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Part I

•
Introduction

•
N

ecessary m
athem

atical concepts

•
Support vector m

achines for binary 
classification: classical form

ulation

•
Basic principles of statistical m

achine learning
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Introduction
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A
bout this tutorial

4

M
ain goal:Fully understand support vector m

achines (and 
im

portant extensions) w
ith a m

odicum
 of m

athem
atics 

know
ledge.

•This tutorial is both m
odest (it d

o
e

s n
o

t in
v
e

n
t a

n
y

th
in

g
 n

e
w

)

and am
bitious (su

p
p

o
rt ve

cto
r m

a
ch

in
e

s a
re

 g
e

n
e

ra
lly

 

co
n

sid
e

re
d

 m
a

th
e

m
a

tica
lly

 q
u

ite
 d

ifficu
lt to

 g
ra

sp
).

•Tutorial approach: 
learning problem

 Æ
m

ain idea of the SV
M

 solution Æ
geom

etrical interpretation Æ
m

ath/theory Æ
basic algorithm

s Æ
extensions Æ

case studies.



D
ata-analysis problem

s of interest

1.
Build com

putational classification m
odels (or 

“cla
ssifie

rs”) that assign patients/sam
ples into tw

o or 
m

ore classes. 
-

Classifiers can be used for diagnosis, outcom
e prediction, and 

other classification tasks.

-
E.g., build a decision-support system

 to diagnose prim
ary and 

m
etastatic cancers from

 gene expression profiles of the patients:5

Classifier 
m

odel
Patient

Biopsy
G

ene expression
profile

Prim
ary Cancer

M
etastatic Cancer



D
ata-analysis problem

s of interest

2.
Build com

putational regression m
odels to predict values 

of som
e continuous response variable or outcom

e. 
-

Regression m
odels can be used to predict survival, length of stay 

in the hospital, laboratory test values, etc.

-
E.g., build a decision-support system

 to predict optim
al dosage 

of the drug to be adm
inistered to the patient. This dosage is 

determ
ined by the values of patient biom

arkers, and clinical and 
dem

ographics data:

6

Regression 
m

odel
Patient

Biom
arkers, 

clinical and 
dem

ographics data

O
ptim

al 
dosage is 5 
IU

/Kg/w
eek

1
2.2

3
423

2
3

92
2

1
8



D
ata-analysis problem

s of interest

3.
O

ut of all m
easured variables in the dataset, select the 

sm
allest subset of variables that is necessary for the 

m
ost accurate prediction (classification or regression) of 

som
e variable of interest (e.g., phenotypic response 

variable).
-

E.g., find the m
ost com

pact panel of breast cancer biom
arkers 

from
 m

icroarray gene expression data for 20,000 genes:

7

Breast 
cancer 
tissues

N
orm

al
tissues



D
ata-analysis problem

s of interest

4.
Build a com

putational m
odel to identify novel or outlier 

patients/sam
ples.

-
Such m

odels can be used to discover deviations in sam
ple 

handling protocol w
hen doing quality control of assays, etc.

-
E.g., build a decision-support system

 to identify aliens.
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D
ata-analysis problem

s of interest

5.
G

roup patients/sam
ples into several 

clusters based on their sim
ilarity. 

-
These m

ethods can be used to discovery 
disease sub-types and for other tasks.

-
E.g., consider clustering of brain tum

or 
patients into 4 clusters based on their gene 
expression profiles. A

ll patients have the 
sam

e pathological sub-type of the disease, 
and clustering discovers new

 disease 
subtypes that happen to have different 
characteristics in term

s of patient survival 
and tim

e to recurrence after treatm
ent.

9

Cluster #1

Cluster #2

Cluster #3

Cluster #4



Basic principles of classification

10

•
W

ant to classify objects as boats and houses.



Basic principles of classification

11

•
A

ll objects before the coast line are boats and all objects after the 
coast line are houses. 

•
Coast line serves as a d

e
cisio

n
 su

rfa
ce

that separates tw
o classes.



Basic principles of classification
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Th
ese b

o
ats w

ill b
e m

isclassified
 as h

o
u

ses



Basic principles of classification

13

Longitude

Latitude

Boat

H
ouse

•The m
ethods that build classification m

odels (i.e., “cla
ssifica

tio
n

 a
lg

o
rith

m
s”) 

operate very sim
ilarly to the previous exam

ple.
•First all objects are represented geom

etrically.



Basic principles of classification
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Longitude

Latitude

Boat

H
ouse

Then the algorithm
 seeks to find a decision 

surface that separates classes of objects 



Basic principles of classification
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Longitude

Latitude

?
?

?

?
?

?

These objects are classified as boats

These objects are classified as houses

U
nseen (new

) objects are classified as “boats” 
if they fall below

 the decision surface and as 
“houses” if the fall above it



T
he Support Vector M

achine (SV
M

) 
approach

16

•
Support vector m

achines (SV
M

s) is a binary classification 
algorithm

 that offers a solution to problem
 #1.

•
Extensions of the basic SV

M
 algorithm

 can be applied to 
solve problem

s #1-#5.

•
SV

M
s are im

portant because of (a) theoretical reasons:
-

Robust to very large num
ber of variables and sm

all sam
ples

-
Can learn both sim

ple and highly com
plex classification m

odels

-
Em

ploy sophisticated m
athem

atical principles to avoid overfitting

and (b) superior em
pirical results.



M
ain ideas of SV

M
s

17

Cancer patients
N

orm
al patients

G
ene X

G
ene Y

•
Consider exam

ple dataset described by 2 genes, gene X and gene Y
•

Represent patients geom
etrically (by “vectors”)



M
ain ideas of SV

M
s

18

•
Find a linear decision surface (“hyperplane”) that can separate 
patient classes and

has the largest distance  (i.e., largest “gap” or 
“m

argin”) betw
een border-line patients (i.e., “support vectors”);

Cancer patients
N

orm
al patients

G
ene X

G
ene Y



M
ain ideas of SV

M
s
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•
If such linear decision surface does not exist, the data is m

apped 
into a m

uch higher dim
ensional space (“feature space”) w

here the 
separating decision surface is found;

•
The feature space is constructed via very clever m

athem
atical 

projection (“kernel trick”).

G
ene Y

G
ene X

C
a

n
ce

r

N
o

rm
a

l

C
a

n
ce

r

N
o

rm
a

l

kernel

D
ecision surface



H
istory of SV

M
s and usage in the literature
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•
Support vector m

achine classifiers have a long history of 
developm

ent starting from
 the 1960’s.

•
The m

ost im
portant m

ilestone for developm
ent of m

odern SV
M

s 
is the 1992 paper by Boser, G

uyon, and Vapnik
(“A

 tra
in

in
g

 

a
lg

o
rith

m
 fo

r o
p

tim
a

l m
a

rg
in

 cla
ssifie

rs”)
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N
ecessary m

athem
atical concepts
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H
ow

 to represent sam
ples geom

etrically?
Vectors in n-dim

ensional space (4
n)

•
A

ssum
e that a sam

ple/patient is described by n
characteristics 

(“features” or “variables”)
•

Representation:Every sam
ple/patient is a vector in 4

n
w

ith 
tail at point w

ith 0 coordinates and arrow
-head at point w

ith 
the feature values.

•
Exam

ple:Consider a patient described by 2 features: 
Sy

sto
lic B

P
= 110 and A

g
e

= 29. 
This patient can be represented as a vector in 4

2:

22
Systolic BP

A
ge

(0, 0)

(110, 29)
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H
ow

 to represent sam
ples geom

etrically?
Vectors in n-dim

ensional space (4
n)

Patient 3
Patient 4

Patient 1
Patient 2

23

Patient 
id

Cholesterol 
(m

g/dl)
Systolic BP 

(m
m

H
g)

A
ge 

(years)
Tail of the 

vector
A

rrow
-head of 

the vector

1
150

110
35

(0,0,0)
(150,110, 35)

2
250

120
30

(0,0,0)
(250,120, 30)

3
140

160
65

(0,0,0)
(140,160, 65)

4
300

180
45

(0,0,0)
(300, 180, 45)

Age (years)
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H
ow

 to represent sam
ples geom

etrically?
Vectors in n-dim

ensional space (4
n)

Patient 3
Patient 4

Patient 1
Patient 2

24

Age (years)

Since w
e assum

e that the tail of each vector is at point w
ith 0 

coordinates, w
e w

ill also depict vectors as points (w
here the 

arrow
-head is pointing).



Purpose of vector representation
•H

aving represented each sam
ple/patient as a vector allow

s 
now

 to geom
etrically represent the decision surface that 

separates tw
o groups of sam

ples/patients.

•In order to define the decision surface, w
e need to introduce 

som
e basic m

ath elem
ents…

25
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Basic operation on vectors in 4
n

1. M
ultiplication by a scalar

Consider a vector                               and a scalar c
D

efine:

W
h

e
n

 y
o

u
 m

u
ltip

ly
 a

 ve
cto

r b
y
 a

 sca
la

r, y
o

u
 “stre

tch
” it in

 th
e

 

sa
m

e
 o

r o
p

p
o

site
 d

ire
ctio

n
 d

e
p

e
n

d
in

g
 o

n
 w

h
e

th
e

r th
e

 sca
la

r is 

p
o

sitive
 o

r n
e

g
a

tive
.
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,...,
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n
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a
a
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2
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( 2
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(   ac c a& &
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1

2
3

4

)2
,1

( 1
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(

�
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 �
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Basic operation on vectors in 4
n

2. A
ddition

Consider vectors                               and 

D
efine:

R
e

ca
ll a

d
d

itio
n

 o
f fo

rce
s in

 

cla
ssica

l m
e

ch
a

n
ics.

)
,...,

,
(

2
1

n
a

a
a

a
 

&
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1
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n
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a
�
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�
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&
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1

2
3

4

)2
,4
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&
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a

&
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Basic operation on vectors in 4
n

3. Subtraction

Consider vectors                               and 

D
efine:

W
h

a
t ve

cto
r d

o
 w

e
 

n
e

e
d

 to
 a

d
d

 to
    to

 

g
e

t    ?
 I.e

., sim
ila

r to
 

su
b

tra
ctio

n
 o

f re
a

l 

n
u

m
b

e
rs.

)
,...,
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2
1

n
a

a
a

a
 

&
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&
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Basic operation on vectors in 4
n

4. Euclidian length or L2-norm

Consider a vector                              

D
efine the L2-norm

:

W
e often denote the L2-norm

 w
ithout subscript, i.e.     

