2|?

<
|[det(Gny,n, )]

< (169)

1
3v2
which proves (164).

Next, we will prove the case of 1 < |pa] < 21/4,

Subcase 1.1.1: my # 4, or mo # 4.

In this subcase, at least one of my and ms is 3 or 6
dmin(Gml,nl s pQGmg,ng) < min

2
21 — p3z|
21E€87,22€8) 2

V1 + [pal* =2l pa[? cos(n /6)
(170)
where S7 and S}, are Sy or Sy, and at least one of S7 and S} is

S,. From 1) and ii), it is not hard to see that, since my, mo are
3,4, or 6, we have

|det(Gm17n1) det(Acm1 )| . |det(Gm2,n2) det(Acw )| > 3.
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Thus, the left-hand side of (164) becomes

dmin(G’ml,nl ’ pZsz,ng)
2
|p2|” [det (Grny g )] |det (Guny ny)| [det(Ac,,, )| |det(Ac,, )|

V1 + [pa|t = 2|p2|? cos (7 /6) 1

< < (171)
3|p2/? 3v2
where the last inequality is because
29
V1itz a:cos(7r/6)< 1 forl <z <2

3z = 32
(172)
which proves (164).
Subcase 1.1.2: my = 4, and my = 4.
In this subcase, by computer search, we find that for any 1 <

Ip| < 21/4

dmin(G4,3,pG43)

< Amin(Ga3,V1+iGy3) 1
3p|?

32 32

Subcase 1.2: mo = 6 or my = 3, and my = 5.

In this case, n; = 3,4 or 6.
Subcase 1.2.1: my = 6 orms = 3, my =5, n; = 6.
In this subcase, choose [z1,22] = [1, —1]

dmin (FQ (Gml,nl)) S |y1y2| S 0.3820
where [y,,¥,]7 = G5 6[z1, )", and

3l o
s G ol

From (168), |det(G.n, ny )| > V3 and |det(G oy n,)| > V3 in
i) and ii), the left-hand side of (164) is upper-bounded by

dmin (FQ (Gm1,n1 ))
|det (G, ny )| [det (Grny )| [det (Ac,,, )| det (Ac,., )]
0.3820 1
< <
3 X |det (A<5)| |det (Asz)

Gs6 = [

<373

which proves (164).
Subcase 1.2.2: ms = 6 0orms =3, m1 = 5, ny = 4.
In this subcase, choose [£1, Z2] = [1, —1]

Amin (PZ (Gm1,n1 )) < |y1y2| = 0.6180

where [y, 4,]7 = Gs alz1, 2], with

el [ o)

By using i) and ii), we have | det(Gm, n,) det(Ac,, )| = V3.

2

From (168) and i), the left-hand side of (164) is upper-bounded
by

(173)

dmin (FZ (Gml,nl ))
|det‘ (Gm1,n1)| |det (sz,n2)| |det (Ale ) | |det (ACmQ ) |

dmin (FZ (GM1,n1)) 1
< <0.1876 < ——
2v/3 x |det (A, )| 3v2

which proves (164).

(174)
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Subcase 1.2.3: my = 6 0orms =3, my =5, n; = 3.
By using i) and ii), we have | det (G, 0, ) det(Ag,,,, )| = V3.
In this subcase, choose [£1,22] = [—(1 + 2(5),2 + (5]

Amin (PZ (Gm1,n1 )) < |y1?/2| = 0.5982

|1 1| s
G“—[cg <§H C%J'

Without loss of generality, we assume |p2| > p; = 1.
When |pp| > 1.11/2,

where

(175)

Amin(P1Gminy s P2Gms ny)
Smin (T2 (Gmyny)) < [Y13] = 0.5982.
Amin(P1Gmy 0y > P2Gma ns)
|p%p% det(A¢,, ) det(Ac,, ) det(Gom, n, ) det(Gy i, )|
0.5982

<

= |p2l? |det(Ac,, ) det(A¢,) det(Gony n, ) det(G 3)|

_ 0.5982 L (176)
1.1 x 3sin(27/5) 32

When 1 < |ps| < 1.11/2, similar to Subcase 1.1

dmin(Gml,nl ) pZGmQ,ng) < min

2
r . |zl — p222| <04
21 E€S8],22€8,

where S and S} are S; or Sp, and S is the same as the one
in Subcase 1.1 but & is taken from the set of all products of
components [y(1),y(2)] on the lattice I's (G5 3) as

S1={y(k)y,(k), k=1.2,...,6}

where
1 (), ()] = G5 a1 (k), 22 (k)]

[21(1), 22(1)] = [-2+ (5, 2]
[21(2),22(2)] = [-1 — 2¢5,2 + (5]
[21(3), 22(3)] = [-1,=C5]
[21(4), 22(4)] = [-1,1]
[21(5), 22(5)] = [-2¢5, 1 — 2G5]
[21(6), 22(6)] = [ (5. G5

