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Abstract

Based on a model and an algorithm proposed previously by Buchanan, Gilbert, Wirgin
and Xu [8], [11] we numerically computed the dependence of the porosity of cancellous
bone encased in cortical bone and muscle on the measured ultrasonic wave. The com-
putation shows the bone porosity can be recovered very accurately. The numerical data
show that the ultrasonic wave of higher frequency would produce a more accurate bone
porosity.
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1 Introduction
Cancellous bone consists of a trabeculae matrix with an interstitial blood-marrow fluid. Os-

teoporosis is characterized by a decrease in strength of this bone matrix. Currently, bone
mineral density BMD is the gold standard for in vivo assessment of fracture risk of bones
and is measured using x-ray adsorptiometric techniques [9]. However, only 70-80 percent
of the variance of bone strength is accounted for by bone density [14]. As the brittleness of
bone depends on more factors than bone density, biologists believe that quantitative ultrasound
techniques QUT can provide an important new diagnostic tool. Moreover, in contrast to x-ray
densiometry, ultrasound does not ionize the mineralized tissue, and its implementation is rel-
atively inexpensive. It would be of enormous clinical advantage if an accurate method could
be developed using ultrasound interrogation to determine whether one had osteoporosis. The
intention of this research to eventually produce an accurate clinical procedure for determining
the bone density and other bone parameters describing bone brittleness.
Since the loss of bone density and the destruction of the bone microstructure is most evident
in cancellous bone, it is natural to consider the possibility of developing accurate ultrasound
models for the isonification of cancellous bone. In this paper we consider the possibility of
determining the bone density of cancellous bone in vivo by using a simple one-dimensional
model of a muscle- cortical bone- cancellous bone sample. If it is possible to accurately de-
termine whether an in vivo sample is osteoporotic research in this direction merits further
investigation. Moreover, if a higher dimensional model also leads to an accurate prediction
of bone density, this would warrant laboratory testing �in vivo on biological samples. More
specifically, we is determine whether a sonified bone sample is osteoporotic by measuring its
refracted acoustic, i.e. the acoustic field is measured when the sample is exposed to impulses
from a transducer. From this data the bone parameters can be determined. Such a procedure is
referred to as solving an inverse problem. We have made several initial investigations of this
type using the Biot model of a porous media to represent the cancellous bone [4, 5, 6, 7, 8].
Using computer simulations we have shown that the in vitro model determines very well the
bone density within an accuracy of 1%; however, other bone parameters such as pore size,
shear modulus and bulk modulus are accurate only to within 20% and these bone parameters
have a significant effect on bone rigidity. The in vivo problem is much more complicated and
it may require more sophisticated models than Biot’s to determine pore size, shear and bulk
modului under these circumstances. The investigation of models different from Biot’s is the
top[ic of a separate research.

Biot developed a general theory for the ultrasonic propagation in fluid-saturated porous
media [1]-[3]. McKelvie and Palmer [15], Williams [16], and Hosokawa and Otani [12] dis-
cussed the application of Biot’s model for a poroelastic medium to cancellous bones. Recently,
Buchanan, Gilbert, Wirgin and Xu [11] proposed a model for the determination of the param-
eters of cancellous bone using ultrasonic measurements. In the present paper we formulate
numerical simulation of a clinical procedure for determining bone fragility ıon vivo. In the
present model a transducer is places on one side of the skin of the member to be interrogated
and a receiver is place diametrically opposed in contact with the member. The impedance
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matching for transducer and receiver with the skin is enhanced by using a sterile jelly on the
surface of the skin as is usual in clinical practice.

The muscle is usually modeled as an elastic material; whereas the the corrical and cancel-
lous bone may be modeled by the Biot equations , albeit with different porosities. However, as
there is such a disparity of porosities between these two types of bone, in the present model the
cortical bone will also be modeled as an elastic material. Our procedure will be to solve this
system of equations analytically in the frequency domain and then to fast Fourier transform
these solutions to the time domain.