)
,...,

,
(

2
1

n
a

a
a

a
 

&

29

2
22

21
2

...
n
a

a
a

a
�

�
�

 
&

24
.2

5 )2
,1(

2
|

 

 a a& &

a &
1 2 30

1
2

3
4

Length of this 
vector is §�����

a &

L2
-n

o
rm

 is a
 ty

p
ica

l w
a

y
 to

 

m
e

a
su

re
 le

n
g

th
 o

f a
 ve

cto
r; 

o
th

e
r m

e
th

o
d

s to
 m

e
a

su
re

 

le
n

g
th

 a
lso

 e
xist.



Basic operation on vectors in 4
n

5. D
ot product

Consider vectors                               and 

D
efine dot product:

The law
 of cosines says that                                            w

here 
ș

is the angle betw
een    and   . Therefore, w

hen the vectors 
are perpendicular                .

)
,...,

,
(

2
1

n
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a
 

&
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Basic operation on vectors in 4
n

5. D
ot product

(continued)

•
Property: 

•
In the classical regression equation 

the response variable y
is just a dot product of the 

vector representing patient characteristics (   ) and

the regression w
eights vector (

) w
hich is com

m
on

across all patients plus an offset b.

31
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H
yperplanes as decision surfaces

•
A

 hyperplane is a linear decision surface that splits the space 
into tw

o parts;

•
It is obvious that a hyperplane is a binary classifier.
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Equation of a hyperplane

Source: http://w
w

w
.m

ath.um
n.edu/~nykam

p/

First w
e show

 w
ith show

 the definition of 
hyperplane by an interactive dem

onstration.

or go to http://w
w

w
.dsl-lab.org/svm

_tutorial/planedem
o.htm

l

C
lick here for dem

o to begin



Equation of a hyperplane
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Consider the case of 4
3:

A
n equation of a hyperplane is defined 

by a point (P
0 ) and a perpendicular 

vector to the plane (   ) at that point.
w &

P
0

P

w &0
x &

x &

0
x

x
&

&
�

D
efine vectors:                    and                , w

here P
is an arbitrary point on a hyperplane.

0
0
O
P

x
 

&
O
P

x
 

&

A
 condition for P

to be on the plane is that the vector              is perpendicular to     :

The above equations also hold for 4
n

w
hen n>3.
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Equation of a hyperplane
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�

�x
w

&
&

W
hat happens if the b

coefficient changes? 
The hyperplane m

oves along the direction of    . 
W

e obtain “parallel hyperplanes”.
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(D
erivation of the distance betw

een tw
o 

parallel hyperplanes)
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R
ecap
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W
e know

…
•

H
ow

 to represent patients (as “vectors”)
•

H
ow

 to define a linear decision surface (“hyperplane”)

W
e need to know

…
•

H
ow

 to efficiently com
pute the hyperplane that separates 

tw
o classes w

ith the largest “gap”?

Î
N

eed to introduce basics 
of relevant optim

ization 
theory

Cancer patients
N

orm
al patients

G
ene X

G
ene Y



Basics of optim
ization: 

C
onvex functions

38

•
A

 function is called co
n

ve
x

if the function lies below
 the 

straight line segm
ent connecting tw

o points, for any tw
o 

points in the interval.
•

Property: A
ny local m

inim
um

 is a global m
inim

um
!

Convex function
N

on-convex function

G
lobal m

inim
um

G
lobal m

inim
um

Local m
inim

um
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•Q
uadratic program

m
ing (Q

P) is a special 
optim

ization problem
: the function to optim

ize 
(“o

b
je

ctive”) is quadratic, subject to linear 
co

n
stra

in
ts.

•Convex Q
P problem

s have convex objective 
functions.

•These problem
s can be solved easily and efficiently 

by greedy algorithm
s (because every local 

m
inim

um
 is a global m

inim
um

).

Basics of optim
ization: 

Q
uadratic program

m
ing (Q

P)



Consider 

M
inim

ize                    subject to

This is Q
P problem

, and it is a convex Q
P as w

e w
ill see later

W
e can rew

rite it as:

M
inim

ize                             subject to
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Basics of optim
ization: 

Exam
ple Q

P problem
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Basics of optim
ization: 

Exam
ple Q

P problem

x
1

x
2

f(x
1 ,x

2 )

)
(

2 1
22

21
x

x
�

1
2

1
�

�x
x

0
1

2
1

t
�

�x
x

0
1

2
1

d
�

�x
x

The solution is x
1 =1/2

and x
2 =1/2.



Congratulations! You have m
astered 

all m
ath elem

ents needed to 
understand support vector m

achines. 

N
ow

,  let us strengthen your 
know

ledge by a quiz -

42



1)
Consider a hyperplane show

n 
w

ith w
hite. It is defined by 

equation: 
W

hich of the three other 
hyperplanes can be defined by 
equation:                          ?

-O
range

-G
reen

-Yellow

2) W
hat is the dot product betw

een 
vectors                  and                   ?

Q
uiz
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1

3) W
hat is the dot product betw

een 
vectors                  and                  ?

4) W
hat is the length of a vector 

and w
hat is the length of 

all other red vectors in the figure?

Q
uiz
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5) W
hich of the four functions is/are convex?

Q
uiz

45
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Support vector m
achines for binary 

classification: classical form
ulation

46



C
ase 1: Linearly separable data; 
“H

ard-m
argin” linear SV

M
G

iven training data:

47

}1
,1

{
,...,

,
,...,

,

2
1

2
1

�
�

� �N

n
Ny

y
y

R
x

x
x

&
&

&Positive instances (y=+1)
N

egative instances (y=-1)

•
W

ant to find a classifier 
(hyperplane) to separate 
negative instances from

 the 
positive ones.

•
A

n infinite num
ber of such 

hyperplanes exist.
•

SV
M

s finds the hyperplane that 
m

axim
izes the gap betw

een 
data points on the boundaries 
(so-called “support vectors”).

•
If the points on the boundaries 
are not inform

ative (e.g., due to 
noise), SV

M
s w

ill not do w
ell.



w &
Since w

e w
ant to m

axim
ize the gap,

w
e need to m

inim
ize

or equivalently m
inim

ize

Statem
ent of linear SV

M
 classifier

48

Positive instances (y=+1)
N

egative instances (y=-1)
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The gap is distance betw
een 

parallel hyperplanes:

and

O
r equivalently:

W
e know

 that

Therefore:
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D
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(     is convenient for taking derivative later on)
2 1



In sum
m

ary:

W
ant to m

inim
ize            subject to                                   for i= 1,…

,N
Then given a new

 instance x, the classifier is 

Statem
ent of linear SV

M
 classifier

49

Positive instances (y=+1)
N

egative instances (y=-1)
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In addition w

e need to 
im

pose constraints that all 
instances are correctly 
classified. In our case:

ifif

Equivalently: 1�
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M
inim

ize                 subject to                                       for i= 1,…
,N

SV
M

 optim
ization problem

: 
Prim

al form
ulation

50

¦
 ni

i
w1

2
2 1

0
1

)
(

t
�

�
�

b
x

w
y

i
i

&
&

O
bjective function

Constraints

•This is called “p
rim

a
l fo

rm
u

la
tio

n
 o

f lin
e

a
r SV

M
s”.

•It is a convex quadratic program
m

ing (Q
P) 

optim
ization problem

 w
ith n

variables (w
i , i= 1,…

,n), 
w

here n
is the num

ber of features in the dataset.



SV
M

 optim
ization problem

: 
D

ual form
ulation

51

•The previous problem
 can be recast in the so-called “d

u
a

l 

fo
rm

” giving rise to “d
u

a
l fo

rm
u

la
tio

n
 o

f lin
e

a
r SV

M
s ”.

•It is also a convex quadratic program
m

ing problem
 but w

ith 
N

variables (D
i ,i= 1,…

,N
), w

here N
is the num

ber of 
sam

ples.

M
axim

ize                                               subject to              and                    .

Then the w
-vector is defined in term

s of D
i :

A
nd the solution becom

es:
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SV
M

 optim
ization problem

: 
Benefits of using dual form

ulation

52

1) N
o need to access original data, need to access only dot 

products.

O
bjective function:

Solution:

2) N
um

ber of free param
eters is bounded by the num

ber 
of support vectors and not by the num

ber of variables 
(beneficial for high-dim

ensional problem
s).

E.g., if a m
icroarray dataset contains 20,000 genes and 100 

patients, then need to find only up to 100 param
eters!
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M
inim

ize                 subject to                                       for i= 1,…
,N

(D
erivation of dual form

ulation)

53
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O
bjective function

Constraints

A
pply the m

ethod of Lagrange m
ultipliers.

D
efine Lagrangian

W
e need to m

inim
ize this Lagrangian w

ith respect to          and sim
ultaneously 

require that the derivative w
ith respect to        vanishes , all subject to the 

constraints that 
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(D
erivation of dual form

ulation)
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If w
e set the derivatives w

ith respect to          to
0, w

e obtain:

W
e substitute the above into the equation for                        and obtain “d

u
a

l 

fo
rm

u
la

tio
n

 o
f lin

e
a

r SV
M

s”:

W
e seek to m

axim
ize the above Lagrangian w

ith respect to     , subject to the 

constraints that               and                      .

b
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C
ase 2: N

ot linearly separable data;
“Soft-m

argin” linear SV
M

55

W
ant to m

inim
ize                               subject to                                         for i= 1,…

,N

Then given a new
 instance x, the classifier is 

¦
 

�
Ni

i
C

w
1

2
2 1

[
&

i
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i
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w
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�
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)

(
&

&

)
(

)
(

b
x

w
sign

x
f

�
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&

&

A
ssign a “slack variable” to each instance              , w

hich can be thought of distance from
 

the separating hyperplane if an instance is m
isclassified and 0 otherw

ise.
0

ti
[

0
0

0 0
0

0
00

0
0

0

0

0
0

0
W

hat if the data is not linearly 
separable? E.g., there are 
outliers or noisy m

easurem
ents, 

or the data is slightly non-linear.

W
ant to handle this case w

ithout changing 
the fam

ily of decision functions.

A
pproach:



Tw
o form

ulations of soft-m
argin 

linear SV
M

56

M
inim

ize                                subject to                                        for i= 1,…
,N
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M
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ize                                                     subject to                      and                   

for i= 1,…
,N
.

