TRANSPARENT PARTIAL ORDER REDUCTION

STEPHEN F. SIEGEL

ABSTRACT. Partial Order Reduction (POR) techniques improve the basic mod-
el checking algorithm by reducing the numbers of states and transitions ex-
plored in verifying a property of the model. In the “ample set” POR framework
for the verification of an LTL_ x formula ¢, one associates to each state s a
subset T of the set of all transitions enabled at s. The approach requires that
whenever T is a proper subset, the transitions in Ts must be invisible, i.e.,
their execution can never change the truth values of the atomic propositions
occurring in ¢. In this paper, we show that the invisibility restriction can be
relaxed: for propositions that only occur negatively in ¢, it suffices that the
transitions in T merely never change the truth value from true to false, and
for those that occur only positively, from false to true. This opens up oppor-
tunities for reduction, in many commonly occurring scenarios, that would not
be allowed by the stricter invisibility criterion.

1. INTRODUCTION

Temporal logic model checking is a powerful tool for establishing the functional
correctness of complex concurrent systems. Yet the effectiveness of model checking
is often curtailed by the state explosion problem—the fact that the number of states
of a model tends to grow exponentially in the number of concurrent processes.
A variety of methods for mitigating state explosion have been proposed; among
these is a family of related methods known collectively as partial order reduction
techniques.

The basic idea behind partial order reduction is simple. An execution of a
concurrent system is usually represented as an interleaved sequence of transitions
from the concurrent processes. In many cases it is known a priori that the result
of executing two transitions from distinct processes is independent of the order
in which those transitions are applied. Consider, for example, a system with two
processes P, and P, that access a shared channel ¢ modeled as a FIFO queue.
Suppose that only P; sends using ¢ (denoted clx) and only P, receives from c
(denoted c¢?y). Then in any system state sy in which both a send and receive
operation are enabled, the same final state s3 will result regardless of the order in
which those two operations take place:
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This suggests that in searching the state space of this system, we only consider one
of the two possible paths.

Of course, whether such a reduction is safe depends on the property being
checked. Say, for example, we wish to verify that c is never empty; this can be ex-
pressed as the linear temporal logic (LTL) formula AG —empty(c), where empty(c)
is the proposition that holds precisely in those states in which c is empty. Suppose
that sg is a state in which ¢ contains one element and the send and receive oper-
ations are both enabled. In that case ¢ will be empty in s; and so the property
does not hold. However, if we were to choose to explore only the send transition
from s, we would miss s; and visit only s, and s3—states where ¢ is non-empty.
Our reduced search might therefore terminate without ever encountering a state in
which ¢ is empty, and we might erroneously conclude that the property holds.

For this reason, traditional POR methods, such as the ample set framework
for verifying a next-time-free LTL formula A¢, impose an invisibility condition. A
transition t is invisible if its execution in any state can never change the truth value
of any atomic proposition occurring in ¢. The invisibility condition requires that
whenever the search is restricted to a proper subset of transitions departing from a
state then all the transitions in that subset must be invisible. In our example, the
only atomic proposition is empty(c). Since the send operation can change the value
of this proposition from ¢rue to false and the receive operation can change it from
false to true, neither operation is invisible, and so the search is required to explore
both paths departing from sq.

A well-known problem with this approach is that the effectiveness of the reduc-
tion technique drops off rapidly with the number of visible transitions. Several
methods have been proposed to mitigate this problem (see Sec. 5). This paper
contributes to those efforts by showing that the invisibility condition of the ample
set framework can be safely replaced with a weaker transparency condition.

The notion of transparency refines that of invisibility by distinguishing between
those atomic propositions that occur only positively in ¢ and those that occur only
negatively. Roughly speaking, a proposition p occurs positively if some appearance
of p in the syntax tree of ¢ occurs under an even number of negation operations.
(In an expression of the form p — ¢, p is considered to occur under one negation
operation as the expression is equivalent to (—p)V ¢). Similarly, p occurs negatively
if some appearance occurs under an odd number of negation operations. The tran-
sition t is transparent if for all p which occur positively in ¢, ¢ can never change
the truth value of p from false to true, and for all p which occur negatively in ¢, t
can never change the value of p from true to false. Of course, some p may occur
both positively and negatively in ¢, in which case the transparency requirement for
p reduces to the invisibility requirement for p.

In our example, the predicate empty(c) occurs only negatively in ¢. Since the
receive operation can never change empty(c) from true to false, the transparency
condition permits a search in which only the receive transition departing from sg
is followed. Note that if s; is a state in which ¢ is empty then this reduced search
would indeed catch the violation. On the other hand, the send operation may
change empty(c) from true to false, and so a reduced search in which only the
send operation departing from sg is followed would be rejected by the transparency
condition.
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A formal statement and proof of the transparency result are given below, but
it will help at this point to provide the main intuition behind the proof. The
correctness of the standard ample set approach comes down to showing that any
path through the structure resulting from the full search can be transformed to
a stutter-equivalent path through the structure resulting from the reduced search.
Since stutter-equivalent sequences satisfy the same next-time-free LTL path formu-
las, the path through the reduced structure satisfies ¢ iff the original path satisfies
¢. This is, however, stronger than what is required for correctness: we only need to
know that any path in the full structure which violates ¢ can be transformed into a
reduced path that violates ¢. Only this weaker condition holds in the transparent
setting. For example, if ¢ has the form pUgq, a path violating ¢ may be transformed
by stuttering and also by changing any number of values taken on by p and ¢ from
true to false. It is not hard to see that such a transformed sequence must also
violate pUg.

The remainder of this paper is organized as follows. The formal framework and
statement of the main result are presented in Sec. 2. The proof of the main result is
then given in Sec. 3. Some applications and preliminary experiments applying the
transparent technique to the verification of message-passing programs are outlined
in Sec. 4. Related work is discussed in Sec. 5 and conclusions and future work are
discussed in Sec. 6.

2. THE MAIN THEOREM

We adopt the notation of [2, Chap. 10]. So we let AP be a set of atomic propo-
sitions, and M = (S, T, Sp, L) a state transition system over AP. This means that
S is a finite set of states, So C S is the set of initial states, T is a finite set of tran-
sitions, i.e., if « € T then a C S x S, and L : S — 247 is a labeling function. We
assume that there are elements true, false € AP with the property that true € L(s)
and false & L(s) for all s € S. For s € S we let enabled(s) = {a« € T | 35’ €
S: (s,8') € a}. For a € T we let enabled(a) = {s € S | 3s' € S: (s,5') € a}. We
also assume that the transitions are deterministic, that is, if s € enabled(a) then
there is a unique s’ € S for which (s, s’) € a; we denote this state s’ by a(s).