2 The Muscle-Cortical and Cancellous Bone Model
In order to facilitate the possibility of obtaining an analytic solution in the frequency do-

main, we consider a one-dimensional dynamic model. The muscle is considered as an elastic
medium. In the muscle (−xm < x < 0 and L < x < L + xm), the elastic displacement um(x)
satisfies the equation of motion

(2µm + λm)
∂ em

∂ x
= ρm ∂2um

∂t2
(2.1)

where λm, µm are Lamé constants and ρm is the density for the muscle. We assume that
measures have been taken so that the reflection from receiver and transmitter back to the
muscle can be ignored. Therefore, we can assume that equation (2.1) is satisfied in {x :
−xm < x < 0 or L < x < L + xm}. The boundary condition induced by the the transducer
corresponds to a stress (traction) given as a function of time

(2µm + λm)
∂ um

∂ x
(−xm, t) := F0(t) (2.2)

For describing the bone, we use the respectively the superscripts ”h” and ”s” as notation to
refer to either hard (cortical) bone or soft (cancellous) bone.
In the cortical bone (0 < x < xc and L − xc < x < L), which we treat as a purely elastic
material, the ultrasonic wave satisfies:

(2µh + λh)
∂2uh

∂x2
= ρh ∂2uh

∂t2
eh =

∂uh

∂x
, (2.3)

In the Biot model the motion of the skeletal frame and the interstitial fluid within are tracked
by position vectors us and U s respectively; moreover, (Ref. [1]-[3]). However, because
of the known frequency dependence of the viscous term in the time harmonic case we pro-
pose that instead of the standard Biot equations for the ultrasonic vibrations, be replaced by a
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differential-integral equation of the convolution type:

∂

∂x
[λes + Qεs] =

∂2

∂t2
(ρ11u

s + ρ12U
s) +

t∫
0

b(t− τ)
∂

∂τ
(u− U s)(τ) dτ

∂

∂x
[Qes + Rεs] =

∂2

∂t2
(ρ12u

s + ρ22U
s)−

t∫
0

b(t− τ)
∂

∂τ
(us − U s)(τ) dτ

e =
∂us

∂x
, ε =

∂U s

∂x

(2.4)

Here, the motion of the frame and fluid within the bone are tracked by the displacements us

and U s respectively (Ref. [[1]]-[[3]]). The reason for this alteration comes from the fact that
Biot noticed for time harmonic equations the viscous forces acting on the difference of fluid
and frame velocities were a function of frequency ω.

2.1 The Fourier transformed System
Taking the Fourier transform of (??) we obtain

(2µm + λm)
∂2ûm

∂ x2
= −ω2ρmûm (2.5)

On the surface where the transducer makes contact with the skin, we assume that the stress
σxx(−xm, t) = C0 exp iω t. On the other side where the receiver lies we assume that the
displacement is fixed and we measure the pressure against the receiver, i.e. um(L+xm, t). We
use the modified Biot’s equations, i.e. The 1-D modified Biot’s equations for cancellous bone
are [10]

ρ̃11(ω)(iω)2ûs + ρ̃12(ω)(iω)2Û s = P
d2û

dx2
+ Q

d2Û s

dx2

ρ̃12(ω)(iω)2ûs + ρ̃22(ω)(iω)2Û s = Q
d2ûs

dx2
+ R

d2Û s

dx2
(2.6)

with the superscript s meaning the soft, i.e. cancellous bone, and

ρ̃11(ω) := ρ11 +
2βα∞

Λ

(ρfη

iω

)1/2

ρ̃12(ω) := ρ12 −
2βα∞

Λ

(ρfη

iω

)1/2

ρ̃22(ω) := ρ22 +
2βα∞

Λ

(ρfη

iω

)1/2

(2.7)

and ρ11, ρ12, ρ22 being the mass coupling terms in the Biot’s model defined in terms of solid
density ρs, pore fluid density ρf , β, α∞ and ω
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ρ12 := −βρf (α∞ − 1), ρ22 := βρfα∞

ρ11 := (1− β)ρs + βρf (α∞ − 1) (2.8)

The coupling between the fluid part (marrow) and elastic matrix (trabeculer bone) is described
by the Johnson-Koplik-Dashen model [13]. In this model, the dynamic tortuosity α(ω) is
expressed as a function of tortuosity α∞, pore fluid viscosity η, pore fluid density ρf , perme-
ability k, porosity β, the angular frequency ω and the viscous characteristic length Λ

α(ω) = α∞

(
1 +

ηβ

iωα∞ρfk

√
1 + i

4α2
∞k2ρfω

ηΛ2β2

)
, (2.9)

i =
√
−1.