O
bjective function

Constraints

P
rim

a
l fo

rm
u

la
tio

n
:

D
u

a
l fo

rm
u

la
tio

n
:



Param
eter C

in soft-m
argin SV

M

57

M
inim

ize                               subject to                                         for i= 1,…
,N
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w
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2
2 1
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&

i
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i
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x
w

y
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�
t

�
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1
)

(
&

&

C=100
C=1

C=0.15
C=0.1

•
W

hen C
is very large, the soft-

m
argin SV

M
 is equivalent to 

hard-m
argin SV

M
;

•
W

hen C
is very sm

all, w
e 

adm
it m

isclassifications in the 
training data at the expense of 
having w

-vector w
ith sm

all 
norm

;
•

C
has to be selected for the 

distribution at hand as it w
ill 

be discussed later in this 
tutorial.



C
ase 3: N

ot linearly separable data;
Kernel trick

58

G
ene 2

G
ene 1

Tu
m

o
r

N
o

rm
a

l

Tu
m

o
r

N
o

rm
a

l
?

?

D
ata is not linearly separable 

in the input space
D

ata is linearly separable in the 
feature space

obtained by a kernel

kernel

)

H
R

o
)

N
:



D
ata in a higher dim

ensional feature space

Kernel trick

59
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O
riginal data     (in input space)

Therefore, w
e do not need to know

 ˇ
explicitly, w

e just need to 
define function K(·, ·): 4

N
×
4

N
Æ

4
.

N
ot every function 4

N
×
4

N
Æ

4
�can be a valid kernel; it has to satisfy so-called 

M
ercer conditions. O

therw
ise, the underlying quadratic program

 m
ay not be solvable.



Popular kernels
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A
 kernel is a dot product in so

m
e

feature space: 

Exam
ples:

Linear kernel
G

aussian kernel
Exponential kernel

Polynom
ial kernel

H
ybrid kernel

Sigm
oidal
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)
,

(

)
exp(
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U
nderstanding the G

aussian kernel61

)
exp(

)
,

(
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j
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x
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K
&
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J
Consider G

aussian kernel: 

G
eom

etrically, this is a “bum
p” or “cavity” centered at the 

training data point      :j
x &

The resulting 
m

apping function 
is a com

bination 
of bum

ps and 
cavities.

Æ
"bum

p”
Æ

“cavity”



U
nderstanding the G

aussian kernel62

Several m
ore view

s of the 
data is m

apped to the 
feature space by G

aussian 
kernel



63

U
nderstanding the G

aussian kernel
Linear hyperplane 
that separates tw

o 
classes



Consider polynom
ial kernel: 

A
ssum

e that w
e are dealing w

ith 2-dim
ensional data 

(i.e., in 4
2). W

here w
ill this kernel m

ap the data?

U
nderstanding the polynom

ial kernel64
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Exam
ple of benefits of using a kernel65
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D

ata is not linearly separable 
in the input space (4
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A
pply kernel

to m
ap data to a higher 

dim
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dim
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here it is 
linearly separable.
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Exam
ple of benefits of using a kernel66
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C
om

parison w
ith m

ethods from
 classical 

statistics &
 regression

67

•
N

eed ш�ϱ�ƐĂŵ
ƉůĞƐ�ĨŽƌ�ĞĂĐŚ�ƉĂƌĂŵ

ĞƚĞƌ�ŽĨ�ƚŚĞ�ƌĞŐƌĞƐƐŝŽŶ�
m

odel to be estim
ated:

•
SV

M
s do not have such requirem

ent &
 often require 

m
uch less sam

ple than the num
ber of variables, even 

w
hen a high-degree polynom

ial kernel is used.

N
um

ber of 
variables

Polynom
ial 

degree
N

um
ber of 

param
eters

Required 
sam

ple

2
3

10
50

10
3

286
1,430

10
5

3,003
15,015

100
3

176,851
884,255

100
5

96,560,646
482,803,230



Basic principles of statistical 
m

achine learning

68



G
eneralization and overfitting

•
G

eneralization:A
 classifier or a regression algorithm

 
learns to correctly predict output from

 given inputs 
not only in previously seen sam

ples but also in 
previously unseen sam

ples.

•
O

verfitting: A
 classifier or a regression algorithm

 
learns to correctly predict output from

 given inputs 
in previously seen sam

ples but fails to do so in 
previously unseen sam

ples.

•
O

verfitting Î
Poor generalization.

69



Predictor X

O
utcom

e of 
Interest Y

Training D
ata

Test D
ata

Exam
ple of overfitting and generalization

•
A

lgorithm
 1 learned non-reproducible peculiarities of the specific sam

ple 
available for learning but did not learn the general characteristics of the function 
that generated the data. Thus, it is overfitted and has poor generalization.

•
A

lgorithm
 2 learned general characteristics of the function that produced the 

data. Thus, it generalizes.
70

A
lgorithm

 2

A
lgorithm

 1

There is a linear relationship betw
een predictor and outcom

e (plus som
e G

aussian noise). 

Predictor X

O
utcom

e of 
Interest Y



“Loss + penalty” paradigm
 for learning to 

avoid overfitting and ensure generalization

•M
any statistical learning algorithm

s (including SV
M

s) 
search for a decision function by solving the follow

ing 
optim

ization problem
:

M
inim

ize (Lo
ss

+ ʄ
P

e
n

a
lty)

•Loss
m

easures error of fitting the data 

•Penalty
penalizes com

plexity of the learned function

•ʄ
is regularization param

eter that balances Loss
and Penalty

71



SV
M

s in “loss + penalty” form

SV
M

s build the follow
ing classifiers: 

Consider soft-m
argin linear SV

M
 form

ulation:

Find     and     that

M
inim

ize                         subject to                                for i= 1,…
,N

This can also be stated as:

Find     and     that

M
inim

ize 

(in fact, one can show
 that ʄ

= 1/(2
C)).

72
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M
eaning of SV

M
 loss function

Consider loss function:

•
Recall that […

]+
indicates the positive part

•
For a given sam

ple/patient i, the loss is non-zero if

•
In other w

ords, 

•
Since                   , this m

eans that the loss is non-zero if
for y

i = +1
for y

i = -1

•
In other w

ords, the loss is non-zero if
for y

i = +1
for y

i = -1
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&
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M
eaning of SV

M
 loss function

Positive instances (y=+1)
N

egative instances (y=-1)

0
 

�
�

b
x

w
&

&

1�
 

�
�

b
x

w
&

&

1�
 

�
�

b
x

w
&

&1
2

3
4

•
If the instance is negative, 
it is penalized only in 
regions 2,3,4

•
If the instance is positive, 
it is penalized only in 
regions 1,2,3



Flexibility of “loss + penalty” fram
ew

ork75

Loss
function

Penalty function
Resulting algorithm

H
inge loss:

SV
M

s

M
ean

squared error:
Ridge regression

M
ean

squared error:
Lasso

M
ean

squared error:
Elastic net

H
inge loss:

1-norm
 SV

M

M
inim

ize (Lo
ss

+ ʄ
P

e
n

a
lty)

¦
 

�
�

Ni
i

i
x

f
y

1
)]

(
1[

&
22

w &
O

¦
 

�
Ni

i
i

x
f

y
1

2
))

(
(

&
22

w &
O

¦
 

�
Ni

i
i

x
f

y
1

2
))

(
(

&
1

w &
O

¦
 

�
�

Ni
i

i
x

f
y

1
)]

(
1[

&

1
w &

O

¦
 

�
Ni

i
i

x
f

y
1

2
))

(
(

&
22

2
1

1
w

w
&

&
O

O
�



Part 2

•
M

odel selection for SV
M

s
•

Extensions to the basic SV
M

 m
odel:

1.
SV

M
s for m

ulticategory data
2.

Support vector regression
3.

N
ovelty detection w

ith SV
M

-based m
ethods

4.
Support vector clustering

5.
SV

M
-based variable selection

6.
Com

puting posterior class probabilities for SV
M

 
classifiers

76



M
odel selection for SV

M
s

77
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N
eed for m

odel selection for SV
M

s

G
ene 2

G
ene 1

Tu
m

o
r

N
o

rm
a

l

•
It is im

possible to find a linear SV
M

 classifier 
that separates tum

ors from
 norm

als! 
•

N
eed a non-linear SV

M
 classifier, e.g. SV

M
 

w
ith polynom

ial kernel of degree 2 solves 
this problem

 w
ithout errors.

G
ene 2

G
ene 1

Tu
m

o
r

N
o

rm
a

l

•
W

e should not apply a non-linear SV
M

 
classifier w

hile w
e can perfectly solve 

this problem
 using a linear SV

M
 

classifier!
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A
 data-driven approach for 

m
odel selection for SV

M
s

•
D

o not know
 a

 p
rio

ri w
hat type of SV

M
 kernel and w

hat kernel 
param

eter(s) to use for a given dataset?
•

N
eed to exam

ine various com
binations of param

eters, e.g. 
consider searching the follow

ing grid:

•
H

ow
 to search this grid w

hile producing an unbiased estim
ate 

of classification perform
ance?

Polynom
ialdegree d

Param
eter 

C

(0.1,1)
(1, 1)

(10,1)
(100, 1)

(1000, 1)

(0.1,2)
(1, 2)

(10,2)
(100, 2)

(1000, 2)

(0.1,3)
(1, 3)

(10,3)
(100, 3)

(1000, 3)

(0.1,4)
(1, 4)

(10,4)
(100, 4)

(1000, 4)

(0.1,5)
(1, 5)

(10,5)
(100, 5)

(1000, 5)
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N
ested cross-validation

Recall the m
ain idea of cross-validation:

data
train

test

train

test
train

test

W
hat com

bination of SV
M

 
param

eters to apply on 
training data?

train

valid
train

valid

train

Perform
 “grid search” using another nested 

loop of cross-validation.
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Exam
ple of nested cross-validation

P1P2P3
^ data

O
uter  Loop

Inner Loop
Training 

set
Validation 

set
C

Accuracy
Average 
Accuracy

P1
P2

86%
P2

P1
84%

P1
P2

70%
P2

P1
90%

1
85%

2
80%

Training 
set

Testing 
set

C
Accuracy

Average 
Accuracy

P1, P2
P3

1
89%

P1,P3
P2

2
84%

P2, P3
P1

1
76%

83%

choose
C=1

`

……

Consider that w
e use 3-fold cross-validation and w

e w
ant to 

optim
ize param

eter C that takes values “1” and “2”.
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O
n use of cross-validation

•Em
pirically w

e found that cross-validation w
orks w

ell 
for m

odel selection for SV
M

s in m
any problem

 
dom

ains;
•M

any other approaches that can be used for m
odel 

selection for SV
M

s exist, e.g.:
�

G
eneralized cross-validation

�
Bayesian inform

ation criterion (BIC)
�

M
inim

um
 description length (M

D
L)

�
Vapnik-Chernovenkis

(V
C) dim

ension
�

Bootstrap



SV
M

s for m
ulticategory data

83
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O
ne-versus-rest m

ulticategory 
SV

M
 m

ethod*
**

*
*

*
*

*
*

*
*

*

*

*

* *

*

G
ene 1

G
ene 2

Tu
m

o
r I

Tu
m

o
r II

Tu
m

o
r III

?

