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Continuous Random Variables

X is called a continuous RV if there is a nonnegative function f(x) such that

for any set B C R,
P(X € B) :/ f(x)dx
B

where f(z) is called the probability density function (PDF) of X.

For example, suppose X has PDF f(z). Then we have

P(X € [a,b)]) /f

P(X eR) = /_ f(x)dx =
P(X =a)= /a f(x)dz =



Example

Problem: Suppose that X is a continuous RV with PDF

Find a) the value of ¢; and b) P(X > 1).

f(x){g(élx%:) 0<z<?2

otherwise

Solution: a) Since f(x) is a PDF, we have

1—/ f(x daz—/ (4x—2x2)da;:c><(2x2——x3)2=

and therefore ¢ = %.

b) Plugging the value of ¢, we have

D= [ e

2
3

/ S (4 — 222)da =

o

w| co



Cumulative Distribution Function

The cumulative distribution function, or CDF, for a continuous RV X is defined
as

Fla)=P(X <a)=P(X <a) :/_a f(x)dx

The CDF and PDF are related by

Example: If X is a continuous RV with distribution function F'x and density
function fx. Find the density function of ¥ = 2.X.

Solution: By the definition of CDF, we have
Fy(a)=P(Y <a)=P2X <a)=P (X < 9) _ Iy (_)

Therefore, the density of Y is given by

d d a 1

fria) = @) = GPx (5) = 34+ (3)
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Expectation

Expectation for a continuous RV X:

Example: For X with PDF given by

f(x){Qx 0<z<1

0 otherwise

the expectation E[X] is

o0 1
E[X]:/ mf(ac)da::/o a:><2:vda::§

— OO



Expectation

Expectation for function of a continuous RV X:

and E[aX + b] = aE[X] + .

Example: For X with PDF given by

f(x)_{1 0<z<1

0 otherwise

the expectation E[e*] is

E[X]:/OO ewf(x)dx:/()lewdx:e—1

— 0



Variance

Var(X) = E[(X — p)*] = E[X?] — p®, p

and
Var(aX + b) = a*Var(X)

Example: For X with PDF given by

f(x){zx 0<z<l1

0 otherwise

the second moment E[X?] is

B[X]

00 1
E[X?] :/ 22 f(x)dx :/ 1 X 2xdr = %
0

— 00

2
and Var(X) = B[X2] —p2 = — (2)" = &
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Uniform RV

A RV X ~ Unif(e, 5) is said to be uniformly distributed over («, 3) if its PDF
1s

f<x>={ﬁ asr=d

0 otherwise

Its CDF is given by

“ 0 a <
F(a) =/ fl@)de = ¢ 5=% a<a<p
o 1 a>f3

The expectation E[X] is

E[X]—/Ooxf(x)da:_/jxx 1l . _Bta

— 0o

The second moment E[X?] is

o° b 1 B3 —ad B? 4+ a? + Ba
Y2] — 2 _ 2 _ _
Bl ]—/_ooch(az)dx—/ax Xﬁ—ozdx_?)(ﬁ—oz)_ 3

_ _ (B-w)?
So we have Var(X) = E[X?] — u? = 12 12



Uniform RV

EW - Bus arins ot o M ], ]=13, ,~3o,7;4«}‘a~{ S o }il & bas
puﬂl'ﬂg/o&wt fis fbv'f? ol o tﬁnzwpmf 0w W]dbtﬁim’d vitieeh ) ond 7:50{””?@"
Fitd the P"'Mﬂﬁ That e wats

(@), less Hoin 5 minates pr a bus.

th). wore than [0 wites fam @ bus.

Oﬂwt&m: b 5 7:}0a S o 7':7&“
pal 75 /230

ta), PfWafﬁ'jéf a bis s> Man 5 pinubes S
= Plamve m (J:0,):15) or (295, ):30) 3
= Piamve o ()20, 72153 + P{ ame op (]:ﬁ,];ao}j
= ‘é’*ﬁ'?"‘&
b).  Plweit for mae Hon o minutess
P |
= pfﬂmw on (7;@/ ]\0?) or ()ZIF/ ];)0}5 =

13



* Normal (Gaussian) RV

Outline

14



Normal RV: PDF
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Normal RV: PDF
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Normal RV: Expectation and Variance
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Normal RV: Expectation and Variance
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Normal RV: CDF
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Normal RV: CDF
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Example

Stoadard varmal dystrution

—
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Exponential RV
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Gamma RV
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