Definition 2.1. Let p € AP, o € T. We say that « is 1-transparent to p if
p € L(s) = p € L(a(s)) for all s € enabled(a). We say that « is O-transparent to

pifp & L(s) = p & L(a(s)) for all s € enabled(c).

Hence if av is 1-transparent to p then it must preserve the truth of p: for any state
in which p holds and « is enabled, p must also hold after executing «. Similarly,
if a is O-transparent to p then it must preserve falsehood of p. Notice that « is
invisible to p if, and only if, « is both 1- and 0-transparent to p.

Having defined the notions of transparency for atomic propositions, we now
extend these definitions to arbitrary LTL_x formulas. Recall that an LTL_x
formula is a state formula of the form A ¢, where ¢ is a path formula over AP such
that the operators used in ¢ all lie in the set {—, —, A, V,G,F, U, W R}.

Let A¢ be an LTL_x formula over AP. We will consider the syntax tree asso-
ciated to ¢. To each node u in this tree is associated a subformula ¢, of ¢. If u is
a leaf node then ¢, € AP.

Now let € € {0,1}. We will define, inductively, a number €, € {0,1} for each
node u in the syntax tree of ¢. If u is the root node, let ¢, = €. Now assume u is
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any node and we have defined €,. If u corresponds to any operation other than —
or —, then we let ¢, = ¢, for all children v of u. If u corresponds to —, then we let
€, = 1 — ¢, for the sole child v of u. If u corresponds to —, then we let €, = 1 — ¢,
and €, = €,, where v and w are respectively the left and right children of u. Now
we define the following:

Definition 2.2. We say that « is e-transparent to ¢ if for all leaf nodes u in
the syntax tree of ¢, o is €,-transparent to ¢,. For convenience, we write “« is
transparent to ¢” to mean “« is O-transparent to ¢”, and simply “« is transparent”
if ¢ is understood.

Suppose « is e-transparent to ¢, and v is a subformula of ¢. Thus there is some
node u in the syntax tree for ¢, such that ¢ = ¢,. It follows immediately from the
definition that « is €,-transparent to v: this is because the syntax tree for v is the
subtree of the syntax tree for ¢ with root node u.

The POR framework requires two additional structures: an independence rela-
tion, and a choice of ample sets.

Definition 2.3. An independence relation I C T x T is a symmetric, antire-
flexive relation on T such that, for any («,3) € I, and for all s € S for which
a, B € enabled(s), the following both hold: (i) o € enabled(8(s)), and (i) a(B(s)) =
B(a(s)). We say that o and B are independent if (a, 3) € I. We say « and 5 are
dependent if (o, 8) € I.

A Kripke structure M = (S, R, So, L) may be obtained from M by defining R
so that (s,s") € R iff (s,s') € « for some o« € T. A path in M is an ordered pair
m = (s,(), where s € S and ¢ = (ap,1,...) is a (finite or infinite) sequence of
transitions, such that there exist sg, s1,... € S satisfying sp = s and (s, $;41) € @;
for all 4. It follows from the deterministic hypothesis that if the s; exist, they are
unique, and so we define state;(7) = s;.

Now suppose for each s € S, we are given a set ample(s) C enabled(s). These
define the reduced Kripke structure M® = (S,R’, Sy, L), where (s,s') € R’ iff
there exists @ € ample(s) such that a(s) = s’. A path in M” is a path in M
for which «; € ample(s;) for all i. We repeat here the four hypotheses on ample
sets from [2, Chap. 10], the only difference being we have replaced “invisible” with
“transparent to ¢” in C2, where A¢ is the LTL_x formula we wish to verify. We
call the new condition C2, to emphasize its dependence on ¢ (and not just on AP).
The four conditions are then:

CO For all s € S, ample(s) = () < enabled(s) = .

C1l For all s € S, along every path in M that starts at s, a transition that is
dependent on a transition in ample(s) cannot occur without a transition in
ample(s) occurring first.

C2y4 For all s € S, if ample(s) # enabled(s) then every a € ample(s) is transpar-
ent to ¢.

C3 There is no cycle in M” containing a state at which some transition « is
enabled, but is never included in ample(s) for any state s in the cycle.

We can now state our main result:
Theorem 2.4. Let AP be a set of atomic propositions, M = (S, T, Sp, L) a state

transition system over AP, A¢ an LTL_x formula over AP, and I an independence
relation for M. Suppose we are given, for each s € S, a set ample(s) C enabled(s),
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such that CO, C1, C2y4, and C3 all hold. Let M be the Kripke structure correspond-
ing to M, and M® the reduced Kripke structure. Then M = A¢ < M’ = A¢p.

3. PROOF OF THE MAIN THEOREM

In this section, we prove Theorem 2.4. Hence we assume we are given a state tran-
sition system M = (S, T, Sy, L) over a set of atomic propositions AP, an LTL_x
formula A¢ over AP, an independence relation I for M, and ample sets ample(s)
(s € S) satisfying CO, C1, C24, and C3. As before, we let M be the Kripke

structure corresponding to M, and M" the reduced Kripke structure.

3.1. Preliminaries. Let N = {0,1,....} and N* = N U {oo}. For any sequence
¢ we define |¢| € N*° to be the length of .

Let # = (s,¢) be a path in M. Say ¢ = (B9, 51,...). We define first(m) =
stateg(m). For i > 0, we let

Suffix; () = (state;(n), (G, Bix1s---))-

The length of m, denoted |7|, is defined to be |{|. If |1] =n < oo, last(7) is defined

to be state, (7). If 7 is finite and o is any path with first(c) = last(w), then we

define 7 * o to be the concatenation of 7 with o; it is a path starting from first(m).
We now define certain transformations on paths in M.

Definition 3.1. Let m = (s, (8o, 01,...)) be an infinite path in M, i € N*®°, a €T,
and suppose all of the following hold:

(a) « € enabled(s),

(b) ifi < oo then a = f;,

(c) forall j <i, « is independent of §5;, and
(d) ifi> 0 then « is transparent.

Then we define
FQ(W) — <a(s)’(607~-~:ﬁi—17ﬁi+1,...)> ifi < oo
Z (a(s), (Bo, B1,--.)) if i = oo.