?
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O
ne-versus-one m

ulticategory
SV

M
 m

ethod*
**

*
*

*
*

*
*

*
*

*

*

*

* *

*

G
ene 1

G
ene 2

Tu
m

o
r I

Tu
m

o
r II

Tu
m

o
r III

?

?
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D
A

G
SV

M
 m

ulticategory 
SV

M
 m

ethod

N
ot A

LL B-cell

A
M

L vs. A
LL T-cell

A
LL B

-cell vs. A
LL T-cell

A
M

L vs. A
LL B

-cell 

N
ot A

M
L

N
ot A

LL B
-cell

N
ot A

LL T-cell
N

ot A
M

L

A
LL T-cell

A
LL B-cell

A
M

L

N
ot A

LL T-cell

A
M

L vs. A
LL T-cell

A
LL B

-cell vs. A
LL T-cell

A
LL B-cell
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SV
M

 m
ulticategory m

ethods by W
eston 

and W
atkins and by C

ram
m

er and Singer

*
**

*
*

*
*

*
*

*
*

*

*

*

* *

*

G
ene 1

G
ene 2

?

?



Support vector regression

88
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H-Support vector regression (H-SV
R

)

G
iven training data:

R
y

y
y

R
x

x
x

N

n
N

� �
,...,

,
,...,

,

2
1

2
1

&
&

&

M
ain idea:

Find a function 
that approxim

atesy
1 ,…

,y
N

:
•

it has at m
ost H

derivation from
the true valuesy

i
•

it is as “flat” as possible (to 
avoid overfitting)

**
*

*

*
*

*
*

*
*

*
* *
*

*

*

*

x

y
+H-H

b
x

w
x

f
�

�
 

&
&

&)
(

E.g., build a m
odel to predict survival of cancer patients that 

can adm
it a one m

onth error (= H
).



Find 

by m
inim

izing               subject 
to constraints:

for i= 1,…
,N

.

90

Form
ulation of “hard-m

argin” H-SV
R

0
 

�
�

b
x

w
&

&

2
2 1
w &H H�

t
�

�
�

d
�

�
�

)
(

)
(

b
x

w
y

b
x

w
y

i i
&

&

&
&

**
*

*

*
*

*
*

*
*

*
* *

*

*

x

y
+H-H

b
x

w
x

f
�

�
 

&
&

&)
(

I.e., difference betw
een y

i and the fitted function should be sm
aller 

than H
and larger than -H

Ù
all points

y
i should be in the “H-ribbon” 

around the fitted function.
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Form
ulation of “soft-m

argin” H-SV
R

**
*

*

*
*

*
*

*
*

*
* *

*

*

x

y
+H-H

*

*

If w
e have points like this 

(e.g., outliers or noise) w
e 

can either:

a)
increase H

to ensure
that 

these points are w
ithin the 

new
 H-ribbon, or

b)
assign a penalty (“slack” 
variable) to each of this 
points (as w

as done for 
“soft-m

argin” SV
M

s)
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Form
ulation of “soft-m

argin” H-SV
R

**
*

*

*
*

*
*

*
*

*
* *

*

*

x

y
+H-H

*

*

[
i

[
i *

Find 

by m
inim

izing               

subject to constraints:

for i= 1,…
,N

.

�
�

¦
 

�
�

Ni
i

i
C

w
1

*
2

2 1
[

[
&

0
,

)
(

)
(*

*

t

�
�

t
�

�
�

�
d

�
�

�

i
i

i
i

i
i

b
x

w
y

b
x

w
y

[
[

[
H

[
H

&
&

&
&

b
x

w
x

f
�

�
 

&
&

&)
(

N
otice that only points outside H-ribbon are penalized!
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N
onlinear H-SV

R

**
*

*
*

*
*

*

*
*

*
* *
*

*

)
(x)

y
-)

(H)

x

y
+H-H

kernel

)
+)

(H)

*
* *

*

**
*

*

*
*

*
**

*
*

x

y
+H-H

*
* *

*

**
*

*

*
*

*
**

*
*

Cannot approxim
ate w

ell 
this function w

ith sm
all H!

1�
)



Build decision function of the form
: 

Find     and     that

M
inim

ize 

94

H-Support vector regression in 
“loss + penalty” form

22
1

)
|)

(
|,

0
m

ax(
w

x
f

y
Ni

i
i

&
&

O
H

¦
 

�
�

�

b
x

w
x

f
�

�
 

&
&

&)
(

w &
b

Lo
ss 

(“lin
e

a
r H-insensitive loss”)

P
e

n
a

lty

E
rro

r in
 a

p
p

ro
xim

a
tio

n
  

Lo
ss fu

n
ctio

n
 v

a
lu

e
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C
om

paring H-SV
R

 w
ith popular 

regression m
ethods

Loss
function

Penalty function
Resulting algorithm

Linear H-insensitive loss:
H-SV

R

Q
uadratic H-insensitive loss:

A
nother variant of H-SV

R

M
ean

squared error:
Ridge regression

M
ean linear

error:
A

nother
variant of ridge 

regression

¦
 

�
�

Ni
i

i
x

f
y

1
)

|)
(

|,
0

m
ax(

H
&

22
w &

O

¦
 

�
Ni

i
i

x
f

y
1

2
))

(
(

&
22

w &
O

¦
 

�
Ni

i
i

x
f

y
1

|)
(

|
&

22
w &

O

¦
 

�
�

Ni
i

i
x

f
y

1

2
)

))
(

(,
0

m
ax(

H
&

22
w &

O
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C
om

paring loss functions of regression 
m

ethods

H
-H

Lo
ss fu

n
ctio

n
 

v
a

lu
eE

rro
r in

 
a

p
p

ro
xim

a
tio

n
  

H
-H

Lo
ss fu

n
ctio

n
 

v
a

lu
eE

rro
r in

 
a

p
p

ro
xim

a
tio

n
  

H
-H

Lo
ss fu

n
ctio

n
 

v
a

lu
eE

rro
r in

 
a

p
p

ro
xim

a
tio

n
  

H
-H

Lo
ss fu

n
ctio

n
 

v
a

lu
eE

rro
r in

 
a

p
p

ro
xim

a
tio

n
  

Linear H-insensitive loss
Q

uadratic H-insensitive loss

M
ean squared error

M
ean linear error
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A
pplying H-SV

R
 to real data

In the absence of dom
ain know

ledge about decision 
functions, it is recom

m
ended to optim

ize the follow
ing 

param
eters (e.g., by cross-validation using grid-search):

•
param

eter C
•

param
eter H

•
kernel param

eters (e.g., degree of polynom
ial)

N
otice that param

eter H
depends on the ranges of 

variables in the dataset; therefore it is recom
m

ended to 
norm

alize/re-scale data prior to applying H-SV
R.



N
ovelty detection w

ith SV
M

-based 
m

ethods

98
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W
hat is it about?

•
Find the sim

plest and m
ost 

com
pact region in the space of 

predictors w
here the m

ajority 
of data sam

ples “live” (i.e., 
w

ith the highest density of 
sam

ples). 
•

Build a decision function that 
takes value +1 in this region 
and -1 elsew

here.
•

O
nce w

e have such a decision 
function, w

e can identify novel 
or outlier sam

ples/patients in 
the data.

Predictor X

**
* *

*

*

* *
**

*
**

* *
*

*
*

*
* *

* *
*

**

*

*
*

*
*

**
*

*

*
*

*
**

* **

*

*
*

*
*

* *
* *

* **
**

***
*

* * *
*

*

*
* **
*

* *
*

**

** *

*
**

*
** *

*
* * *

*
*

*
* * * *

* **
**

**

Predictor Y

*
*

* *

D
ecision function = +1

D
ecision function = -1

* ***
* **

*
* ***

* **
*
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Key assum
ptions

•
W

e do not know
 classes/labels of sam

ples (positive 
or negative) in the data available for learning
Î

this is not a classification problem
•

A
ll positive sam

ples are sim
ilar but each negative 

sam
ple can be different in its ow

n w
ay

Thus, do not need to collect data for negative sam
ples!
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Sam
ple applications

“N
ovel”

“N
ovel”

“N
ovel”

“N
orm

al”

M
odified from

: w
w

w
.cs.huji.ac.il/course/2004/learns/N

oveltyD
etection.ppt
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Sam
ple applications

D
iscover deviations in sam

ple handling protocol w
hen 

doing quality control of assays.

P
ro

te
in

 X

P
ro

te
in

 Y

**
* ** **

*
* *

** *

*
**

***

* *
*

*
*

* *

*
* *

*

*

*

* *
* *

**

*

*
*

*
*

*
**

*

*
*

* *
*

* **

*

Sam
ples w

ith high-quality 
of processing

***

Sam
ples w

ith low
 quality 

of processing from
 infants

Sam
ples w

ith low
 quality of 

processing from
 patients 

w
ith lung cancer

Sam
ples w

ith low
 quality of 

processing from
 ICU

 patients 

Sam
ples w

ith low
 quality 

of processing from
 the 

lab of D
r. Sm

ith
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Sam
ple applications

Identify w
ebsites that discuss benefits of proven cancer 

treatm
ents.

W
e

ig
h

te
d

 

fre
q

u
e

n
cy

 o
f 

w
o

rd
 Y

**
* ** **

*
* *

** *

*
**

***

* *
*

*
*

* *

*
* *

*

*

*

* *
* *

*

**

*

*

*
*

*
*

*
**

*
*

*
*

* *

*
*

*

W
ebsites that discuss 

benefits of proven cancer 
treatm

ents

*
*

*
*

W
ebsites that discuss side-effects of 

proven cancer treatm
ents

Blogs of cancer patients

W
ebsites that discuss 

cancer prevention 
m

ethods

W
e

ig
h

te
d

 

fre
q

u
e

n
cy

 o
f 

w
o

rd
 X

* **
W

ebsites that discuss 
unproven cancer treatm

ents

* ** *
* ** * * ** *

* *
*

*
*

* *** ** *** * *

*
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O
ne-class SV

M
M

ain idea:Find the m
axim

al gap hyperplane that separates data from
 

the origin (i.e., the only m
em

ber of the second class is the origin).

i
[

j
[

U
se “slack variables” as in soft-m

argin SV
M

s 
to penalize these instances

O
rigin is the only 

m
em

ber of the 
second class

0
 

�
�

b
x

w
&

&
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Form
ulation of one-class SV

M
: 

linear case

i
[

j
[

0 
�

�
b

x
w

&
&

Find 

by m
inim

izing               

subject to constraints:

for i= 1,…
,N

.