Thus,

dmin(Gm1 ROE szm27n2)
|03 det(Ac,,, ) det(Ac,,) det(Grm, iy ) det(Gry ns, )|

0.4
<
|pa]? [det(Ac,,.,) det(Ac, ) det(Gims n, ) det(Gs )|
04 < ! (177)
~ 3sin(27/5) 32

which proves (164).
Case 2: my = 5: In this case, no = 3,4, or 6.
Subcase 2.1: mo = 5, no = 3 0orny = 6.
Subcase 2.1.1: mo = 5, ny = 6.
In this subcase, similar to Subcase 1.2.1, we have

dmin (FZ (Gm,g,nQ)) S 0.3820
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and from (166) and (167), the left-hand side of (164) is upper-
bounded by

dmin (F2 (sz,nz))
2
|det (Gm17n1)| |det (sz,n2)| |de‘B (ACmQ ) |
0.3820
N TR
3 x |det (Ac,)]

which proves (164).
Subcase 2.1.2: my = 5, ny = 3.
This subcase can be proved similarly to Subcase 1.2.3.
Subcase 2.2: mo = 5, no = 4.
In this subcase, similarly to Subcase 1.2.2, we have

=0.1408 < 1

178
3\/5( )

dmin (T2 (Gimyony)) < 0.6180.

By assumption (165), we have m; = 4 or 5. By i), we have
|det(G5’4)| = 2.
Subcase 2.2.1: ms = 5, ng = 4; my = 4.
In this subcase, by i) and ii), we have

|det (Ginyny ) det (Ag,, )| > V3.
From (168), the left-hand side of (164) is upper-bounded by
dmin (FQ (Gmg,ng))
|det (Giny ny )| |det (G o) |det (Acm1 )| |det (Acm2 )|

drmin (F2 (sz,nz))
T 2V/3 x [det (Ag,)|
1
<0.1876 < —=
which proves (164).
Subcase 2.2.2: ms = 5, no = 4, my = 5, ny = 3 or
ny = 6.
In this subcase

179)

dmin (T2 (Gimy ny)) < 0.5982

and | det(G5.4)| = 2. From (168), the left-hand side of (164) is
upper-bounded by

dmin (FZ (Gml,nl))
|det (Gml,n1)| |det (Gm2,n2)| |det (Ale ) | |det (Asz ) |

< Amin (FZ (Gmlﬂn)) < 0.1909 < L
= 2/3 x [det (A, )P 32
which proves (164).

Subcase 2.2.3: my =5, no =4; m; = 5,n; = 4.
By (168), the left-hand side of (164) is upper-bounded by
dmin(F2(sz,n2))
|det(Grmyny )| |det(Ging o )| |det(Ac,,, )| [det(Ac,,, )]
_ dmin(T'2(G5,4)) 0.6180 < 1
| det(Gs.4))2 det(A,)|? ~ 4sin?(21/5) 32
which proves (164).
Case 3: mg = 7: In this case, no = 3,4, or 6.

Subcase 3.1: mo = 7, no = 4.
In this subcase, let £ = 1 — (7

[Y1.4]" = Gralz. —2]" € ['y(Gr4)

(180)

(181)
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| det(G7,4)| = 2, where

ot A gl

It is easy to calculate that

(182)

|Z| = 2sin (7 /7)
ly| = [z(|1 — Cas| = 2|2[sin (7/28)
Yo = |2||1 + (28| < 2|z
|det (A¢, )| = sin (2w /7) = 2sin (7/7) cos (7 /7).

Thus,
dinin (T2 (G7,4)) < 9195 < 4fa|* sin (7/28)
=16sin? (7/7)sin (7/28) .

By (166) and (167) and |det (G, n,)| > V/3 in i) and ii), the
left-hand side of (164) is upper-bounded by

dmin (T2 (G7.4))
|det (Glmy )| |det (Gi7,a)| |det (A, )[?
16 sin” (7/7) sin (7/28)
= 3 x 4sin? (7/7) cos2 (7/7)
4 sin (7 /28)

1
= ——FF———= =0.1839 < — 183
3cos? (m/7) < 32 (183)
which proves (164).
Subcase 3.2: ma = T, no = 3 or ny = 6.
In this subcase, choose [z:125] = [1,Grl, [y, 9] =
G7.ns [-'171,-'172]2, where
I 1 |]Cx ]
Gr 3 =
" [<3 C??] [ (5
L1 |G ]
Gre = : 184
" [43 63?} [ & (184)

It is easy to check that
Anin (P2 (G, ny ) < [919| < 0.2470.
Since

|det (G, ny )| > V3
|det (G73)| = V3
|det(Am, n, )| > [det(Ap, 0, )| = sin (27/7)

and (168), the left-hand side of (164) is upper-bounded by

dmin(r2(G7n1,n1))
|det(G7,3) det(Ale)| |det(G7’3)| |det(A<7)|
0.2470 < 1
= 3sin® (2n/7)  3v2’