Hence I'{" is a function from a certain subset of the set of all infinite paths in
M, to the set of infinite paths in M. The fact that I'{(7) is a path follows easily
from the first three conditions of Definition 3.1, and Definition 2.3. Note also
that Definition 3.1 depends on ¢—or more precisely, on the set of propositions that
appear positively in ¢ and the set of propositions that appear negatively in ¢—since
part (d) refers to transparency. However, since the formula ¢ under consideration
is usually clear, we will not emphasize this.

Let j > 0, ( = (ap,...,j-1) a sequence of length j of elements of T, and
v = (lo,...,%j—1) a sequence of length j of non-negative integers. We will define
a function FE, which again is defined on a subset of infinite paths in M. If 7 =0
(i.e., v and ¢ are empty sequences) we let T'S(7) = « for all infinite paths . For
7 >1, we let
(1) [ =T%" o...0L%

v T5—1 10

where here o denotes function composition. Implicit in (1) is the fact that 'S () is
defined iff I'{°(7) is defined and T'{'' (I';.%(7)) is defined, and so on.
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FIGURE 1. A transformation p ~ o. The top row represents p;
the leftmost column represents o.

Lemma 3.2. If I'S(n) is defined then o = (first(n),¢) is a finite path in M and
last(c) = first(TS (7).

Proof. The proof proceeds by induction on |¢|. For || = 0, o is the path of length
0 starting at first(r), and so last(c) = first(m) = first(I'(n)), as required.

Assume j > 0 and the Lemma holds whenever || < j. Suppose now that
¢=(a,...,a;),v=(lg,...,i;), and Ff,(ﬂ) is defined. Let (' = (o, ..., ;_1) and
V= (io, ey ij—1)~ Since

I (m) = I (T (m))
is defined, 7' = Fi// () is defined. Hence by the inductive hypothesis, (s,(’) is a
path, where s = first(w), and last({s, ¢’)) = first(7’). Now since I‘Zj (7') is defined,

a; € enabled(first(7")) = enabled(last((s, ")),

which means that (s, () is a path. Moreover,

last((s, ¢)) = ay(last((s,¢"))) = ay(first(x’))
= first(I';7 (7)) = first(I' (),

completing the inductive step. (I
We now define a relation on infinite paths in M.

Definition 3.3. Let p = (s, (ag,a1,...)) and let o = (s, (0o, b1,-..)) be infinite
paths in M starting at the same state s. We write p ~ o if there exist ig,i1,... €
N such that (i) i; = 0 for an infinite number of j, and (%) for all j > 0,
Fﬂo""’ﬂj_l(p) is defined.

60 ,5ennbj—1
By taking i; = 0 for all j, we see that ~» is reflexive, i.e., p ~» p for any infinite
path in M.
An example illustrating the concepts introduced so far is given in Figure 1. In
the figure, each node represents a state. The rows are numbered starting with the
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top (row 0), and working down (rows 1,2, ...). The columns are numbered similarly
from left to right. Row 0 represents a path p = (s, («g, a1, .. .)), while the leftmost
column represents a path o = (s, (8, 01, .. .)) for which p ~» o. The transformation
from p to o is illustrated one step at a time. Hence, the path in row 1 represents
I'52(p), the path in row 2 represents I'y°(I'52(p)), and so on. An edge denotes
either a transition from one state to another, or equality, i.e., that the source and
destination states are equal. From the figure, we can discern that as, ag, and ~
must all be transparent transitions, that s is independent of ag and «;, and so
on. The numbers ng, nq, ... will be defined in Sec. 3.2.

Lemma 3.4. If p is an infinite path in M starting at a state s then there exists an
infinite path o in M" starting at s such that p ~ o.

Proof. First, we define elements 3; € T and i; € N*° for all j > 0, by induction on
j. Along the way, we will show that for all j

(2) ;= Fi"f:l(p) is defined, and
(3) (s,(Bo,..-,Bj_1)) is a path in M".

This will imply that o = (s, (8o, 81, ...)) is a path in M” and it will only remain to
show that an infinite number of the i; are 0 to conclude that p ~ o.

The case 7 = 0 is vacuous, so suppose j > 0 and that the 0, and iy have been
defined for 0 < k < j to satisfy (2) and (3). Write 7; = (55, (75,0,7j,1,---)). If
70 € ample(s;) we may set i; = 0 and §; = 7, 0. It is immediate that Ffj (m;) is
defined, and thus, by Lemma 3.2, x = (s, (8o, - .., 8;)) is a path. By the inductive
hypothesis, (s, (Go,...,0j-1)) is a path in M, so since B; € ample(s;), x is a path
in M".

So assume ;o & ample(s;). Then ;¢ € enabled(s;) \ ample(s;), and so by C2y,
all of the transitions in ample(s;) are transparent.

Now either there is some k > 1 such that 7, € ample(s;), or there is no such k.

If the first is the case, choose the least such k. Then by C1, «;; is independent
of ~y;, for all | < k, so we may take i; = k and 3; = ;. Since all transitions in

ample(s;) are transparent, it is again the case that I‘Z" (mj) is defined, and we may

reason exactly as before to see that (s, (Bo,...,3;)) is a path in M”.

So suppose there is no such k. Then C1 implies that for all £ > 0, ~; is
independent of every transition in ample(s;). By CO, ample(s;) is nonempty. So
we let i; = 0o and (; be any element of ample(s;), and this completes the inductive
step.

It remains to see that i; = 0 for an infinite number of j. Suppose that this is not
the case. Then there exists j > 0 such that for all £ > j, i, > 0. Hence ;0 = ;.0
for all £ > j. By construction, this implies

v;.0 € enabled(sy) \ ample(sy) (k> 7).

Now sy = stateg(o) for all k, and, since S is finite, there must exist { > k > j
such that s; = s;. Hence sy, lies on a cycle in M? in which 7vj,0 is enabled, but not
included in the ample set for any of the states of the cycle, contradicting C3. O
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Lemma 3.5. Suppose 7 is an infinite path in M, i € N, j € N*°, and '} (m) is
defined. Then

L5 (Suffix(m)) if j >

Suffix; 11 () if § <.

Suffix; (L' (7)) = {

Proof. This is an easy exercise in the definitions. Note that the two cases overlap
when ¢ = j. This is correct since I'g (Suffix; (7)) = Suffix; 11 (). O

3.2. A Proposition. The purpose of this section is to prove the following:

Proposition 3.6. Suppose p = (s, (ag,a1,...)) and o = (s,(Bo, b1,-..)) are in-
finite paths in M starting at the same state s. Suppose also p ~» o. Then there
exist finite paths 19,71, ... in M, and non-negative integers ng,ny, ... such that the
following hold for all d > 0:

(a) d<ng<nagpr,

(b) T4 consists entirely of transparent transitions,
(c) first(rq) = stateq(p) and last(ry) = state,, (o),
(d) Suffixg(p) ~ 74 * Suffix,, (o), and
(e) P is transparent whenever ng < k < ngy1 — 1.