¦
 

�
�

Ni
i
b

N
w

1

2
2 1

1
[

Q
&

0
t

�
t

�
�i

i
b

x
w[

[
&

&

)
(

)
(

b
x

w
sign

x
f

�
�

 
&

&
&

G
iven training data:

n
N
R

x
x

x
�

&
&

&
,...,

,
2

1

upper bound on 
the fraction of 
outliers (i.e., points 
outside decision 
surface) allow

ed in 
the data

i.e., the decision function should 
be positive in all training sam

ples 
except for sm

all deviations
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Form
ulation of one-class SV

M
:

linear and non-linear cases

Find 

by m
inim

izing               

subject to constraints:

for i= 1,…
,N

.

¦
 

�
�

Ni
i
b

N
w

1

2
2 1

1
[

Q
&

0
t

�
t

�
�i

i
b

x
w[

[
&

&

)
(

)
(

b
x

w
sign

x
f

�
�

 
&

&
&

Find 

by m
inim

izing               

subject to constraints:

for i= 1,…
,N

.

¦
 

�
�

Ni
i
b

N
w

1

2
2 1

1
[

Q
&

0
)

(
t

�
t

�
)�

i

i
b

x
w[

[
&

&

)
)

(
(

)
(

b
x

w
sign

x
f

�
)�

 
&

&
&

Linear case
N

on-linear case 
(use “kernel trick”)
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M
ore about one-class SV

M

•
O

ne-class SV
M

s inherit m
ost of properties of SV

M
s for 

binary classification (e.g., “kernel trick”, sam
ple 

efficiency, ease of finding of a solution by efficient 
optim

ization m
ethod, etc.);

•
The choice of other param

eter     significantly affects 
the resulting decision surface.

•
The choice of origin is arbitrary and also significantly 
affects the decision surface returned by the algorithm

.

Q



Support vector clustering

108

Contributed by N
ikita Lytkin



G
oal of clustering (aka class discovery)

G
iven a heterogeneous set of data points

A
ssign labels

such that points 
w

ith the sam
e label are highly “sim

ilar“ to each other 
and are distinctly different from

 the rest

109 n
N
R

x
x

x
�

&
&

&
,...,

,
2

1

}
,...,

2,
1{

,...,
,

2
1

K
y

y
y

N
�

Clustering process



Support vector dom
ain description

•
Support Vector D

om
ain D

escription (SV
D

D
) of the data is 

a set of vectors lying on the surface of the sm
allest 

hyper-sphere enclosing all data points in
 a

 fe
a

tu
re

 sp
a

ce

–
These surface points are called S

u
p

p
o

rt V
e

cto
rs

110

kernel

)
R

RR



SV
D

D
 optim

ization criterion

111

M
inim

ize                 subject to                                           for i= 1,…
,N

2
R

Squared radius of the sphere
Constraints

2
2

||
)

(
||

R
a

x
i

d
�

)

Fo
rm

u
la

tio
n

 w
ith

 h
a

rd
 co

n
stra

in
ts:

R
RR

'R
a

'a



M
ain idea behind Support Vector 

Clustering
•

Cluster boundaries in the input space are form
ed by the set of 

points that w
hen m

apped from
 the input space to the feature 

space fall exactly on the surface of the m
inim

al enclosing 
hyper-sphere
–

SVs identified by SV
D

D
 are a subset of the cluster boundary points

112

1�
)

R
RR

a



Cluster assignm
ent in SV

C

•
Tw

o points    and    belong to the sam
e cluster (i.e., have 

the sam
e label) if every point of the line segm

ent          
projected to the feature space lies w

ithin the hyper-
sphere

113

)
R

RR
a

Every point is w
ithin the hyper-

sphere in the feature space

Som
e points lie outside the 

hyper-sphere

)
,

(
j

i x
x

i
x

j
x



Cluster assignm
ent in SV

C (continued)

•
Point-w

ise adjacency m
atrix is 

constructed by testing the line 
segm

ents betw
een every pair of 

points

•
Connected com

ponents are 
extracted

•
Points belonging to the sam

e 
connected com

ponent are 
assigned the sam

e label

114

A
B

C
D

E

A
1

1
1

0
0

B
1

1
0

0

C
1

0
0

D
1

1

E
1

A
B

C

D

E

A
B

C

D

E



Effects of noise and cluster overlap

•
In practice, data often contains noise, outlier points and 
overlapping clusters, w

hich w
ould prevent contour 

separation and result in all points being assigned to the 
sam

e cluster

115

Ideal data
Typical data

N
oise

O
utliers

O
verlap



SV
D

D
 w

ith soft constraints

•
SV

C can be used on noisy data by allow
ing a fraction of points, 

called Bounded SVs (BSV
), to lie outside the hyper-sphere

–
BSVs are not considered as cluster boundary points and are not 
assigned to clusters by SV

C
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kernel

)
R

RR

O
verlap

a

Typical data

N
oise

O
utliers

O
verlap

N
oise

O
utliers



Soft SV
D

D
 optim

ization criterion
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M
inim

ize
subject to

for i= 1,…
,N

2
R

Squared radius of the sphere
Soft constraints

i
i

R
a

x
[

�
d

�
)

2
2

||
)

(
||

P
rim

a
l fo

rm
u

la
tio

n
 w

ith
 so

ft co
n

stra
in

ts:

0
ti

[

R
R

O
verlap

a
i

R
[

�

Introduction of slack 
variables      m

itigates 
the influence of noise 
and overlap on the 
clustering process

i
[

N
oise

O
utliers



•
G

aussian kernel
tends to yield tighter 

contour representations of clusters than the polynom
ial kernel

•
The G

aussian kernel w
idth param

eter
influences tightness of 

cluster boundaries, num
ber of SVs and the num

ber of clusters

•
Increasing     causes an increase in the num

ber of clusters

D
ual form

ulation of soft SV
D

D

118

M
inim

ize

subject to
for i= 1,…

,N

¦
¦
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j
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j
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i
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i

i
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E
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j
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x
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K
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&
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J

•
A

s before,
denotes a kernel function

•
Param

eter
gives a trade-off betw

een volum
e of the sphere and 

the num
ber of errors (C=1 corresponds to hard constraints)

)
(

)
(

)
,

(
j

i
j

i
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x
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x
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SV
M

-based variable selection
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Recall standard SV
M

 form
ulation:

Find      and     that m
inim

ize

subject to 

for i= 1,…
,N
.

U
se classifier:

•
The w

eight vector      contains as m
any elem

ents as there are input 
variables in the dataset, i.e.               .

•
The m

agnitude of each elem
ent denotes im

portance of the 
corresponding variable for classification task.
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U
nderstanding the w

eight vector w

Positive instances (y=+1)
N

egative instances (y=-1)

0
 

�
�

b
x

w
&

&

2
2 1
w &

1
)

(
t

�
�

b
x

w
y

i
i

&
&

w &
b

)
(

)
(

b
x

w
sign

x
f

�
�

 
&

&
&

w &
n

w
R

�
&
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U
nderstanding the w

eight vector w

x
1

x
2

0
1

1
)1,

1(

2
1

 
�

�  
b

x
x w &

x
1

x
2

0
0

1
)0

,1(

2
1

 
�

�  
b

x
x w &

x
1

x
2

0
1

0
)1,

0(

2
1

 
�

�  
b

x
x w &

x
2

x
1

x
3

0
0

1
1

)0
,1,

1(

3
2

1
 

�
�

�  
b

x
x

x w &

X
1

and X
2

are equally im
portant

X
1

is im
portant, X

2
is not

X
2

is im
portant, X

1
is not

X
1

and X
2

are 
equally im

portant, 
X

3 is not 
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U
nderstanding the w

eight vector w

G
ene X

1

G
ene X

2
M

elanom
a

N
evi

X
1

Phenotype
X

2

SV
M

 decision surface

0
1

1
)1,

1(

2
1

 
�

�  
b

x
x w &

D
ecision surface of 

another classifier

0
0

1
)0

,1(

2
1

 
�

�  
b

x
x w &

True m
odel

•In the true m
odel, X

1 is causal and X
2 is redundant

•SV
M

 decision surface im
plies that X

1
and X

2
are equally 

im
portant; thus it is locally causally inconsistent

•There exists a causally consistent decision surface for this exam
ple

•Causal discovery algorithm
s can identify that X

1 is causal and X
2 is redundant
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Sim
ple SV

M
-based variable selection 

algorithm

A
lgorithm

:
1.

Train SV
M

 classifier using data for all variables to 
estim

ate vector  
2.

Rank each variable based on the m
agnitude of the 

corresponding elem
ent in vector 

3.
U

sing the above ranking of variables, select the 
sm

allest nested subset of variables that achieves the 
best SV

M
 prediction accuracy.

w &

w &
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Sim
ple SV

M
-based variable selection 

algorithm
Consider that w

e have 7 variables: X
1 , X

2 , X
3 , X

4 , X
5 , X

6 , X
7

The vector     is: (0.1, 0.3, 0.4, 0.01, 0.9, -0.99, 0.2)
The ranking of variables is: X

6 , X
5 , X

3 , X
2 , X

7 , X
1 , X

4

Subset of variables
Classification

accuracy

X
6

X
5

X
3

X
2

X
7

X
1

X
4

0.920

X
6

X
5

X
3

X
2

X
7

X
1

0.920

X
6

X
5

X
3

X
2

X
7

0.919

X
6

X
5

X
3

X
2

0.852

X
6

X
5

X
3

0.843

X
6

X
5

0.832

X
6

0.821

Best classification accuracy

Classification accuracy that is 
statistically indistinguishable 
from

 the best one

Î
Select the follow

ing variable subset: X
6 , X

5 , X
3 , X

2
, X

7

w &
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Sim
ple SV

M
-based variable selection 

algorithm
•

SV
M

 w
eights are not locally causally consistent Æ

w
e 

m
ay end up w

ith a variable subset that is not causal 
and not necessarily the m

ost com
pact one.