The effective elastic constants P , Q and R are related to β, bulk modulus of the pore fluid Kf ,
bulk modulus of the trabeculer bone Ks, bulk modulus of the porous skeletal frame Kb and
the shear modulus of the composite as well as the skeletal frame N :

P :=
(1− β)

(
1− β − Kb

Ks

)
+ β Ks

Kf
Kb

1− β − Kb

Ks
+ β Ks

Kf

+
4

3
N

Q :=

(
1− β − Kb

Ks

)
βKs

1− β − Kb

Ks
+ β Ks

Kf

R :=
β2Ks

1− β − Kb

Ks
+ β Ks

Kf

(2.10)

It is convenient to write the system of (2.1) and (??), we first write it in matrix form(
P Q
Q R

)(
d2ûs

dx2

d2Ûs

dx2

)
= −ω2

(
ρ̃11 ρ̃12

ρ̃12 ρ̃22

)(
ûs

Û

)
This implies(

d2ûs

dx2

d2Ûs

dx2

)
=

(
−ω2

PR−Q2

)(
Rρ̃11 −Qρ̃12 Rρ̃12 −Qρ̃22

−Qρ̃11 + P ρ̃12 −Qρ̃12 + P ρ̃22

)(
ûs

Û s

)
Diagonalizing the right hand side using the transformation matrix P and the diagonal matrix
Λ

P :=
(
v1 v2

)
; Λ :=

(
λ1 0
0 λ2

)
we obtain (

d2ûs

dx2

d2Ûs

dx2

)
= P

(
−ω2

PR−Q2
Λ

)
P−1

(
ûs

Û s

)
5



For ease of notation, we define intermediate variables b and c:

b := −Rρ̃11 + 2Qρ̃12 − P ρ̃22

c := RP (ρ̃11ρ̃22 − ρ̃2
12) + Q2(ρ̃2

12 − ρ̃22ρ̃11)
(2.11)

In terms of b and c, the eigen values are

λ1 =
−b−

√
b2 − 4c

2
; λ2 =

−b +
√

b2 − 4c

2
(2.12)

The vectors vi, i = 1, 2 in P can be expressed as

vi =

(
vi1

vi2

)
=

1√
1 +

(
Rρ̃11−Qρ̃12−λi

Qρ̃22−Rρ̃12

)2

 1
Rρ̃11 −Qρ̃12 − λi

Qρ̃22 −Rρ̃12

 (2.13)

This leads to the expression for the solution in terms of vij and λj , i, j = 1, 2

ûs(x) = C1v11e
ik1x + C2v11e

−ik1x + C3v21e
ik2x + C4v21e

−ik2x, for 0 < x < L

Û(x)s = C1v12e
ik1x + C2v12e

−ik1x + C3v22e
ik2x + C4v22e

−ik2x, for 0 < x < L (2.14)

with

ki :=

√(
−ω2

PR−Q2

)
λi, , i = 1, 2 (2.15)

On the interface (x0 = xc or x0 = L−xc), the displacement is continuous, and the normal
stress and the pore stress in the cortical bone is equal to the normal stress and the pore stress
in the cancellous bone. Therefore, the displacements, pressure and stresses satisfy:

Uh(x+
0 ) = uh(x+

0 ) = us(x−0 ),

σh
xx(x

+
0 ) = σs

xx(x
−
0 ) + σs(x−0 ).

(2.16)

Here x−0 = x−c or (L−xc)
+, and x+

0 = x+
c or (L−xc)

−, respectively. In (2.16), we recall that
σa

xx = λaea + Qaεa, ea = ∂ua

∂x
, and εa = ∂Ua

∂x
There are six equations in (2.16) totally.