(185)

which proves (164).
Case 4: mo = 8: In this case, no = 3, or ny = 2.
Subcase 4.1: ms = 8, ny = 3.
In this subcase, letz = 1 — (g

[y, 9.]" = Gsslz, —2]" € I'2(Gs3)
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|det(Gs,3)| = V/3, where

11| Caa
GS""{% c;fH 434]'

It is easy to calculate that

(186)

|2| = 2sin (7/8)
ly1| = [T = Coa| = 2|z[sin (m/24)
ly2| = lzll1 = ¢Eadl
|Y1y,| = 0.2426
and
|det (A¢g) | = sin (27/8) .

By the assumption
|det (A, )| > [det (A, )]
in (165), (168), the left-hand side of (164) is upper-bounded by

dumin (T2(Gs,3))
|det (G, n, ) det (Ac,, )| Idet (G 3)] |det (Ag, )|
o _ 02426 - 1
= 3sin®(2n/8)  3v2

(187)

which proves (164).
Subcase 4.2: my = 8, ny = 2.
In this subcase, letz = 1 — (s,

[Y1,9.]" = Gsolz, —2]" € T5(Gy 2)
| det(Gs,2)| = 2, where

el A1 o]

It is easy to calculate that

(188)

|| = 2sin (7/8)
y1| = [][1 = el
(Yo = [T+ Cue|
dinin (T'2(G3,2)) < [Y19o] = 0.4483
and
|det (A¢y) | = sin (27/8) .
Since the assumption

|det(Ac,,, )| > |det(Ac,,, )|

in (165), m1 has to be an integer in the range 3 < my < 8.
Subcase 4.2.1: mg = 8, no = 2;, my = 3,4, or 6.
In these subcase

| det (G, .y ) 1 det(Ag,,, )| 2 V3.
By (168), the left-hand side of (164) is upper-bounded by

dmin (T2(Gs.2))
|det (Giny ny) det (A, )| |[det(Gs 2)] [det (Ag,)|
0.4483 1

= 2/3sin (27/8) < 3V2

(189)

which proves (164).
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Subcase 4.2.2: ms = 8, no = 2; m1 = 5, n; = 4.
In this subcase

| det (Gimyny) | = | det(G.4)] = 2

|det(Ac,,, )| = sin (27/5). By (168), the left-hand side of (164)
is upper-bounded by

dimin (I'2(Gs 2))

|det (G, ) det (Ag,, )| |det(Gs 2)| [det (A, )|
< 0.4483

~ 4sin (27/5) sin (27/8)

1
< 190
) (190)
which proves (164).
Subcase 4.2.3: mo = 8, ny = 2, m; = 5, ny = 3, or
ny = 6.
In this subcase, we have

dmin T2(Gingony)) = dimin (T2(Gs,2)) < 0.4483.
By (168), the left-hand side of (164) is upper-bounded by

dmin (PZ (GS,Z))
|[det(Gs,n, ) det(As)] |det(Gs 2)] |det(Ag )|
0.4483

1
< <
= 2v/3sin(2n/5) sin(27/8) T 3v/2
which proves (164).

Subcase 4.2.4: my =8, no =2, m1 =7, n; = 4.
In this subcase, from Subcase 3.1, we have

(191)

dmin (FZ(Gml,nl)) = dmin (FQ(G7,4))
< 16sin?(7/7) sin(7/28) = 0.3372.

Similarly to Subcase 4.2.3, the left-hand side of (164) is upper-
bounded by

dmin (F2(G7,4))
|det (G7,4) det (A7)||det(Gs,2)| |det (Agy)]
< 0.3372
~ 4sin (27/7) sin (27/8)

< (192)

1
3v2
which proves (164).

Subcase 4.2.5: moy =8, no =2, my =7, ny = 3.

In this subcase, from Subcase 3.2, we have

Aunin T2(Grny iy ) = dimin (T2(G7,3)) < 0.2470.

Similarly to Subcase 4.2.3, the left-hand side of (164) is upper-
bounded by

dmin (T2(G7.3))
|det (G7,3) det (A7) |det(Gs 2)| [det (Ag, )
0.2470

1
< <
= 2V/3sin (27/7)sin (27/8)  3v2
which proves (164).

Subcase 4.2.6: mos = 8, no =2, m1 =8 ny = 3.
This subcase is the same as Subcase 4.1.

(193)
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Subcase 4.2.7: my = 8, no = 2; m1 =8, n; = 2.
In this subcase, Gy n; = Gmgn, = G2 and we may
assume |p2| > p1 = 1, otherwise, the proof is the same. Thus,

dmin (G8,27 P2G8,2> S dmin(FZ(Gml,nl))
= dmin(T'2(Gs.2)) < 0.4483.