The remainder of this section will be devoted to a proof of Proposition 3.6.

By Definition 3.3, there are non-negative integers ig, 41, ... such that (i) iz = 0
for an infinite number of k, and (ii) for all k > 0, T,°7*~*(p) is defined.

Fix d > 0. We will define non-negative integers mgq  (k > 0) by induction on k,
as follows:

(4) mq.o = d

M,k if i > mq

mq — 1 otherwise.

(5) Mg k1 = {

Hence (mg,0,mMq,1,--.) is a non-increasing sequence of integers starting at d. At
each step, the sequence either decreases by one or remains unchanged. If it reaches
0, it remains at 0 from that point forward, since every ¢;, > 0. We claim that in
fact the sequence must reach 0: this follows easily from the fact that there are an
infinite number of k for which ¢, = 0. We let ng be the least k for which mg; = 0.

In Figure 1, we may interpret the mq, as follows: consider the path that begins
at the state in column d of row 0, and that progresses by following the unique edge
that moves down one row at each step. Then mg is the column number of the
state that results after taking k steps in this path. For example, taking d = 2, we
see that mag = mo1 = 2, Mo = Mma3 = maa = 1, and mg 5 = 0. In particular,
Ng = 5.

The following gathers together some facts about the mg; which will be used
later on:

Lemma 3.7. The following hold for all d,k > 0:

(@) mar—1<mgrr1 < mag,
(b) mdmd = 0,

( ) Mdmng—1 > 07

(d) Mart1 =mar < ik > Mg,
(e) mdyk Z d— k‘,
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() HII10< 1 <ng, it >mai}| =ng—d,
(8) Makr =Map1k = Ma k1 = Mat1k+1, ond
(h) mar <mapi e < mar+ 1.

Proof. Statements (a)—(d) are immediate from the definitions. To prove (e), fix d,
and use induction on k: for k = 0, the statement holds since mgq0 = d, and the
inductive step follows from (a).

To see (f),let A=1{0,1,...,ng—1} and B={l € A|i; <mgq;}. Let

M =mar —mai+1 (L€ A).

By (a), mq; € {0,1} for all I € A. Moreover, mq; =1 < 1 € B, by (d). By (b),
Mq,n, = 0, and hence

d=mao=» ma={l€A|mg; =1} =B
leA
So |A\ B| = |A| — |B| = ng — d, proving ().
Statement (g) holds since, by (5), the value of mg x+1 depends only on mg s and
k.
We now turn to the proof of (h). We first claim that for all d,k > 0,
(6) Mk < M1,k

To show this, we fix d, and use induction on k. For k = 0, (6) reduces to the
statement d < d + 1, which clearly holds. Suppose now that (6) holds and we wish
to show it still holds when k is replaced by k + 1. There are two cases to consider:
either (i) max < May1.k, or (ii) Mmar = Mgyy1,k. In the first case, we have

Md k+1 < Ma kg < Mat1,k — L < Mag1 k1,

as required. In the second case, we have mg 1 = Mat1k+1, by (g), which com-
pletes the inductive step.
We will now show that for d, k > 0,

(7 M1,k — Mdk <1,

which, in light of (6), will complete the proof of (h). Again, we fix d > 0 and use
induction on k. For k = 0, (7) reduces to the statement d+1—d < 1, which clearly
holds. Suppose now that (7) holds, and we wish to show that it holds with k + 1
in place of k. Then mg41 5 — mq must equal either 0 or 1. In the first case, we
have mg41 k5 = Mk, and so by (g), Ma+1,k+1 — Ma,k+1 = 0, and the inductive step
holds.

So assume that mg41,x —mar = 1. There are again two cases to consider: either
(1) ma k+1 = max or (i) mar+1 = mayr — 1. If (i) is the case, we have

M1, h+1 — Md k+1 < May1k — Mak = 1,

and the inductive step holds. If (ii) is the case, we must have i, < mgy, by (d).
Hence by (6), ix < mgr < Mgs1k, and again by (d), may1,k+1 = Mat1,x — 1.
Hence

M1 k+1 — Mk = Mas1,k — L —Mgr +1=mgp1p —mgr < 1,

completing the inductive step and the proof of Lem. 3.7. (]
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We now return to the proof of Proposition 3.6. According to Lemma 3.7(a), if
May1,k = 0 then mg, < mgy1x = 0. Hence ng < ngy1. Moreover, Lemma 3.7(e)
implies mg 4—1 > 1, which shows that ng > d, establishing Proposition 3.6(a).

Suppose ng < k < ngy1 — 1. Then mgy, = 0 but mgy1 5 # 0, which implies
Mmg+1,6 = 1 by Lemma 3.7(h). We also have mg41 x+1 = 1, since k +1 < ngya.
Hence mg41 g+1 = Ma+1,%, which, by Lemma 3.7(d), implies i, > mg41, = 1. By
Definition 3.1, this means that §j is transparent, proving Proposition 3.6(e).

Fix d > 0. For each k > 0, we will define a sequence &4 of transitions and
a sequence g of non-negative integers. For k = 0, these are both the empty
sequence. Assuming they have been defined for k, we let

(8) Sdk+1 = {gd’k *(Bk)  if ik = mak

Ed k otherwise

pa g * (i — mak)  if ip > mag
9) P k1 = ( ) )

d,k otherwise.

By Lemma 3.7(f), we have

(10) ‘gd,nd| = |Md,nd| =ng —d.

Now if £ < ng, then mgy > 0, so if i > mgy then i, > 0 and therefore 3y is
transparent. Hence &, ,,, consists solely of transparent transitions.
On the other hand, if £ > ng then mg, = 0 and so i; > mq, . It follows that

(11) Eak = Edna * (Bngs Bra+1s- -+, Br—1) (k> ngq)
(12) Hdk = fdng * (ngs tng+1s -+ lk—1) (k> ngq)

For any k > 0, let ¢ = (5o,...,Bk—1) and let vy = (ip,...,9k—1). Recall that,
by assumption, I‘f,’,: (p) is defined for all k.

Lemma 3.8. For all k > 0,
(13) 5tk (Suffixa(p)) = Suffixpm, , (TS (p).