3 Transient reflection and transmission of waves

Let Ûa
0, êa, and ε̂a be the Fourier transforms of Ua

0 , ea, and εa (a = m, c, s), respectively,
in the frequency domain ω. Correspondingly, in the muscle (−xm < x < 0) and (L < x <
L + xm) and cortical bone (0 < x < xc) and (L − xc < x < L) respectively, we obtain the
transformed equations of (2.1) and (2.3) as

∂2

∂x2
[(λm + 2µm)ûm] = −ω2ρmûm. (3.1)
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∂2

∂x2
[(λh + 2µh)ûh] = −ω2ρhûh. (3.2)

Whereas in the cancellous bone the equations are, as mentioned before,

∂2

∂x2
[(λs + 2µs)ûs + QsÛ s] = −ω2(ρs

11û
s + ρs

12Û
s) + iωbs(ûs − Û s),

∂2

∂x2
[Qsûs + RsÛ s] = −ω2(ρs

12û
s + ρs

22Û
s)− iωbs(ûs − Û s).

(3.3)

On the interface, (x0 = xc or x0 = L − xc), from (2.16), we have the transformed trans-
mission conditions now as

Û s(x−0 ) = ûh(x+
0 ) = ûs(x−0 ),

(λh + 2µh)
∂ûh

∂x
(x+

0 ) = (λs + 2µs + Qs)
∂ûs

∂x
(x−0 ) + (Qs + Rs)

∂Û s

∂x
(x−0 ),

(3.4)

Here, again, x−0 = xc or (L− xc)
+, and x+

0 = x+
c or (L− xc)

−, respectively.
We represent the elastic wave in the muscle as

ûm(x) =Cm
1 e−iωkmx + Cm

2 eiωkmx, −xm < x < 0;

ûm(x) =Cm
3 e−iωkmx + Cm

4 eiωkmx, L < x < L + xm.
(3.5)

where km =
√

ρm

2µm+λm
, and Cm

1 , Cm
2 , Cm

3 , Cm
4 are constants to be determined. However,

as the boundary condition at the transducer is σ̂xx = C0 and at the opposite side as the receiver
is held fixed ûm = 0 we have the constraints

−i(λ + 2µ)ωkm

[
Cm

1 e−iωkmxm + Cm
2 eiωkmxm

]
= C0

and
Cm

3 e−iωkmxL+xm + Cm
4 eiωkmxL+xm = 0. (3.6)

On the interface between the cortical bone and muscle ( x0 = 0 or x0 = L), continuity is
required for both skeletal and fluid horizontal displacement, aggregate normal stress. In view
of (3.5), on x = 0, we have

ûm(0−) = ûh(0+),

σ̂m
xx(0

−) = σ̂h
xx(0

+).
(3.7)

On x = L,
ûm(L+) = ûh(L−),

σ̂m
xx(L

+) = σ̂h
xx(L

−),
(3.8)

(3.7) and (3.8) are equivalent to:

ûm(0−) = βhÛh(0+) + (1− βh)ûh(0+),

λm ∂ûm

∂x
(0−) = (λh + 2µh + Qh)

∂ûh

∂x
(0+) + (Rh + Qh)

∂Ûh

∂x
(0+),

λm ∂ûm

∂x
(0−) =

1

βh

[
Qh ∂ûh

∂x
(0+) + Rh ∂Ûh

∂x
(0+)

]
,

(3.9)
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ûm(L+) = βhÛh(L−) + (1− βh)ûh(L−),

λm ∂ûm

∂x
(L+) = (λh + 2µh + Qh)

∂ûh

∂x
(L−) + (Rh + Qh)

∂Ûh

∂x
(L−),

λm ∂ûm

∂x
(L+) =

1

βh

[
Qh ∂ûh

∂x
(L−) + Rh ∂Ûh

∂x
(L−)

]
.

(3.10)

4 Symbolic Calculations in the Frequency Domain

5 Numerical tests

In the paper [4], it is shown that from the measured data by the receivers (see Figure 1),
the porosities of the cortical and cancellous bones are uniquely determined locally. In this
section, we will compute the dependence of the porosity βa, where a = h, s on the measured
transmitted wave c4 at the receivers. This is done by computing the solution (6.19) forwardly.