When |p2| > 1.08, the left hand side of (164) becomes

dmin(Gs,2, p2Gs3)
03] |det(Gs 2)| [det (G )| [det (A, )|
0.4483 1
< — <
1.082 x 4sin*(27/8) ~ 3v/2

which proves (164).

When 1 < |po] < 1.08, let S = {[y;,y5]T} be a subset of
FQ(G&Q) with

(194)

[ylvyZ]T :G&?[‘Thz?]Ta with T, T2€ {_27 _17 07 17 2}

One can check that for [y;,y,]7, [y}, y5]" € S with [y,,y,] #
[0, 0] or [y}, ¥y5] #[0, 0], we have |y,y5 — p23iy5] <0.25. This
means dy,in (Gs,2, p2Gs,2) <0.25. Therefore, the left-hand side
of (164) becomes

Amin(Gs.2, p2Gs 3)

|03 [det (G, 2)| [det(Gs.2)| |det(Ag,)|”
0.25 1

< <
~ 4sin? (27/8) 32

(195)

which proves (164).
Case 5: mg > 9: In this case ne = 2, 3,4, or 6.
Subcase 5.1: mo > 9, but mo # 10, ny = 4 or ng = 2.
Letz =1 — (p,

[ylva]T = Gm2,n2 [.'E, _z]T € F2(Gm2,n2)

where

o 1 1 Cklm’Q
GmQ,nz - |:1 _1:| |: C£1m2:|

and k1 = 2 when ms is an even number; k1 = 4 when m» is an
odd number. It is easy to calculate that

(196)

|| = 2sin (7/mg)
ly1| = |2||1 — Chymo| = 2|2| sin (1/(k1ms))
1Ya| = |2]|1 + Coymo | < 2|2].

Thus,

dmin (T2(Gomz ny)) < [Y192] < 4lz]?sin (/) (kimo))
= 16sin” (7/my) sin (7/(kymsa)) . (197)
Therefore, when ms > 9 and mo # 10
dmin (FQ(sz,nz))
2
|det (Gml,n1)| |det (Gm2,n2)| |det (Asz ) |
< 16 sin? (7 /myg) sin (7 /(kyms))
= 3 x 4sin? (7/my) cos? (7 /my)
o 4 sin (7T/(/€17TL2)) 1
"~ 3cos? (m/ms) 3v/2
which proves (164).

(198)
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Subcase 5.2: mo > 9, no = 3 or ny = 6.
In this subcase, 3 is not a factor of ms, and, therefore,
meo > 10. Let

z=1- CWQ: [y17y2]T = sz,g[{l‘,{lt]T

sz 5= |: 1 1 :| |:C3m2 ) ) (199)
’ C3 _ C3 &
Y =2(1 Csz) ys = 2(1 —T3 3m)

Amin (T'2(Gmy ony)) < Y192] < 2|.1:|2|1 — (3ms |-

From (166) and (167), the left-hand side of (164) is upper-
bounded by

where

dmin(FQ(Gm2,n2)>
|det (G, )| [det(Gmy iy )| [det(Ac,,,)
§ 202l1 = Coma|
= 2
|det(Gon, )| [det(Gm, 3)] |det(Ac,,,)|
_ 20221~ ol
3sin?(27/my)
which proves (164).
Subcase 5.3: mo = 10, ny = 2.

In this subcase, we prove this theorem under two different
situations: m; = 10 and m; < 9. Note that when ms = 10, we
have ny # 4 since L; = 2.

Subcase 5.3.1: mo =10, no =2, m; =10, nq1 = 2

In this subcase, from 1) we have

|det(Gm1,n1)| = |det(Gm2,nz>| =2.

Since (197) does not require a specific condition on mso and no,
it applies here too. Thus, from (197) we have

dinin (U2(Gmznz)) < |y192| < 4l2]* sin (n/(kimo))
=16sin? (7/10) sin (7/20).  (200)

2

1
<0.1541 < —=

3v2

Therefore,
dmin (F2(sz,n2 ))
|det (G o, )| [det (G )| |det (A, )|
16 sin? (7 /my) sin (7 /(kyms))
= 4 x 4sin? (7/my) cos? (7 /my)
sin (/20 1
= cos2((7r//10)) < 373 (201)
which proves (164).
Subcase 5.3.2: mo = 10, ny = 2, my < 9.
In this subcase m; < 9
| det(Gom, my)| > V3
| det(Gimg ony )| = | det(Gao,2)| = 2.
Therefore, from (200) we have
Aimin (T'2(Gmy sy )
|det (G, )| 1det (G, o)l |det (Ac,, )| [det (A, )|
16 sin? (7/10) sin (7 /20)
~ 2¢/3sin (27/9) sin (27/10)
1
< ﬁ (202)
which proves (164).

QED.
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D. Proof of Theorem 6

Before proving the theorem, we need the following lemma.