Proof. ITmplicit in (13) is the claim that the left-hand side is defined. We prove (13)

by induction on k. For k = 0, (13) reduces to the equation Suffixs(p) = Suffixa(p).

Now suppose that (13) holds and we wish to show that it holds when k is replaced

by k + 1. There are two cases to consider: (i) ix > mg and (ii) i < mg k.
Suppose i > Mgk, SO My g+1 = M4 k. Since

Bk : _ :
(14) Lo (U5 (0) = T3t ()
is defined, Lemma 3.5 implies
(15) Suffixyn,, (T (TS (p))) = Thk ..., (Suffixu, (TS ().

In particular, the right hand side of (15) is defined. Hence

(16) Lkt (Suffixa(p)) = T3k, (Dhs% (Suffixa(p)))
(17) =10, (Suffixy, , (D5 (p))
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is defined. Moreover, combining (14)—(17), we have
T3 (Suffixa(p)) = Suffixin, , (T (T (0)
— Suffixm,, (1571 (0))

V41

= Suffixm, ., (TS (p),

Vi+1
completing the inductive step for this case.
Suppose instead that iy < mg . Then i < mgrp1 = mqr — 1. Hence &g 41 =
&ak and 14 k+1 = Md,k- Moreover, Lemma 3.5 implies

(18) Suffix,n, -1 (I (U5 (p))) = Suffixi, , (5 ().
Whence
Fidd’,lj:l (Suffixq(p)) = Fffdi (Suffixa(p))
= Suffix,n, . (T (p))
= Suffix,, .1 (D2F (DS (p)))
= Suffixyn, ., (CSEH (p)),
completing the inductive step for this case as well. .
We let
(19) Tq = (stated(p),fd,nd> (d > O)

From Lemmas 3.2 and 3.8, we conclude that 74 is a path, and, since mg,, =0,
last(74) = first(T55"¢ (Suffixa(p)))
. . C'IL
= first(Suffixo (2% (p)))
. Cn
= first (T4 ()
= Iast((s, (ﬁo, e ,ﬁnd,1)>)
= state,, (0).

This proves Proposition 3.6(c), and also shows that 74 * Suffix,, (o) is a path.
We have already seen 7; consists solely of transparent transpositions, proving

Prop. 3.6(b).
Write 74 * Suffix,, (o) = (stateq(p), (70,71, --.)). By (11),
(20) (Y0, —1) = Eakra (k> ng—d).
Write fign, = (i6,41,- i, 4 1), and define i = ixyq (k > ng — d). It follows
from (12) that
(21) (26772271) = Md,k+d (k > nd_d)’
Since i, = 0 for an infinite number of k, i), = 0 for an infinite number of k.

Moreover, for all £ > 0,

T30 (Suffixg(p)) = DS54+ (Suffixa( )

1055 1 MHd,k+d

is defined, by Lem. 3.8. Hence Suffix4(p) ~» 74 * Suffix,, (o), proving Proposi-
tion 3.6(d). This completes the proof of Proposition 3.6.
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3.3. Formula Preservation. In this section, we prove the following:
Proposition 3.9. If p ~ o and p [~ ¢ then o [~ ¢.

We will first show that it suffices to prove Proposition 3.9 for path formulas in
which the only operators are U, =, and A. For suppose we have done this, and that
we are given a formula ¢ which involves those three operators and possibly V as
well. We then transform ¢ into a formula ¢ involving only the first three operations
by replacing every occurrence of 6 V x with —((—6) A (=x)). Now a transition « is
e-transparent to 6V x iff « is e-transparent to —((—=6) A (—x)): this is because in the
syntax tree of the latter, the 6 and y lie under an even number (2) of negations.
It follows that « is e-transparent to ¢ iff a is e-transparent to 1. Hence a choice
of ample sets satisfies C2 iff that choice satisfies C2,. So if we are given a choice
of ample sets satisfying all four conditions for ¢ it will also satisfy those conditions
for 1, since the other three conditions do not depend on the formula. Moreover,
we have M = A¢p < M |= Ay, and M° = A¢ < M® = Asp, since for any infinite
path 7 in M, 7 = ¢ & 7 |= 9. By assumption, Proposition 3.9 holds for v, i.e.,
M = Ay & M’ = Ay, Hence M |= Ap & M® = Ag, as required. This shows
that Proposition 3.9 may be extended to formulas using V, and the same argument
shows that it can be extended, one operation at a time, to deal with the remaining
operators, by using the identities 8 — x = (=0) V x, F8 = trueUf, GO = —-F—0,
Ry = —((=0)U(—x)), and 0Wyx = (G6) v (#Ux).

So we now assume that the only operators occurring in ¢ are U, =, and A. The
proof will work by induction over the syntax tree for ¢, beginning at the leaf nodes
and working up the tree to the root. For each node u in the tree, we define two
statements p,, and q,,. The definitions depend on the value of ¢,.

If €, = 1, then we let p,, denote the statement

(22) for all infinite paths p, o in M for which p ~ o, p |E ¢y = 0 E ¢

and ¢, denote the statement

for all infinite paths 7 = (s, (g, 1,...)) in M for which aq is

(23) €y-transparent to ¢, 7 |= ¢, = Suffix; (1) = ¢.

If €, = 0 then p, and g, are obtained by replacing each occurrence of | in (22)
and (23) with }£.

We will show by induction that p,, A g, holds for all nodes u. This will complete
the proof of Proposition 3.9, since if u is the root node then p,, is just a restatement
of Proposition 3.9. But first, we will need the following:

Lemma 3.10. Suppose that u is a node in the syntax tree of ¢, p, Aqy holds, p and
o are infinite paths in M for which p ~~ o, d > 0, and ng is as in Proposition 3.6.
Then, if €, = 1, the following both hold:

(a) If Suffixq(p) = ¢u then Suffix,, (o) = ¢y,.
(b) If Suffix;(p) = ¢u for alli such that 0 < i < d, then Suffix, (o) = ¢, for all

k such that 0 < k < ngqg.
If e, = 0, then the same statements hold after replacing each occurrence of = with

=3

Proof. Let ng,nq,..., and 79,71, ..., be as in Proposition 3.6. We assume ¢, = 1,
the case €, = 0 being entirely similar.
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We first prove (a). By Proposition 3.6(d), Suffix;(p) ~ 74 * Suffix,,,(0). By pu,
this means that 74 * Suffix,,, () = ¢,. By Proposition 3.6(b), 74 consists entirely of
transitions that are O-transparent to ¢, i.e., transitions that are €,-transparent to
¢. By repeated application of g, we conclude that Suffix,, (o) E ¢, as required.

