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et e

M _é‘pwad“wf") __Sussos ltzJ JJ} ) has the same

PM‘L%M&M’“’ (@, consistomey and

hin rogulecty o. the medel.

This recursion s an exomplt of a Mmoo gemend claay

of rotasdsive pssameter ottt o (forithes known e
iC_oppwximehin algsithw . [Because of the

Wﬂﬂh‘u ‘M__Qn ~line or real-hme

&. . 7. Suppose © is uniformly distributed on the interval (0, 1) and that we
-+ W observe Y = N + © where N is a random variable, independent of ©, — ..

[ with density
; . n20

e
PN(")={ 0, n<o.

Find Gy mse, 485, and Bprap.

. 8. (a) Consider the observation model of Exercise 7 but with the prior —-————

of Exercises 5 (i.e., N and © both have the unit exponential

distribution). Find the MMSE and MMAE estimates of © based ——-
onY. i .

(b) Find the minimum mean-squared error for (a!a.).
(¢) Consider now the observation model

Yo =Ne+6, k=1,...,n,

X where Ny, Na,..., Ny, and © are iid ra,ndoxh variables with the

unit exponential distribution. Find the MAP estimate of © based
on1,Ys,...,Y,. :

9. Repeat Exercise 1 for the situation in which we have a sequence of
observations Y;,Y3, ..., Yy, that are conditionally i.i.d. with the given

pdf py given © = 6.
10. Derive Eq. (IV.B.47). P

11. Suppose that we observe a sequence N 3

S ——

Ye=Xeg+Ne, k=1,...,n

where Ny,..., N, is a sequence of independent Gaussian random vari-
ables, each with zero mean and variance o2, and X),..., X, are de ————

{ fined by the equations
l, Xo=0 . S

Xk = aXg-1, k;'——-l,...,n

where « is known and © is a Gaussian random parameter with zero
., mean and variance ¢>. -

(a) Assuming that © and NV are independent, find the MMSE esti-

mate of © based on 11,...,Y,.
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S

(b} For each n = 1,2,..., let §, denote the MMSE estimate of ©
~ based on Yi,...,Y,. Show that 6, can be computed recursively
by
bn = K [Kn-1bnoy +a™yn), n=1,2,...,
where f = 0 and the coefficients K, are defined by
Ko=0%/¢* and K,= Kooy +0®™, n=12,....
. Draw a block diagram of this implementation.
(c) Find an expression for the mean-squared error
en = E{(6,-©0)*}, n=12,....

What happens when n — 00;¢? = 00;0%2 = Qe < L,a=l;a >
17

12. Suppose 8 is a nonrandom parameter satisfying 8 > 1. Suppose further

that, given 6, 11,Y5,...,Y; are ii.d. observations with each density

p={ §7 12

Find 2 sufficient statistic for & that has a complete family of distri-
butions. Justify your answer.

13. Suppose we toss a coin n independent times and define an observation

sequence
-’4 vo=41 if the kth outcome is heads
k=1 0 if the kth outcome is tails

k=1,2...,nLet0=PYr=1),k=1,...,n

(2) Find an MVUE of 6.

(b) Find the ML estimate of 8. Find its bias and variance.

(c) Compute the Cramér-Rao lower bound and compare with results
. from (a) and (b).

4493

y 14. Derive Eq. (IV.D.22).

15. Suppose Y is Poisson. Find the ML estimate of its rate. Compute the
bias, variance, and Cramér-Rao lower bound. '

20. Consider the observation model
Y. = Gl/zskRk + N, k=1,2,...,n

where sy, 53, ..., s, is a known signal, N1, N, ..., N,, Ry, Rs,..., R,
are i.i.d. A(0,1) random variables, and § > 0 is an unknown param-
eter.

(2) Find the likelihood equation for estimating 8 from Y;,Y,...,Y,.

(b) Find the Cramér-Rao lower bound on the variance of unbiased

estimates of 8.
(¢) Suppose sy, 82, ..., is a sequence of +1's and —1's. Find the
MLE of 6 explicitly.

(d) Compute the bias and variance of your estimate from (c), and

compare the latter with the Cramér-Rao lower bound.
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