•
The m

agnitude of a variable in vector       estim
ates 

the effect of rem
oving that variable on the objective 

function of SV
M

 (e.g., function that w
e w

ant to 
m

inim
ize). H

ow
ever, this algorithm

 becom
es sub-

optim
al w

hen considering effect of rem
oving several 

variables at a tim
e…

 This pitfall is addressed in the 
SV

M
-RFE algorithm

 that is presented next.

w &
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SV
M

-R
FE variable selection algorithm

A
lgorithm

:
1.

Initialize V
to all variables in the data

2.
Repeat

3.
Train SV

M
 classifier using data for variables in V

to 
estim

ate vector  
4.

Estim
ate prediction accuracy of variables in V

using 
the above SV

M
 classifier (e.g., by cross-validation)

5.
Rem

ove from
 V

a variable (or a subset of variables) 
w

ith the sm
allest m

agnitude of the corresponding 
elem

ent in vector 
6.

U
ntil there are no variables in V

7.
Select the sm

allest subset of variables w
ith the best 

prediction accuracy w &w &
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SV
M

-R
FE variable selection algorithm

10,000 
genes

SV
M

 
m

odel

Prediction 
accuracy

5,000 
genes

5,000 
genes

Im
portant for 

classification

N
ot im

portant 
for classification

SV
M

 
m

odel

2,500 
genes

2,500 
genes

Im
portant for 

classification

N
ot im

portant 
for classification

D
iscarded

D
iscarded

…
Prediction 
accuracy

•
U

nlike sim
ple SV

M
-based variable selection algorithm

, SV
M

-
RFE estim

ates vector      m
any tim

es to establish ranking of the 
variables.

•
N

otice that the prediction accuracy should be estim
ated at 

each step in an unbiased fashion, e.g. by cross-validation.

w &
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SV
M

 variable selection in feature space

The real pow
er of SV

M
s com

es w
ith application of the kernel 

trick that m
aps data to a m

uch higher dim
ensional space 

(“feature space”) w
here the data is linearly separable.

G
ene 2

G
ene 1

Tu
m

o
r

N
o

rm
a

l

Tu
m

o
r

N
o

rm
a

l
?

?
kernel

)

input space
feature space
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SV
M

 variable selection in feature space
•

W
e have data for 100 SN

Ps (X
1 ,…

,X
100 ) and som

e phenotype.
•

W
e allow

 up to 3
rd

order interactions, e.g. w
e consider: 

•
X

1 ,…
,X

100

•
X

1 2,X
1 X

2 , X
1 X

3 ,…
,X

1 X
100

,…
,X

100 2

•
X

1 3,X
1 X

2 X
3 , X

1 X
2 X

4 ,…
,X

1 X
99 X

100
,…

,X
100 3

•
Task: find the sm

allest subset of features (either SN
Ps or 

their interactions) that achieves the best predictive 
accuracy of the phenotype.

•
Challenge: If w

e have lim
ited sam

ple, w
e cannot explicitly 

construct and evaluate all SN
Ps and their interactions 

(176,851 features in total) as it is done in classical statistics.
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SV
M

 variable selection in feature space

H
euristic solution:A

pply algorithm
 SV

M
-FSM

B that:
1.

U
ses SV

M
s w

ith polynom
ial kernel of degree 3 and 

selects M
 features (not necessarily input variables!) 

that have largest w
eights in the feature space. 

E.g., the algorithm
 can select features like: X

10 , 
(X

1 X
2 ), (X

9 X
2 X

22 ), (X
7 2X

98 ), and so on.

2.
A

pply H
ITO

N
-M

B M
arkov blanket algorithm

 to find 
the M

arkov blanket of the phenotype using M
 

features from
 step 1.



C
om

puting posterior class 
probabilities for SV

M
 classifiers

131
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O
utput of SV

M
 classifier

1.SV
M

s output a class label 
(positive or negative) for each 
sam

ple:

2. O
ne can also com

pute distance 
from

 the hyperplane that 
separates classes, e.g.              . 
These distances can be used to 
com

pute perform
ance m

etrics 
like area under RO

C curve.

Positive sam
ples (y=+1)

N
egative sam

ples (y=-1)

0
 

�
�

b
x

w
&

&

)
(

b
x

w
sign

�
� &

&

b
x

w
�

� &
&

Q
uestion:H

ow
 can one use SV

M
s to estim

ate posterior 
class probabilities, i.e., P(class positive | sam

ple x)?
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Sim
ple binning m

ethod

Tra
in

in
g

 se
t

V
a

lid
a

tio
n

 se
t

Te
stin

g
 se

t

1.
Train SV

M
 classifier in the Tra

in
in

g
 se

t.

2.
A

pply it to the V
a

lid
a

tio
n

 se
t

and com
pute distances 

from
 the hyperplane to each sam

ple.

3.
Create a histogram

 w
ith Q

 (e.g., say 10) bins using the 
above distances. Each bin has an upper and low

er 
value in term

s of distance.

Sam
ple

#
1

2
3

4
5

...
98

99
100

D
istance

2
-1

8
3

4
-2

0.3
0.8

-15
-10

-5
0

5
10

15
0 5 10 15 20 25

D
istance

Number of samples 
in validation set
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Sim
ple binning m

ethod

Tra
in

in
g

 se
t

V
a

lid
a

tio
n

 se
t

Te
stin

g
 se

t

4.
G

iven a new
 sam

ple from
 the Te

stin
g

 se
t, place it in 

the corresponding bin.

E.g., sam
ple #382 has distance to hyperplane = 1, so it 

is placed in the bin [0, 2.5]

5.
Com

pute probability P(positive class | sam
ple #382) as 

a fraction of true positives in this bin.

E.g., this bin has 22 sam
ples (from

 the V
a

lid
a

tio
n

 se
t), 

out of w
hich 17 are true positive ones , so w

e com
pute

P(positive class | sam
ple #382) = 17/22 = 0.77

-15
-10

-5
0

5
10

15
0 5 10 15 20 25

D
istance

Number of samples 
in validation set



-10
-8

-6
-4

-2
0

2
4

6
8

10
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9 1

D
istance

P(positive class|sample)
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Platt’s m
ethod

Convert distances output by SV
M

 to probabilities by passing them
 

through the sigm
oid filter:

w
here d

is the distance from
 hyperplane and A

and B
are param

eters.

)
exp(

1
1

)
|

(
B

Ad
sam

ple
class

positive
P

�
�
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Platt’s m
ethod

Tra
in

in
g

 se
t

V
a

lid
a

tio
n

 se
t

Te
stin

g
 se

t

1.
Train SV

M
 classifier in the Tra

in
in

g
 se

t.

2.
A

pply it to the V
a

lid
a

tio
n

 se
t

and com
pute distances 

from
 the hyperplane to each sam

ple.

3.
D

eterm
ine param

eters A
and B

of the sigm
oid 

function by m
inim

izing the negative log likelihood of 
the data from

 the V
a

lid
a

tio
n

 se
t.

4.
G

iven a new
 sam

ple from
 the Te

stin
g

 se
t,  com

pute its 
posterior probability using sigm

oid function.

Sam
ple

#
1

2
3

4
5

...
98

99
100

D
istance

2
-1

8
3

4
-2

0.3
0.8



Part 3

•
Case studies (taken from

 our research)
1.

Classification of cancer gene expression m
icroarray data

2.
Text categorization in biom

edicine
3.

Prediction of clinical laboratory values
4.

M
odeling clinical judgm

ent
5.

U
sing SV

M
s for feature selection

6.
O

utlier detection in ovarian cancer proteom
ics data

•
Softw

are

•
Conclusions

•
Bibliography

137



1. C
lassification of cancer gene 

expression m
icroarray data

138
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C
om

prehensive evaluation of algorithm
s 

for classification of cancer m
icroarray data

M
ain goals:

ͻ
Find the best perform

ing decision support 
algorithm

s for cancer diagnosis from
 

m
icroarray gene expression data;

ͻ
Investigate benefits of using gene selection 
and ensem

ble classification m
ethods.
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C
lassifiers

ͻ
K-N

earest N
eighbors (KN

N
)

ͻ
Backpropagation N

eural N
etw

orks (N
N

)

ͻ
Probabilistic N

eural N
etw

orks (PN
N

)

ͻ
M

ulti-Class SV
M

: O
ne-Versus-Rest (O

V
R)

ͻ
M

ulti-Class SV
M

: O
ne-Versus-O

ne (O
V

O
)

ͻ
M

ulti-Class SV
M

: D
A

G
SV

M

ͻ
M

ulti-Class SV
M

 by W
eston &

 W
atkins (W

W
)

ͻ
M

ulti-Class SV
M

 by Cram
m

er &
 Singer (CS)

ͻ
W

eighted Voting: O
ne-Versus-Rest

ͻ
W

eighted Voting: O
ne-Versus-O

ne

ͻ
D

ecision Trees: CA
RT

kernel-based

neural 
netw

orks

voting

decision trees

instance-based
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Ensem
ble classifiers

Ensem
ble 

Classifier

Final
Prediction

dataset

Classifier 1
Classifier 2

Classifier N
…

Prediction 1
Prediction 2

Prediction N
…

dataset
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G
ene selection m

ethods

1.
Signal-to-noise (S2N

) ratio in 
one-versus-rest (O

V
R) 

fashion;

2.
Signal-to-noise (S2N

) ratio in 
one-versus-one (O

V
O

) 
fashion;

3.
Kruskal-W

allis nonparam
etric  

one-w
ay A

N
O

VA
 (KW

);

4.
Ratio of genes betw

een-
categories to w

ithin-category 
sum

 of squares (BW
).

genes

U
ninform

ative genes
H

ighly discrim
inatory genes
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Perform
ance m

etrics and
statistical com

parison
1.