We now turn to (b). By (a), Suffix,, (o) E ¢, for 0 < i < d. Now suppose
0 < k < nq. By Proposition 3.6(a), 0 =ng <n; <..., and so k = n; + j for some
0<i<dand 0 <j < mngyy. Write o0 = (s, (8o, 01,.-.)). By Proposition 3.6(e),
Bris Bri+1s -+ Bnitj—1 are all O-transparent to ¢, i.e. €,-transparent to ¢, and so
repeated applications of q,, imply that Suffixi (o) E ¢y. O

We now return to the proof of Proposition 3.9. Suppose that u is a leaf node, so
p = ¢, € AP. Then for any infinite path p in M, p E ¢, < p € L(first(p)). Since
p ~» o = first(p) = first(c), p, holds. Statement g, follows from Definition 2.1
since Suffixy (7) = ¢y, © p € L(ag(s)).

Now suppose u is any node and p, A g, holds for all children v of u.

Suppose first that u has two children, v and w, and that ¢, = ¢, A ¢,. Then
€y = €y = €y. S0 Py A gy holds since, for any infinite path p, p | ¢y, iff p = ¢, and
pE duw.

Suppose instead that u has a single child v, and that ¢, = =¢,. Then ¢, = 1—¢,.
Now p,, A gy, holds since, for any infinite path p, p | ¢, iff p & ¢,

Suppose now that u has two children, v and w, and that ¢, = ¢, U¢,,. We will
first consider the case ¢, = 1. In this case, €, = ¢, = 1.

Let us first prove p,. So assume p, o are infinite paths starting at a state s, and
p ~ o. Suppose p = ¢,. We must show that o = ¢,. Since p = ¢,U¢,, there
exists d > 0 such that Suffixq(p) = ¢, and, for all 0 < i < d, Suffix;(p) = ¢y.
By Lemma 3.10(a), Suffix,,(c) E ¢, while by Lemma 3.10(b), Suffix;(c) E ¢,
whenever 0 < k < ng. This shows that o E ¢,Ug,, as required.

Let us now prove q,. So suppose m = (s, (g, a1,...)) is an infinite path in
M for which o is l-transparent to ¢,, and that 7 = ¢,. We must show that
Suffixy (1) = ¢y. Since ¢, = ¢, Uy, there exists d > 0 such that Suffixg(7) E ¢
and Suffix;(7) = ¢, for 0 < i < d. If d > 0, then we have

Suffixg_1 (Suffix, (7)) = Suffixg(7) = ¢y
Suffix; (Suffix; (7)) = Suffix; +1(7) = ¢» 0<j<d-1)

and hence Suffixy (1) | ¢, as required. On the other hand, if d = 0, then 7 |= ¢y,
and applying the inductive hypothesis gq,, we conclude that Suffix, (7) = ¢y, which
implies Suffix; (7) = ¢,. This completes the proof that p, A ¢, holds if €, = 1.

Consider now the case ¢, = 0. In this case, ¢, = ¢, = 0. We first prove
pu. So suppose that p = ¢,Ud¢,. There are two possibilities: (i) for all d > 0,
Suffixg(p) = dw, or (ii) for some d > 0, Suffixg(p) & ¢, and Suffix;(p) ¥ ¢y, for
0<i<d.

If (i) is the case, then by Lemma 3.10(b), for all d > 0 and k < ng, Suffixg (o) &
¢w. However, by Proposition 3.6(a), limg_,o, ng = 00, hence Suffix; (o) ¥~ ¢, for
all k£ > 0, which means that o [~ ¢, Ud,, as required.

If (ii) is the case, then it follows from Lemma 3.10(a) that Suffix,, () & ¢,
while Lemma 3.10(b) implies that Suffix; (o) & ¢, for 0 < k < ng. Again, this
means that o & ¢, Ug,,, establishing p,,.

We now turn to the proof of g, in the case that ¢, = 0. So suppose 7 =
(s, (g, 1, .. .)) is an infinite path in M for which «q is O-transparent to ¢,, and
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that 7 £ ¢,. We must show that Suffix; (7) £ ¢,. Again, there are two cases to
consider: (i) for all d > 0, Suffixq(7) & ¢, or (ii) for some d > 0, Suffixq(7) & ¢y
and Suffix; (7) & ¢y, for 0 < i < d.

If (i) is the case, then we certainly have

Suffixg(Suffixy (7)) = Suffixgr1(7) = ¢u (d>0),

which implies Suffix; (7) & ¢y, as required.
So suppose (ii) is the case. If d > 0, then

Suffixg_1 (Suffix (7)) = Suffixg(7) F ¢y
Suffix; (Suffix; (7)) = Suffix;11(7) ¥ ¢u 0<j<d-1),

whence again Suffix; (7) & ¢., as required. So suppose d = 0. Then 7 }~ ¢, and
7 & ¢. By the inductive hypotheses q, and gy, this means that Suffix; () & ¢,
and Suffix; (7) = ¢y,. Hence Suffix; (7) = ¢, Uy, = ¢, This establishes g, for the
case ¢, = 0, and completes the proof of Proposition 3.9

3.4. Conclusion. We can now complete the proof of Theorem 2.4. One direction
is clear: since any path in M® is a path in M, we have M = A¢ = M’ = A¢.
So we must show that M j= A¢ = M’ [~ A¢. So suppose M [~ Ag, i.c., there
is some infinite path p in M, whose start state s is in Sp, such that p £ ¢. By
Lemma 3.4, there exists an infinite path ¢ in M” starting at s such that p ~» o. By
Proposition 3.9, o £ ¢. Hence M® [ A¢, as required.

4. EXPERIMENTS

4.1. Methodology. The applications we consider concern parallel programs that
use the Message Passing Interface (MPI) [6]. We will use the formal definition of
a model of an MPI program described in [12,13]. A model essentially consists of
an automaton for each process and a set of channels, each with a fixed sending
and receiving process. The transitions may be labeled by local, send, or receive
events. Fach state in an automaton is either a terminal state (a state with no
outgoing transitions), a local-event state (all transitions departing from that state
are local), a sending state (there is only one departing transition and it is labeled by
a send event), a receiving state (all the departing transitions are labeled by receive
events), or a send-receive state—a state from which first a send can happen and
then a receive, or first a receive then the send. An independence relation I may be
defined so that (¢,t') € I iff ¢ and ¢’ are from distinct processes or they are from
the same process and one is a send and the other a receive.