Theoretically, the linear system (6.19) has a unique solution. But computationally, its con-
dition number is about 1020 for practical data. To produce accurate solutions, we first rescale
the matrix M. Suppose mj is the largest element of the jth column, j = 1, 2, · · · , 20, then
dividing the jth column by mj , we get a new matrix Mnew = MQ, where Q is a diagonal
matrix with Q(j, j) = 1

mj
, j = 1, 2, · · · , 20. Let X = Q−1C, then we have MnewQX = B.

Now we want to recondition the matrix Mnew and rewrite the problem as

P−1MnewX = P−1B

where P−1 is the preconditioner of the matrix Mnew.
We need P be a matrix which is similar to Mnew and P−1Mnew has a much smaller condition
number than that of Mnew. In our computation, we choose P to be a diagonal matrix with

P(i, i) = Mnew(i, i)

in (6.19). Here i = 1, 2, · · · , 20.
In the numerical computation, in addition to the constants listed in Table 1 and Table 2,

we used also the following data, A = 1, L = 0.05, xc = 0.01 xs = −0.1, s = 0.02, f̂ = c2
0.

We experimented with different waves ω. In Figure 2, we plotted the real part of constant c4.
(the imaginary part of c4 is neglected as it is about one-tenth of the real part) in the transmitted
wave against the porosity of cancellous bones βa(a = h, s) for ω = 105.

8



6 Appendix

Introducing the new unknowns ûa
x = ∂ûa

∂x
and Ûa

x = ∂Ûa

∂x
, the systems (3.2) , (3.3) can be

decoupled into the following matrix form

∂

∂x


ûa

Ûa

ûa
x

Ûa
x

 =


0 0 1 0
0 0 0 1
la11 la12 0 0
la21 la22 0 0




ûa

Ûa

ûa
x

Ûa
x

 , (6.1)

where a = s or a = h,

la11 = −ω2aa
11 + iωbala1 , = 6× 107 − i4× 107 la12 = −ω2aa

12 − iωbala1 , = −5× 107 + i4× 107

la21 = −ω2aa
21 − iωbala2 , = −1× 107 + i7× 106 la21 = −ω2aa

22 + iωbala2 , = 9× 106 − i7× 106

and

la1 =
Qa + Ra

xa
c

, = −1.3× 10−7 + i4× 10−9 la2 =
Qa + λa + 2µa

xa
c

,

= −2× 10−8 + i7× 10−10

aa
11 =

Raρa
11 −Qaρa

12

xa
c

, = −5× 10−5 + i1× 10−6 aa
12 =

Raρa
12 −Qaρa

22

xa
c

, = 2× 10−5 − i1× 10−6

aa
21 =

(λa + 2µa)ρa
12 −Qaρa

11

xa
c

, = 1× 10−5 − i6× 10−7 aa
22 =

(λa + 2µa)ρa
22 −Qaρa

12

xa
c

, = −6× 10−6 + i3× 10−7

xa
c = (λa + 2µa)Ra − (Qa)2= 5× 108 + i4× 108.

Here a = h represents hard (cortical) bone and a = s represents soft (cancellous) bone.
For a = s, the system (6.1) is for xc < x < L − xc. For For a = h, the system (6.1) may
be for 0 < x < xc or for L − xc < x < L. Therefore, the system (6.1) consists of twelve
equations in total.

The homogeneous systems (6.1) can be easily found to have solutions of the following
form: For 0 < x < xc, 

ûh

Ûh

ûh
x

Ûh
x

 = Eh(x)Ch = Eh(x)


Ch

1

Ch
2

Ch
3

Ch
4

 . (6.2)

For xc < x < L− xc, 
ûs

Û s

ûs
x

Û s
x

 = Es(x)Cs = Es(x)


Cs

1

Cs
2

Cs
3

Cs
4

 . (6.3)

9



For L− xc < x < L, 
ûh

Ûh

ûh
x

Ûh
x

 = Eh(x)Dh = Eh(x)


Dh

1

Dh
2

Dh
3

Dh
4

 . (6.4)

Here Ea(x) = Ea
0e

Λa
0x, and

Λa
0 =


γa

1 0 0 0
0 γ2a 0 0
0 0 γa

3 0
0 0 0 γa

4

 , (6.5)