Lemma 6: For any z,y € Z[(is] (or z,y € Z[(o)),

if Ngis)/a@) (@) — 2Nge/ee® = 0 (or

Na()/a(e) (@) = 2Ng)/a¢s) (y) = 0), thenz = y = 0.
Proof: The proof of this lemma is similar to the proof of

Lemma 5. We only prove the case for z,y € Z[(1s] and the case
for z,y € Z[(o] can be proved similarly.

Since {1,(1s,(¢%} is a basis of Q((1s) over @((s), and
z,y € Z((1s) can be written as £ = %1 + £2(1s + £3(% and
Y =y, + YsCis + y5Ch, with zy,y,, € Z[G], k = 1,2,3. In
the meantime

3 3

H ) Nacis)/acs) H

Na(cis) /@&

where o, k = 1,2, 3, are the three embeddings of Q((; )
C such that Q(CS) is fixed with oy, and o1 (C1s) = (5 Ls.
Therefore,

?r-

Na(is)/@co) (&) =25 + 8575 + 23505 +3T12223(C3+ () (s
=z} + T5(s + T3(3 — 3T1T233(s € Z[(6]
(203)
3Y1Y-Y3Cs € L[]
(204)

Nacie)/as) ¥) =¥5 + 43¢ + ¥5¢s —

Since 27[(g] is an ideal of ring Z[(g], for the above zy, Yy, €
Z[g], k = 1,2, 3, there exists an integer /g such that

lo lo
-1 -1
T, = E 27 %, Y= E 27 Yy
=1 =1

(205)

where

Tro. Yps € {0, exp(i2pm/6), V'3 exp(im /6) exp(i2pm /6),
p=1,...,

6}

k=1,2,3;1=1,...,lp. Thus,

Na(ais)/acs) (@)
=}, + 35 (6 + 23 13 — 3211821731 (6
+8(} | + &3 1o + T3 (3 — 3F1,1%0 183 1)
+ 6(-"7%,1571,1 + 97%,1572,1&5 + 37%,@3,1(3
—&11%2,1%31 — T1,1%21231 — T1,1%2,1%3,1)

—12(21 122,131+ %1,1%2,1%3,1+T1,1%2,1%3,1) (206)

where Ek,l = 250:2 21_213]671 S Z[C@]
When Ng¢,s)/@(c) (%) = 2Ng(cis)/@(¢)(¥)s from (204)
and (206), we have
-’17?,1 + 1‘%,1@6 + $§,1C3 —3%1,1%2,1%3,1(6
= 2NQ(1s)/Q(¢s) ()
— 8(&} ) + &5 1 (s + T3 1 (3 — 3F1,1%2,1%3,1)
- 6(1?%,1-’31,1 + 1‘%@2,1(6 + $§,1513,1C3 —X1,1%2,1%31
— Z1,1%21T31 — T1,1T2,1%3.1)

+12(211Z2,1%3,1 + 211821831 + T11%21231). (207)
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Since NQ(ClS)/Q(CG)(y) € Z[CG]» the right-hand side of (207)
belongs to 2Z[(s]. Thus,

.'17?71 + 23714-6 + $§71C3 — 321,1372-1"3,1(6 € QZ[CG] (208)
From (205), we know that

xi1, :1;‘2,1,:1:3,16{0, exp(12pm/6), \/gexp(zﬁr/6) exp(i2pm/6),
p=1,...,6} =8. (209

Checking (208) with Z1,1,%21,%31 € S, we can find that (208)
holds only when ®; 7 = ®31 = 23; = 0. Then, in this case
T = 2%, where 1 = %11 + £2.1(1s + £3,1(%, and

2Ng(c1s)/a¢s) W) = Nag(cis)/acs) ()

= 8Ng(cis)/a(e) (®1)  (210)

ie.,
Nai)/a) ) = ANgw) /@) (1) 211
Similarly, we can show ¥, ; = ¥»; = ¥3; = 0, and then
1,2 = L2 = £3,2 = 0, and so on. Finally, we havex = y = 0.

QED.
Now, we are ready to prove Theorem 6.
The basic idea to prove this theorem is similar to the one
to prove Theorem 5. By the definition of cyclotomic lattice
I'3(Ge,3), for any two

[v:(1),,(2),4:(3)]" € T3(Gsy3),

there are & = &1 + %218 + #3CHs, ¥ = Yy + YoCis + Y3,
with zy,,y, € Z[(s], such that y, (k) = or(z), yo(k) = or(y),
where oy, k = 1,2,3, are the three embeddings of Q((;s)
to C and fix Q((s), and o1((18) = (¥ From a result in al-
gebraic number theory [37], [38], it is known that the product
¥;(1)y;(2)y;(3) € Ac,. Then, we have

Y1 (Dy1(2)y1(3) — 292(1)y2(2)y2(3) € Ag,-

By the definition of relative norm, we have

fore=1,2

Nacis)/ace) (®) = 41 (1)y1(2)y1(3)
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and
Nacis)/ac) ) = ¥2(1)y2(2)y2(3).