The construction of the reduced structure is fairly standard and so we only
summarize it here. The construction proceeds by depth-first search. Given the
current state, the following sets are considered candidates for the ample set: (1)
all enabled transitions in a single process, if that process is at a local event state;
(2) all enabled send transitions in a single process, if that process is at a sending
or send-receive state; (3) all enabled receive transitions in a single process, if that
process is at a receiving or send-receive state for which every receiving channel has
at least one queued message. A candidate set is rejected if (a) it is empty, (b) it
contains a transition that is not transparent, or (c) it contains a transition that
leads to a state already on the search stack. If no candidate set survives rejection,
the set of all enabled transitions is used for the ample set, otherwise one candidate
set is chosen using some heuristic.



TRANSPARENT PARTIAL ORDER REDUCTION 15

This strategy ensures that if a proper ample set T' consists of transitions from a
single process P, then any transition dependent on a transition in T is also in P;
furthermore none of these dependent transitions are enabled and no action from
another process can enable them. This suffices to show that C1 is satisfied. It is
not hard to see the other ample set conditions are satisfied as well.

Our heuristic proceeds by first looping through the processes in order of increas-
ing process 1D, searching for a proper ample set that consists entirely of invisible
local event or receive transitions. If none is found, it then attempts to find a set
consisting of invisible send transitions. If this fails, it then repeats these attempts
but allowing transparent transitions (that are not necessarily invisible). If this also
fails then the set of all enabled transitions is used. The choice of this heuristic is
based on experience which suggests that invisible ample sets give the best reduc-
tion (when they exist), and those consisting of receives or local events generally do
better than those consisting of sends. It also guarantees that the resulting structure
is a subgraph of the structure that would result from the invisible ample search; in
fact, the heuristic can always be designed to have this property since any invisible
transition is also transparent.

The experiments were conducted using a modified version of the Java program
described in [11]. The program takes as input a model of an MPI program and
performs either a full or a reduced search. For a reduced search, the program
also takes as input a predicate specifying which transitions are to be considered
invisible/transparent in the POR algorithm described above. The predicates spec-
ifying transparency and invisibility were constructed by hand for each experiment,
though this process was sufficiently straightforward that it appears it would not
be difficult to automate. In each experiment, we used this approach to search (1)
the full Kripke structure, (2) the reduced structure using invisible POR, and (3)
the reduced structure using transparent POR. In each case, the number of states
was recorded. The program and all experimental data can be downloaded from
http://www.cis.udel.edu/~siegel/projects.

4.2. 3 Models and 8 Experiments. Our first model (Fig. 2, left) is derived
from the “multiple producer, single consumer” (MPSC) program of [14, Ex. 2.18].
In this program, n producers send messages to a single consumer, which consumes
from the producers in a cyclic fashion. As is the case with the other models, the
data is abstracted away altogether. The property to check is that producer 0 never
becomes permanently blocked, which can be expressed in LTL as AGF—full(cp),
where c¢g is the channel used by producer 0 to send to the consumer. Note that
all transitions other than cy! and ¢y? are invisible, while all transitions other than
co? are transparent. In experiment (a) the number of producers is fixed at 3 and
the channel size is scaled. In experiment (b), the channel size is fixed at 4 and the
number of producers is scaled.

The second model (Fig. 2, middle) derives from the “coordinator barrier” system
described in [1]. This system consists of n worker processes and one coordinator
process used to enforce a repeatable barrier among the workers. Each worker loops
forever and in each iteration performs some local computation and then enters and
exits the barrier. Entering the barrier is modeled by sending a message on ¢; and
exiting by receiving a message on d;. Three experiments were performed on this
system, each using a different property. The property for experiment (c) states
that if worker 0 enters the barrier then eventually all workers will be inside the
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FIGURE 2. Models

barrier and worker 0 will remain in the barrier until that time; this is expressed as
AG(enteryg — ingU A in;), where enter; = —empty(c;) and in; holds when worker i
is not at its start state. The property for (d) is that worker 0 will be outside of the
barrier infinitely often and is expressed AGF—ing. The property for (e) is that all
processes will be (simultaneously) inside the barrier infinitely often: AGF A, in;.

The third model (Fig. 2, right) derives from the “dissemination barrier” system
described in [1]. Instead of using a coordinator, the n processes use a symmetric
protocol to impose the barrier among themselves. The protocol proceeds in stages
0,1,...,[logy(n)] =1 = m. In stage j, for each i (0 < i < n), process i sends
a message to process i + 2/ and receives a message from process i — 27 using a
send-receive call. (Process IDs are reduced modulo n.) The same three properties
used for the coordinator barrier were used here, though the atomic propositions are
defined slightly differently: enter; holds when process i is at the state s; which is
the target of the transition labeled by local event A; in; holds when process i is at
neither the start state nor at s;. This yielded experiments (f), (g), and (h).

The results of experiments (a), (c), (f), and (h) are shown in Fig. 3. The graph
for (b) is similar in complexity to that of (a); (d) is similar to (h); (e) is similar to
(f); and (g) is similar to (c).

In all cases, the number of states explored by the full search increased expo-
nentially with the number of processes (and with the channel size in the case of
MPSC). The effect of the two reduction strategies is more varied. In (a), both the
invisible and the transparent searches reduced the complexity to a linear function,
and the slope for the transparent function is significantly lower than that of the
invisible one. In (c), all functions grow exponentially, but the invisible search ap-
pears to have an exponent equal to that of the full search, while the transparent
one has a significantly smaller exponent. In the case of (f), the transparent and in-
visible algorithms search identical spaces, which are significant improvements over
the full search. For (h), a moderate improvement is obtained in moving from full
to invisible, and again from invisible to transparent.
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5. RELATED WORK

The reader is referred to [3], [9], [2, Chap. 10], and the references cited in those
works for a guide to the large literature on partial order reduction. Two of the
pioneering works on LTL_ x-preserving POR methods are [15] and [7], both of
which require the invisibility condition.

A well-known automata-theoretic model checking algorithm involves the search
for reachable acceptance cycles in the product of an automaton representing the
Kripke structure and a Biichi automaton corresponding to —¢. This search can
take place on the fly, i.e., without first constructing the Kripke structure. An al-
gorithm combining the on-the-fly approach with the (invisibility-based) ample-set
POR algorithm is presented in [8] and is similar to the algorithm implemented in
SPIN [4]. A relaxation of the invisibility condition in this context is investigated
in [10]. The idea is to dynamically reduce the set of invisible transitions as the
on-the-fly search progresses. The algorithm requires a specific construction for the
Biichi automaton which annotates states with subformulas of —¢; the set of invis-
ible transitions is a function of the propositions appearing in certain subformulas
annotating the current state of the Biichi automaton.