Ea
0 =


1 1 1 1

((γa
1 )2 − la11)/l

a
12 ((γa

2 )2 − la11)/l
a
12 ((γa

3 )2 − la11)/l
a
12 ((γa

4 )2 − la11)/l
a
12

γa
1 γa

2 γa
3 γa

4
γa
1 ((γa

1 )2−la11)

la12

γa
2 ((γa

2 )2−la11)

la12

γa
3 ((γa

3 )2−la11)

la12

γa
4 ((γa

4 )2−la11)

la12

 , (6.6)

where Ea
0 and Λa

0 are the eigenvector and eigenvalue matrices of the 4× 4 matrix in (6.1),
and

γa
1 =

1√
2

√
la22 + la11 −

√
(la11 − la22)

2 + 4la12l
a
21,

γa
2 = − 1√

2

√
la22 + la11 −

√
(la11 − la22)

2 + 4la12l
a
21,

γa
3 =

1√
2

√
la22 + la11 +

√
(la11 − la22)

2 + 4la12l
a
21,

γa
4 = − 1√

2

√
la22 + la11 +

√
(la11 − la22)

2 + 4la12l
a
21.

The coefficients Ch
i , Cs

i , D
h
i , i = 1, 2, 3, 4 are to to be determined.

Now we discuss the determination of the constant vector

C = (Cm
1 Cm

2 Ch
1 Ch

2 Ch
3 Ch

4 Cs
1 Cs

2 Cs
3 Cs

4 Dh
1 Dh

2 Dh
3 Dh

4 Cm
3 Cm

4 )T

by the boundary conditions and the interface coupling.
Let

M1 =

 1 1
−λmiωkm λmiωkm

−λmiωkm λmiωkm

 , (6.7)
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M2 =

1− βh βh 0 0
0 0 λh + 2µh + Qh Rh + Qh

0 0 Qh/βh Rh/βh

 , (6.8)

M3 =


1 0 0 0
0 1 0 0
0 0 λh + 2µh + Qh Rh + Qh

0 0 Qh/βh Rh/βh

 , (6.9)

M4 =


1 0 0 0
0 1 0 0
0 0 λs + 2µs + Qs Rs + Qs

0 0 Qs/βs Rs/βs

 , (6.10)

M5 =

 e−iωkmL eiωkmL 0
−iωλmkme−iωkmL iωλmkmeiωkmL 0
−iωλmkme−iωkmL iωλmkmeiωkmL 0

 , (6.11)

M6 =


1 −e2ik0xs −1
1 e2ik0xs −1
0 e−ik0s eik0s

0 ik0

ρ0ω2 e
−ik0s − ik0

ρ0ω2 e
ik0s

 , (6.12)

M7 =


0 0
0 0

λmiωkmeiωkms −λmiωkme−iωkms

eiωkms e−iωkms

 , (6.13)

M8 =

(
λmiωkme−iωkm(L+s) −λmiωkmeiωkm(L+s) −eik0(L+s)

e−iωkm(L+s) eiωkm(L+s) ik0

ρ0ω2 e
ik0(L+s)

)
, (6.14)

In matrix notations, the condition on x = 0 is

M1(C
m
1 Cm

2 )T = M2E
h(0)Ch = M2E

h
0C

h, (6.15)

The condition on x =c is

M3E
h
0e

Λh
0xcCh = M4E

s
0e

Λs
0xcCs. (6.16)

The condition on x = L− xc is

M3E
h
0e

Λh
0 (L−xc)Dh = M4E

s
0e

Λs
0(L−xc)Cs. (6.17)

The condition on x = L is

M5(C
m
3 Cm

4 c4)T = M2E
h(L)Dh = M2E

h
0e

Λh
0LDh. (6.18)
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Collecting (6.12)-(6.18) we obtain a 20× 20 matrix equation

MC = B, (6.19)

where

M =



M6 M7 0 0 0 0
0 M1 −M2E

h
0 0 0 0

0 0 M3E
h
0e

Λh
0xc −M4E

s
0e

Λs
0xc 0 0

0 0 0 M4E
s
0e

Λs
0(L−xc) −M3E

h
0e

Λh
0 (L−xc) 0

0 0 0 0 M2E
h
0e

Λh
0L −M5

0 0 0 0 0 M8

 , (6.20)

B = [0 − f̂ eik0xs

ik0c2
0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0].
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