From Lemma 6, we have

ly1 (D)y1(2)y1(3) — 2y2(1)y2(2)y2(3)]
= [Ng(cis)/@co) () = 2Ngycis) /) ®)] > 1
unless T = y = 0, i.e., the codeword X (G 3,2t/3Ge 3) = 0.

This proves that the diversity product of X (G 3,2Y/3Gg 3) is
1, i.e., dmin(Gg,g, 21/3G6,3) =1.

Since the two-layer cyclotomic space-time code
X (Gs3,2Y2Gg 3) has the following property:
dmin(Ge 3, 2Y/2G 4
( 6,32 6,3)3 _ 212)
|2 det(GG,g,) det(ACS) | 34\/§

based on Lemma 2, to prove the optimality of the code
X (Ge 3,2 /3Gg3) we need to prove that any two-layer cy-
clotomic space—time code X (p1Gm, n,,P2Gmsn,) of three
transmitters satisfies (213) (at the bottom of the page).

Without loss of generality, we assume one of p; and ps is 1
and the absolute value of the other is not less than 1 and

|det (A¢,, )| < |det (Ac,,, )] (214)

If |pl| > p2 = 1, then

dmin (,01Gm1,n1 s P2Gm2,n2) < |det (FZ(sz,nz))|

and we have (215), at the bottom of the page. If |p2| > p1 =
1, then, dmin (plel,nl ) p2Gm2,n2) S |P% det (FZ(Gmg,ng ))|
and we get (216) at the bottom of the next page.

When 4’4)(83) = 3 = L, it is not hard to see that 3|m and

n =3o0rn = 6, and

|det(G3)| = | det(A3)] = 3%/2 (217)

for all the generating matrix G,, 3 of the three-dimensional
cyclotomic lattice I's(Gy 3). Thus, 3|m; and 3|mo for three
transmit antenna and the two-layer cyclotomic space—time code

dmin(pIGm1,n1 >PZGm2,n2) 4
5 s 3/2 3/2 = 343 @1
’ pioddet (A, )*? det (Ac,,, )" det (Gunym,) det (Grng my)
dmin(pl Gm,l,nl ) PQsz,nz)

19 det (G, )| [det (G ) [det (Ac,,, )| [det (A,.,) |

< dmin(FQ(GM2,TL2))

= 19} det(p1Giny i, )| [det(Grny s )| [det(Ac,, ) ¥/ [det(Ag,, )2/

< dmin (PZ(sz,TL2))

(et (Gony )] et (G )| [det (A, )| [det (Ac,,,) "]

< dmin (PZ(G’mQ,nz)) (215)

 |det

(G )| [det (G )| [det (A,,,)°|
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X(p1Gmymys P2Gmayony ). We next prove this theorem in two
cases in terms of mo.

Case 1: mo > 6: Inthis case, my > 9. We only consider the
case n2 = 3 and the case ng = 6 is similar. Let z = 1 — (,,
[y17y27y3]T = Gm2,3[z7z7$]T’ where

11 17 [Gm,
Gm,3= |G G & G, (218)
G G @ Cms
Clearly, dmin(FS(sz,nz)) < Y1993l
Define
Fm) 2 19195 for m > 9. (219)

|sin(27/m)|3’

It is not hard to check that f(m) is a decreasing function of m,
and f(9) = 0.5639. From (215) and (216), the left-hand side of
(213) is upper-bounded by

|Y192Y5]
1ACH(Girny oy )] 14t (G )| [det (A, )|
< f(m)
- |det (Gm1,n1)| |det(Gm2,n2)|
f(mz) f(9) 4
— < < . 22
37 3% T 343 (220)

Case 2: mo = 3 or ma = 6. In this case, by the assumption
(214), my = 3 or my = 6. Thus, we may assume that |ps| >
p1 = 1, otherwise the proof is similar. When |ps| > 21/3 we
get (221) at the bottom of the page, which proves (213).
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Consider the case when 1 < |po| < 2/3. Let

S = {exp(jkn/3), V3 exp(jr/6) exp(jkn /3), 3 exp(jkm/3),
k=1,...,6).