A
ccuracy

+
can com

pare to previous studies
+

easy to interpret &
 sim

plifies statistical com
parison

2.
Relative classifier inform

ation (RCI)
+

easy to interpret &
 sim

plifies statistical com
parison

+
not sensitive to distribution of classes

+
accounts for difficulty of a decision problem

ͻ
Random

ized perm
utation testing to com

pare accuracies 
of the classifiers (D

=0.05)
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M
icroarray datasets

Total:
ͻ~

1300 sam
ples

ͻ74
diagnostic categories

ͻ41
cancer types and 

12
norm

al tissue types

Sam
- 

ples
V

ariables 
(genes)

C
ate- 

gories

11_Tum
ors

174
12533

11
Su, 2001

14_Tum
ors

308
15009

26
R

am
asw

am
y, 2001

9_Tum
ors

60
5726

9
Staunton, 2001

Brain_Tum
or1

90
5920

5
Pom

eroy, 2002

Brain_Tum
or2

50
10367

4
N

utt, 2003

Leukem
ia1

72
5327

3
G

olub, 1999

Leukem
ia2

72
11225

3
A

rm
strong, 2002

Lung_C
ancer

203
12600

5
B

hattacherjee, 2001

SRBC
T

83
2308

4
K

han, 2001

Prostate_Tum
or

102
10509

2
Singh, 2002

D
LBC

L
77

5469
2

Shipp, 2002

D
ataset nam

e
N

um
ber of

R
eference
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Sum
m

ary of m
ethods and datasets

S2N
 O

ne-Versus-Rest

S2N
 O

ne-Versus-O
ne

N
on-param

. A
N

O
VA

BW
 ratio

G
ene

Selection
M

ethods (4)
C

ross-Validation
D

esigns (2)
10-Fold CV

LO
O

CV

A
ccuracy

RCI

Perform
ance

M
etrics (2)

O
ne-Versus-Rest

O
ne-Versus-O

ne

D
A

G
SV

M

M
ethod by W

W

C
lassifiers (11)

M
ethod by CS

KN
N

Backprop. N
N

Prob. N
N

D
ecision Trees

O
ne-Versus-Rest

O
ne-Versus-O

ne

MC-SVMWV

M
ajority Voting

M
C-SV

M
 O

V
R

M
C-SV

M
 O

VO

M
C-SV

M
 D

A
G

SV
M

Ensem
ble

C
lassifiers (7)

D
ecision Trees

D
ecision Trees

M
ajority Voting

Based on MC-
SVM outputs

Based on outputs
of all classifiers

Random
ized

perm
utation testing

Statistical
C

om
parison

11_Tum
ors

14_Tum
ors

9_Tum
ors

Brain Tum
or1

G
ene

Expression
D

atasets (11)

Brain_Tum
or2

Leukem
ia1

Leukem
ia2

Lung_Cancer

SRBCT

Prostate_Tum
ors

D
LBCL

Multicategory DxBinary Dx
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9_Tumors 14_Tumors Brain_Tumor2 
Brain_Tumor1 11_TumorsLeukemia1 Leukemia2 Lung_Cancer SRBCT 

Prostate_Tumor DLBCL 

R
esults w

ithout gene selection

O
VR

O
VO

D
A

G
SVM

W
W

C
S

K
N

N
N

N
PN

N

MC-SVM

0 20 40 60 80

100

Accuracy, %
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R
esults w

ith gene selection

OVR
OVO

DAGSVM
W

W
CS

KNN
NN

PNN

10 20 30 40 50 60 70

Improvement in accuracy, %

SVM
non-SVM

Im
provem

ent of diagnostic 
perform

ance by gene selection 
(averages for the four datasets)

A
verage reduction of genes is 10-30

tim
es

D
iagnostic perform

ance 
before

and after
gene selection

SV
M

non-SV
M

SV
M

non-SV
M

20 40 60 80

100

20 40 60 80

100

Accuracy, %

9_Tum
ors

14_Tum
ors

B
rain_Tum

or1
B
rain_Tum

or2
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C
om

parison w
ith previously 

published results
Accuracy, %

0 20 40 60 80

100

9_Tumors 14_Tumors Brain_Tumor2 
Brain_Tumor1 11_TumorsLeukemia1 Leukemia2 Lung_Cancer SRBCT 

Prostate_Tumor DLBCL 

M
ultiple specialized 

classification m
ethods

(original prim
ary studies)

M
ulticlass SV

M
s

(this study)



149

Sum
m

ary of results

ͻ
M

ulti-class SV
M

s are the best fam
ily am

ong the 
tested algorithm

s outperform
ing KN

N
, N

N
, PN

N
, D

T, 
and W

V.
ͻ

G
ene selection in som

e cases im
proves classification 

perform
ance of all classifiers, especially of non-SV

M
 

algorithm
s;

ͻ
Ensem

ble classification does not im
prove 

perform
ance of SV

M
 and other classifiers;

ͻ
Results obtained by SV

M
s favorably com

pare w
ith the 

literature.



•
A

ppealing properties
–

W
ork w

hen # of predictors > # of sam
ples

–
Em

bedded gene selection

–
Incorporate interactions

–
Based on theory of ensem

ble learning

–
Can w

ork w
ith binary &

 m
ulticlass tasks

–
D

oes not require m
uch fine-tuning of param

eters

•
Strong theoretical claim

s

•
Em

pirical evidence: (D
iaz-U

riarte and A
lvarez de 

A
ndres, B

M
C

 B
io

in
fo

rm
a

tics, 2006) reported 
superior classification perform

ance of RFs com
pared 

to SV
M

s and other m
ethods

150

R
andom

Forest (R
F) classifiers



Key principles of R
F classifiers

Training
data

2) R
andom

 gene
selection

3) Fit unpruned 
decision trees

4) A
pply to testing data &

 
com

bine predictions

Testing
data

1) G
enerate 

bootstrap 
sam

ples

151



R
esults w

ithout gene selection

152

•
SV

M
s n

o
m

in
a

lly
outperform

 RFs is 15 datasets, RFs outperform
 SV

M
s in 4 datasets, 

algorithm
s are exactly the sam

e in 3 datasets.
•

In 7 datasets SV
M

s outperform
 RFs sta

tistica
lly

 sig
n

ifica
n

tly.
•

O
n average, the perform

ance advantage of SV
M

s is 0.033 A
U

C and 0.057 RCI.



R
esults w

ith gene selection
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•
SV

M
s n

o
m

in
a

lly
outperform

 RFs is 17 datasets, RFs outperform
 SV

M
s in 3 datasets, 

algorithm
s are exactly the sam

e in 2 datasets.
•

In 1 dataset SV
M

s outperform
 RFs sta

tistica
lly

 sig
n

ifica
n

tly.
•

O
n average, the perform

ance advantage of SV
M

s is 0.028 A
U

C and 0.047 RCI.



2. Text categorization in biom
edicine154



M
odels to categorize content and quality: 

M
ain idea
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1. U
tilize existing (or easy to build) training corpora

1234

2. Sim
ple docum

ent 
representations (i.e., typically 
Æ

stem
m

ed and w
eighted 

w
ords in title and abstract, 

M
esh term

s if available; 
occasionally

Æ
addition of 

M
etam

ap CU
Is, author info) as 

“bag-of-w
ords”



M
odels to categorize content and quality: 

M
ain idea
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3. Train SV
M

 m
odels that capture 

im
plicit categories of m

eaning or 
quality criteria

5. Evaluate perform
ance prospectively

&
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pare to prior cross-validation
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4. Evaluate m
odels’ perform

ances 
-

w
ith nested cross-validation or other 

appropriate error estim
ators

-
use prim

arily A
U

C
as w

ell as  other m
etrics 

(sensitivity, specificity, PPV, Precision/Recall 
curves, H

IT curves, etc.)



M
odels to categorize content and quality: 

Som
e notable results
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2. SV
M

 m
odels have better classification 

perform
ance than PageRank, Yahoo ranks, 

Im
pact Factor, W

eb Page hit counts, and 
bibliom

etric
citation counts on the W

eb 
according to A

CPJ gold standard
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4. SV
M

 m
odels have better sensitivity/specificity in PubM

ed than CQ
Fs  at 

com
parable thresholds according to A

CPJ gold standard



O
ther applications of SV

M
s to text 

categorization
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1. Identifying W
eb Pages

w
ith  m

isleading treatm
ent inform

ation according 
to special purpose gold standard (Q

uack W
atch). SV

M
 m

odels outperform
 

Q
uackom

eter
and G

oogle ranks in the tested dom
ain of cancer treatm

ent.

M
odel

A
rea U

nder the 
C

urve

M
achine Learning M

odels
0.93

Q
uackom

eter*
0.67

G
oogle

0.63

M
odel

A
rea U

nder the 
C

urve

M
achine Learning M

odels
0.93

Q
uackom

eter*
0.67

G
oogle

0.63

2. Prediction of future paper citation
counts (w

ork of L. Fu and C.F. A
liferis, 

A
M

IA
 2008)



3. Prediction of clinical laboratory 
values
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D
ataset generation and 
experim

ental design

Training
Testing

Validation 
(25%

 of Training)

01/1998-05/2001
06/2001-10/2002

•
StarPaneldatabase contains ~8·10

6
lab m

easurem
ents of ~100,000 in-

patients from
 Vanderbilt U

niversity M
edical Center. 

•
Lab m

easurem
ents w

ere taken betw
een 01/1998 and 10/2002.

For each com
bination of lab test and norm

al range, w
e generated

the follow
ing datasets. 
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Q
uery-based approach for 

prediction of clinical cab values

Train SV
M

 classifier

Training data

D
ata m

odel

Validation data

database

These steps are perform
ed 

for every data m
odel

Perform
ance

Prediction

Testing data

Testing 
sam

ple

O
ptim

al
data m

odel
SV

M
 classifier

These steps are perform
ed 

for every testing sam
ple
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C
lassification results
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A
 total of 84,240 SV

M
 classifiers w

ere built for 16,848 possible data m
odels.163
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proving predictive pow

er and parsim
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4. M
odeling clinical judgm

ent
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M
ethodological fram
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ork and study 
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C
linical context of experim

ent

Incidence &
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ortality have been constantly increasing in 
the last decades.

M
alignant m
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a is the m

ost dangerous form
 of skin cancer



Physicians and patients
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ethod to explain physician-specific
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R
esults: Predicting physicians’ judgm

ents
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esults: Physician-specific m

odels



R
esults: Explaining physician agreem

ent

E
x
p
e
r
t
 1

 

AU
C=0.92  

R
2=99%

E
x
p
e
r
t
 3

AU
C=0.95  

R
2=99%

B
lue 

veil
irregular border

streaks

Patient 001
yes

no
yes



R
esults: Explain physician disagreem

ent
B

lue 
veil

irregular 
border

streaks
num

ber 
of colors

evolution

Patient 002
no

no
yes

3
no

E
x
p
e
r
t
 1

 

AU
C=0.92  

R
2=99%

E
x
p
e
r
t
 3

AU
C=0.95  

R
2=99%



R
esults: G

uideline com
pliance

Physician
R

eported 
guidelines

C
om

pliance

Experts1,2,3,  
non-expert 1

Pattern analysis 
N

on-com
pliant: they ignore the 

m
ajority of features (17 to 20) 

recom
m

ended by pattern analysis.