A POR-like algorithm for verifying properties such as freedom from potential
deadlock in models of MPI programs is studied in [11]. Freedom from potential
deadlock can be expressed as AG—phalt, where phalt holds in any state for which the
only enabled transitions are sends which cannot be immediately followed by their
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matching receives. The key ingredients in that algorithm are (1) the introduction
of synchronous transitions and (2) the observation that receives, synchronous, and
local event transitions cannot change the truth value of phalt from true to false.
In the language of this paper, those transitions are transparent to G-phalt. In
fact, the main theorem of this paper evolved out of an attempt to generalize the
observations of [11].

Other relaxed-visibility techniques are described in [5]. Those techniques apply
to two specific CTL formulas (EF p and AG EF p) and are investigated in the
context of Petri nets. They involve certain sets of transitions called up sets and
down sets. Though the definitions are somewhat complex, the core idea is the
distinction between transitions that can only change the truth value of p from true
to false and those that can only change that value from false to true, an idea that
is also central in this paper.

6. CONCLUSION

We have described a simple modification to the ample set POR framework. The
modification is a relaxation of the invisibility condition that distinguishes between
propositions that occur only positively in the formula being checked, and those
that occur only negatively. The modified framework may open up opportunities for
reduction that do not exist in the standard framework. Furthermore, any heuristic
for choosing ample sets in the traditional framework can be extended so that the
modified algorithm does no worse (in terms of numbers of states or transitions
explored) than the standard algorithm.

To take advantage of the modified framework, one must be able to identify
program statements that preserve the truth (or falsity) of propositions occurring
in the formula. While sophisticated automated reasoning approaches might be
brought to bear on this problem, there are plenty of commonly-occurring scenarios
that can be easily (and probably automatically) detected. For example, if ¢ is a
FIFO channel, then a send operation on ¢ preserves the truth of full(c) and the
falsity of empty(c); a receive on ¢ preserves the truth of empty(c) and the falsity
of full(c). If z is a numeric variable then the assignment x <« = — 1 preserves the
truth of x < N and x < x4+ 1 preserves the truth of z > N. If p is a predicate that
holds iff the flow of control of a process is at a particular point then any statement
that results in transferring control to that point preserves the truth of p, and any
statement that results in transferring control to any other point preserves the falsity
of p.

We have applied the improved algorithm in the context of the verification of
some simple MPI programs. Our experiments show various degrees of (and in some
cases, dramatic) improvement over the standard algorithm. Yet, while the models
do share some features with typical MPI programs (e.g., most or all processes
are similar or identical), they are relatively simple, and a broader study using more
complex examples is needed in order to ascertain the effectiveness of the transparent
framework.

Beyond this, the most important work remaining involves combining the opti-
mization described here with other techniques, such as the on-the-fly algorithm or
the dynamic invisibility technique of [10]. It is easy enough to see how to combine
them—one can simply replace invisible with transparent in the descriptions of these
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algorithms—but the correctness proofs are not at all obvious and remain for future
work.

1
2
3

4

[5
[6

[7

8

10

[11

[12

[13

[14

[15

REFERENCES

] Gregory R. Andrews. Foundations of Multithreaded, Parallel, and Distributed Programming.
Addison-Wesley, 2000.

| Edmund M. Clarke, Jr., Orna Grumberg, and Doron A. Peled. Model Checking. MIT Press,

Cambridge, 1999.

Patrice Godefroid. Partial-Order Methods for the Verification of Concurrent Systems: An

Approach to the State-Ezxplosion Problem. Springer, Berlin, 1996.

] Gerard J. Holzmann and Doron Peled. An improvement in formal verification. In Dieter
Hogrefe and Stefan Leue, editors, Proceedings of the 7th IFIP WG6.1 Intl. Conference on
Formal Description Techniques (Forte ’94), volume 6 of IFIP Conference Proceedings, pages
197-211. Chapman & Hall, 1995.

] L. M. Kristensen, K. Schmidt, and A. Valmari. Question-guided stubborn set methods for

state properties. Formal Methods in System Design, 29(3):215-251, November 2006.

Message Passing Interface Forum. MPI: A Message-Passing Interface standard, version 1.1.

http://www.mpi-forum.org/docs/, 1995.

Doron Peled. All from one, one for all: On model checking using representatives. In Costas

Courcoubetis, editor, Computer-Aided Verification, 5th Intl. Conference (CAV ’93), volume

697 of LNCS, pages 409-423. Springer-Verlag, 1993.

Doron Peled. Combining partial order reductions with on-the-fly model-checking. Formal

Methods in System Design, 8(1):39-64, January 1996.

Doron Peled. Ten years of partial order reduction. In Alan J. Hu and Moshe Y. Vardi, editors,

Computer Aided Verification, 10th Intl. Conference (CAV ’98), volume 1427 of LNCS, pages

17-28. Springer, 1998.

| Doron Peled, Antti Valmari, and Ilkka Kokkarinen. Relaxed visibility enhances partial order
reduction. Formal Methods in System Design, 19(3):275-289, November 2001.

] Stephen F. Siegel. Efficient verification of halting properties for MPI programs with wildcard
receives. In Radhia Cousot, editor, Verification, Model Checking, and Abstract Interpretation:
6th Intl. Conference (VMCAI 2005), volume 3385 of LNCS, pages 413-429, 2005.

| Stephen F. Siegel and George S. Avrunin. Modeling MPI programs for verification. Technical
Report UM-CS-2004-75, Department of Computer Science, University of Massachusetts, 2004.

| Stephen F. Siegel and George S. Avrunin. Modeling wildcard-free MPI programs for verifica-
tion. In Proceedings of the 2005 ACM SIGPLAN Symposium on Principles and Practice of
Parallel Programming (PPoPP ’05), pages 95-106. ACM Press, 2005.

] Marc Snir, Steve Otto, Steven Huss-Lederman, David Walker, and Jack Dongarra. MPI—The
Complete Reference, Volume 1: The MPI Core. MIT Press, second edition, 1998.

] Antti Valmari. A stubborn attack on state explosion. Formal Methods in System Design,
1(4):297-322, December 1992.

THE VERIFIED SOFTWARE LABORATORY, DEPARTMENT OF COMPUTER AND INFORMATION SCI-

ENCES, UNIVERSITY OF DELAWARE, NEWARK, DE 19716, USA

E-mail address: siegel@cis.udel.edu