From Fig. 2, S is a subset of the set of points marked by “-” and
thus, for any point z € S, there exist [y, ¥, y3]” € 's(Gs.3)
and [y7, 45, 95]" € T'3(Go 3) such that 4, 4,y5 = 19545 = 2.
Therefore, we have

dmin(Gml,Ba Psz2,3) S In,in |z - P;zl| 2 Hps -
z,2’€S

Because of the symmetry structure of S, to consider y,,, we only
need to consider p2 of the form ps = |p2| exp(if), where 0 <
§ < 7/6.Letzy = 1,2y = V/3exp(jn/6), 23 = exp(jn/3),
z4 = 3exp(j/3), 2} = p3z1, and 2, = p3z5. Then,

tp, < min{|z; — 23], |22 — 21, |23 — 21|, |24 — 25}
ie.,

piy, < min{1 4 [p2|® = 2|pa* cos(f),
3+ |pa|® — 2V/3|p2|? cos(n /6 — 0),
L+ |p2]® = 2|pa’ cos(n /6 — §),

9+ 3|p2|® — 6V/3|pa|® cos(n/6 — 6)}.  (222)

Thus, it is not hard to find that p1,, < |p2|®/2. Therefore, we
have (223) at the bottom of the page, which proves (213). QED

dmin(lol Gml,mg ’ pQGmmnz)

|P§| |det (GM1,n1)| |det (sz,nz)|

det (Ag,,)""*|[det (ac,.,) "]

2

|P% |dmin (FZ (sz M2 ))

<
= 3/2 3/2
1931146t (Gony ) 1det( G )| [det (Ac,,, )] |aet (Ac,,,) ]
S dmin (F2(Gm2,n2)) . (216)
(et (Guny ) 1det (Gon )l det (Ac,,)|
dmin(plel,n17p2Gm2,n2)
3/2 3/2
731 1det (G ) et (G )| [det (Ac,,, ) 2| [det (Ac.,,) "]
1
< 3
2 |det(Gry )| 1det(Gg. ) et (A,,,)°|
1 4
< = 221
~ 2x33sin®(27/3) 343 22D
dmin(plel,n17p2Gmg,n2)
3/2 3/2
3] 1det (G| Idet (G )| [det (Ac,,, )72 [det (Ac.,) ™|
< Hp2 1 (223)

=l (VAR2) AV
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E. Proof of Theorem 8

We only consider
X(Ge3,23Gg.3,4%Gg 3)
and X (Gs.3, 21/3G3,3, 41/3G3,3) is similar. The code
X = X(Ge,3,7Ge.3,7°Ge 3)

is expressed as

v (1) (1) YPys(1)
X =792 5.(2) 92 (224)
:(3)  Yy3(3)  5.(3)

where y,(k) = ow(®), yo(k) = or(y), y3(k) = ow(2),
v =23, o4, k = 1,2, 3, are the three embeedings of Q((1g)
to C that are fixed on Q((g) and 0, (C18) = (Fg !, and

3 3 3
k—1 k—1 k—1
e=Y @y, y=> wls 2=
k=1 k=1 k=1

with Tk, Yy, 2k € Z[Cﬁ]
We first prove det(X) € Z[(g]. It is not hard to see that

det(X) =y, (1)y1(2)y1(3) + 292(1)y»(2)y-(3)

+ 4y3(1)y3(2)y;(3)

—2(y1()y2(2)y3(3) + y2(1)y
)

( 3(2)1:(3)
+43(Dy1(2)y2(3)).

(225)

Since

Y1 (Dy:(2)y:(3) =
Y2(1)y2(2)y,(3) =

Na(cis)/@s) (®) € Z[Ce]

Nacis)/@s) (¥) € Z[e]
and

Y3(1)y3(2)ys(3) = Ng(c,s)/a(c)(2) € Z[Ce]

what we need to do is to prove

Y1(1Y2(2)y3(3) + ¥2(1)ys(2)y1(3) + y3(1)y1(2)y2(3)

€ Z[Ce]-
By the definitions of y,(k), y,(k), and y4(k), & = 1,2,3,
¥1(Dy2(2)y33)+y2(1y;(2): (3 )+y3( ) 1(2)y2(3) in (225)

can be rewritten as

¥1(1)y2(2)y3(3) + ¥2(Dy3(2)y1(3) + y3(1)y1(2)y2(3)
D G y12z13<4l2+2l3 L2 +C§1+2l2)~
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When [; + l5 + I3 can be divided by 3
T g, (GG G+ ) € 206,

We next prove that a term in the summation in the right-hand
side of (226) when its indices 3 1 ({1 + 2 + I3) is 0.

It is not hard to see that (I1,1l5,l3) € S, when ly + I3 4 I3 can
not be divided by 3, where S is the set of triplets shown in (227)
at the bottom of the page. One can easily see that

C:l’,2+213 + <§3+211 + C:l))1+212 =1+¢+ C?? -0

when (l1,12,13) € S. Thus, we have proved that

Y1 (DY2(2)y3(3) + ¥2(Dy3(2)y1(3) + y3(Ly1(2)y2(3)
€ Z[(e)

ie., det(X) € Z[(s).
To show that its diversity product is 1, we only need to show
that det(X) # 0 when X # 0. Similarly to the proof of Lemma