N
on expert 2

ABC
D

E rule
N

on com
pliant:asym

m
etry, irregular 

border and evolution are ignored.

N
on expert 3

N
on-standard. 

R
eports using 7 

features

N
on com

pliant: 2 out of 7 reported 
features are ignored w

hile som
e non-

reported ones are not

O
n the contrary: In all guidelines, the m

ore predictors present, 
the higher the likelihood of m

elanom
a. All physicians w

ere 
c
o
m

p
lia

n
t

w
ith this principle.



5. U
sing SV

M
s for feature selection
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Feature selection m
ethods

177

Feature selection m
ethods (non-causal)

•
SV

M
-RFE

•
U

nivariate + w
rapper

•
Random

 forest-based
•

LA
RS-Elastic N

et
•

RELIEF + w
rapper

•
L0-norm

•
Forw

ard stepw
ise feature selection

•
N

o feature selection

Causal feature selection m
ethods

•
H

ITO
N

-PC
•

H
ITO

N
-M

B
•

IA
M

B
•

BLCD
•

K2M
B

…

This m
ethod outputs a 

M
arkov blanket of the 

response variable 
(under assum

ptions)

This is an SV
M

-based 
feature selection 
m

ethod



13 real datasets w
ere used to evaluate 

feature selection m
ethods
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D
ataset nam

e
D

om
ain

N
um

ber of 
variables

N
um

ber of 
sam

ples
Target

D
ata type

Infant_M
ortality

C
linical

86
5,337

D
ied w

ithin the first year
discrete

O
hsum

ed
Text

14,373
5,000

R
elevant to nenonatal diseases

continuous

A
C

PJ_E
tiology

Text
28,228

15,779
R

elevant to eitology 
continuous

L
ym

phom
a

G
ene 

expression
7,399

227
3-year survival: dead vs. alive

continuous

G
isette

D
igit 

recognition
5,000

7,000
Separate 4 from

 9
continuous

D
exter

Text
19,999

600
R

elevant to corporate acquisitions
continuous

Sylva
Ecology

216
14,394

Ponderosa pine vs. everything else
continuous &

 discrete

O
varian_C

ancer
Proteom

ics
2,190

216
C

ancer vs. norm
als

continuous

T
hrom

bin
D

rug 
discovery

139,351
2,543

B
inding to throm

in
discrete (binary)

B
reast_C

ancer
G

ene 
expression

17,816
286

Estrogen-receptor positive (ER
+) vs. ER

-
continuous

H
iva

D
rug 

discovery
1,617

4,229
A

ctivity to A
ID

S H
IV

 infection
discrete (binary)

N
ova

Text
16,969

1,929
Separate politics from

 religion topics 
discrete (binary)

B
ankruptcy

Financial
147

7,063
Personal bankruptcy

continuous &
 discrete



C
lassification perform

ance vs. proportion 
of selected features

179

0
0.5

1
0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95 1
O

riginal

Classification performance (AUC)

P
roportion of selected features

 

 

H
ITO

N
-P

C
 w

ith G
2 test

R
FE

0.05
0.1

0.15
0.2

0.85

0.86

0.87

0.88

0.89

0.9

M
agnified

Classification performance (AUC)

P
roportion of selected features

 

 

H
ITO

N
-P

C
 w

ith G
2 test

R
FE



Statistical com
parison of predictivity and 

reduction of features

180

Predicitivity
R

eduction

P-value
N

om
inal w

inner
P-value

N
om

inal w
inner

SV
M

-R
FE

(4
variants)

0.9754
SV

M
-R

FE
0.0046

H
ITO

N
-PC

0.8030
SV

M
-R

FE
0.0042

H
ITO

N
-PC

0.1312
H

ITO
N

-PC
0.3634

H
ITO

N
-PC

0.1008
H

ITO
N

-PC
0.6816

SV
M

-R
FE

•
N

ull hypothesis: SV
M

-RFE and H
ITO

N
-PC perform

 the sam
e;

•
U

se perm
utation-based statistical test w

ith alpha = 0.05.



Sim
ulated datasets w

ith know
n causal 

structure used to com
pare algorithm

s181



182

C
om

parison of SV
M

-R
FE and H

ITO
N

-PC



C
om

parison of all m
ethods in term

s of 
causal graph distance

183

SV
M

-RFE
H

ITO
N

-PC 
based 
causal 

m
ethods



Sum
m

ary results

184
SV

M
-RFE

H
ITO

N
-PC 

based 
causal 

m
ethods

H
ITO

N
-PC-

FD
R 

m
ethods



Statistical com
parison of graph distance
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Sam
ple size = 
200

Sam
ple size = 
500

Sam
ple size =
5000

C
om

parison
P-value

N
om

inal 
w

inner
P-value

N
om

inal 
w

inner
P-value

N
om

inal 
w

inner

average H
ITO

N
-PC

-FD
R

w
ith G

2test vs.average 
SV

M
-R

FE
<0.0001

H
ITO

N
-PC

-
FD

R
0.0028

H
ITO

N
-PC

-
FD

R
<0.0001

H
ITO

N
-PC

-
FD

R

•
N

ull hypothesis: SV
M

-RFE and H
ITO

N
-PC-FD

R perform
 the sam

e;
•

U
se perm

utation-based statistical test w
ith alpha = 0.05.



6. O
utlier detection in ovarian cancer 

proteom
ics data

186



D
ata S

et 1 (Top), D
ata S

et 2 (B
ottom

)

C
ancer

N
orm

al

O
ther 

C
lock Tick

4000
8000

12000

C
ancer

N
orm

al

O
ther 

O
varian cancer data

Sam
e set of 216 

patients, obtained 
using the Ciphergen
H

4 ProteinChip
array

(dataset 1) 
and using the 
Ciphergen

W
CX2 

ProteinChip
array

(dataset 2).

The gross break at the “benign disease” juncture in dataset 1 and the sim
ilarity of the 

profiles to those in dataset 2 suggest change of protocol in the m
iddle of the first 

experim
ent.



Experim
ents w

ith one-class SV
M

A
ssum

e that sets {A
, B} are 

norm
al and {C, D

, E, F} are 
outliers. A

lso, assum
e that w

e 
do not know

 w
hat are norm

al 
and outlier sam

ples.

•Experim
ent 1: Train one-class SV

M
 

on {A
, B, C} and test on {A

, B, C}: 
A

rea under RO
C curve =

0.98
•Experim

ent 2: Train one-class SV
M

 
on {A

, C} and test on {B, D
, E,F}: 

A
rea under RO

C curve = 0.98

Data Set 1 (Top), Data Set 2 (Bottom)

Cancer

Normal

Other 

Clock Tick
4000

8000
12000

Cancer

Normal

Other 
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Softw
are
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Interactive m
edia and anim

ations

190

SV
M

 A
pplets

•
http://w

w
w

.csie.ntu.edu.tw
/~cjlin/libsvm

/
•

http://svm
.dcs.rhbnc.ac.uk/pagesnew

/G
Pat.shtm

l
•

http://w
w

w
.sm

artlab.dibe.unige.it/Files/sw
/A

pplet%
20SV

M
/svm

applet.htm
l

•
http://w

w
w

.eee.m
etu.edu.tr/~alatan/Courses/D

em
o/A

ppletSV
M

.htm
l

•
http://w

w
w

.dsl-lab.org/svm
_tutorial/dem

o.htm
l(requires Java 3D

)

A
nim

ations
•

Support Vector M
achines:

http://w
w

w
.cs.ust.hk/irproj/Regularization%

20Path/svm
Kernelpath/2m

oons.avi
http://w

w
w

.cs.ust.hk/irproj/Regularization%
20Path/svm

Kernelpath/2G
auss.avi

http://w
w

w
.youtube.com

/w
atch?v=3liCbRZPrZA

•
Support Vector Regression: 
http://w

w
w

.cs.ust.hk/irproj/Regularization%
20Path/m

ovie/ga0.5lam
1.avi



Several SV
M

 im
plem

entations for 
beginners

191

•
G

EM
S: http://w

w
w

.gem
s-system

.org

•
W

eka: http://w
w

w
.cs.w

aikato.ac.nz/m
l/w

eka/

•
Spider (for M

atlab): http://w
w

w
.kyb.m

pg.de/bs/people/spider/

•
CLO

P
(for M

atlab): http://clopinet.com
/CLO

P/



Several SV
M

 im
plem

entations for 
interm

ediate users

192

•LibSV
M

: http://w
w

w
.csie.ntu.edu.tw

/~cjlin/libsvm
/

�
G

eneral purpose
�

Im
plem

ents binary SV
M

, m
ulticlass SV

M
, SV

R, one-class SV
M

�
Com

m
and-line interface

�
Code/interface for C/C++/C#, Java, M

atlab, R, Python, Pearl

•SV
M

Light: http://svm
light.joachim

s.org/
�

G
eneral purpose (designed for text categorization)

�
Im

plem
ents binary SV

M
, m

ulticlass SV
M

, SV
R

�
Com

m
and-line interface

�
Code/interface for C/C++, Java, M

atlab, Python, Pearl

M
ore softw

are links at http://w
w

w
.support-vector-m

achines.org/SV
M

_soft.htm
l

and http://w
w

w
.kernel-m

achines.org/softw
are



C
onclusions
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Strong points of SV
M

-based learning 
m

ethods
•

Em
pirically achieve excellent results in high-dim

ensional data 
w

ith very few
 sam

ples
•

Internal capacity control to avoid overfitting
•

Can learn both sim
ple linear and very com

plex nonlinear 
functions by using “kernel trick”

•
Robust to outliers and noise (use “slack variables”)

•
Convex Q

P optim
ization problem

 (thus, it has global m
inim

um
 

and can be solved efficiently)
•

Solution is defined only by a sm
all subset of training points 

(“support vectors”)
•

N
um

ber of free param
eters is bounded by the num

ber of 
support vectors and not by the num

ber of variables
•

D
o not require direct access to data, w

ork only w
ith dot-

products of data-points.



195

W
eak points of SV

M
-based learning 

m
ethods

•
M

easures of uncertainty of param
eters are not 

currently w
ell-developed

•
Interpretation is less straightforw

ard than classical 
statistics

•
Lack of param

etric statistical significance tests
•

Pow
er size analysis and research design considerations 

are less developed than for classical statistics
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