6, for a given X, i.e., ¥, (k) = ok (x), yo(k) = o (y), y3(k) =
or(2), k = 1,2, 3, there exists an integer /g such that

r=x + -'132C18+373C1287 Y=y +¥YC18 + ’ngfg

z =21+ 2:Cis + 23(7s (228)
with
lo lo lo
zy = Z-’Dk,ﬂl_l, Y = Z?/k,ﬂl_l, 2p = sz,ﬂl_l;
=1 1=1 1=1
(229)
where
i1, Yp 1 2k € {0, exp(i2p7/6), V3(1z exp(i2pm/6),
p=1,...,6}, k=1,2,3. (230)
From (225), det(X') can be rewritten as follows:
det(X) =y, (1)y1(2)y1(3) + 295 (1)y2(2)y2(3)
+ 4y (Dys(2)ys(3)
= 2(y1(Dy2(2)y3(3) + ¥2(1)ys(2)y1(3)
+y3(1)y1(2)y2(3)) (231)
with
lo lo
yi(k) = ox(@) = Y 212" + G Z@,l?l_l

=1

Lo ls€{1,2,3} + RN gy 2t (232)
(226) 1863 Z
(1,2,1), (1,2,2), (1,3,1), (2,3,2), (2,3,3), (3,3,1),
S=14(1,1,2), (2,1,2), (1,1,3), (2,2,3), (3,2,3), (1,3,3), (227)
(27 17 1)7 (2727 1)7 (37 171 (37272)7 (37372)7 (37173)
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lo
Yo (k) = on(y Zilh 27 GGy a2
=1
lo
+ Y Zyg,ﬂ"l (233)
y3(k) 22112l + (18€ ZZNZI 1
+ Y Zz 20 (234)
When det(X) = 0
Y1(Dy1(2)y1(3) + 2y5(1)y2(2)y2(3)
+ 4y;3(1)y5(2)y3(3)
= 2(y1 (1)y2(2)y3(3) + y2(1)y3(2)y1(3)
+y5(1)y1(2)y2(3)) = 0. (235)

Combining (231)—(235), we have

211 + 25 1G6 + 3 1(3 — 311%21%31C6

=2(y, (D)y2(2)y5(3) + y2(1)y3(2)y,(3)
+y5(1)y1(2)y2(3)) — 295(1)y2(2)y2(3)
— 4y3(1)y5(2)y5(3)
—8(&} 1 + &3 1C6 + T3 (s — 3%1,1T2,1T31)
- 6(2%,1571,1 + -"7%,1572,1@ + 2%,1523,14’3 —%11%21%31
— X118 131 — L1122 1%31)

+12(21,1%2,1%3,1 + 21,1221 83,1 + T1,1%2,123,1) (236)

where

lo
= 2w €26, i=1,2,3,

=2

By the definition of y, (k) and y5(k), k = 1,2, 3, we have

Yo(1)y2(2)y2(3)
Y3(1)y5(2)ys(3)

And from the previous proof we know that

= Ng(cis) /@) (¥) € Z[Ce]
= Nq(¢is)/@(¢c) (2) € Z[Ce]-

Y1(1DY2(2)y3(3) + ¥2(1)y3(2)y1(3) + y3(1)y1(2)y2(3)
Z[(s]

so the term on the right-hand side of (236) belongs to 2Z[(g].
Thus, the term on the left-hand side of (236) also belongs to
ZZ[CG], i.e.,

x3 ) + 251G + 251 (3 — 3wy 120231 (6 € 2Z[(6]. (237)

Similarly to the proof in (208), we can obtain £11 = %21 =
x31 = 0. Then x = 2z, where

lo

lo lO
=3 27w+ Gs Y2 + (T Y 2 Py

=2 1=2 =2
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Thus, y,(1) = 2y, ,(1) = 201(Z11), 9:1(2) = 29,,(2) =
20’2(5,‘1,1) y ( ) = 2’!]1 1( ) = 20’3(@1,1). Then, (235) be-
comes

¥2(1)92(2)y2(3) + 293(1)y3(2)y3(3)

+ 4y, 1 (Dy11(2)y11(3)
= 2(y1,1(DY2(2)y5(3) + ¥2(1)y3(2)y11(3)

+y3(1)y1,1(2)y2(3)) = 0. (238)

Similarly, we can prove y; ; =¥, = Y3, = 0,and 21 ; =
201 =231 =0, = Y120 =212 = 0, and so on. Finally,
wecanprovex =y =2z = 0,i.e, X = 0.

The above proved result is also illustrated in Fig. 2. In Fig. 2,
the product y, (1)y,(2)y,(3) of the first layer of X is marked
by “.,” the product v3y,(1)y,(2)y,(3) of the second layer of
X is marked by ”0,” and the product vy, (1)y,(2)y;(3) of the
third layer of X is marked by ”0.” They do not overlape unless
z=y=2z=0,ie,y,(k)=0for1 <4,k <3,or X =0.

QED
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