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A Method for Introducing Soft Sources in the
PSTD Algorithm

Xiang Gao, Mark S. Mirotznik, and Dennis W. Prather

Abstract—This paper presents a method for introducing a
soft source in the pseudospectral time-domain algorithm. In this
method, a scalar weighting term ( is introduced in the total
field/scattered field approach in computational electromagnetics.
Using our modified version of Maxwell’s equations, soft sources
can be introduced simply by adding incident terms in the 8-10-cell
connecting region between the total field and the scattered field.
One-dimensional (1-D) and two-dimensional (2-D) examples of
soft source generation and a 2-D scattering study of a dielectric
cylinder are given.

Index Terms—Maxwell’s equations, pseudospectral time-do-
main (PSTD), soft source.

1. INTRODUCTION

ECENTLY, a pseudospectral time domain (PSTD)

method was proposed as an efficient algorithm for
solving Maxwell’s equations [1]-[6]. Unlike the traditional
finite-difference-time-domain (FDTD) method, which ap-
proximates continuous spatial derivatives using second-order
finite differences, the PSTD method uses forward and inverse
fast Fourier transforms (FFTs). There are two significant
computational advantages in doing so: 1) by using the FFT
there is theoretically no spatial dispersion error [1] as found
in the traditional FDTD algorithm and 2) only two grid points
per minimum wavelength are required in the PSTD method
compared to 10-20 typically found in FDTD. Thus, PSTD
requires far less memory and is roughly 4° — 8P (D is the
dimensionality) times more efficient than FDTD [1]. Also, the
spatial grid is not staggered like the grid used in the FDTD
algorithm, so programming is simplified and representation
of materials is straightforward. However, there are several
issues with the PSTD algorithm with regard to its application
in computational electromagnetics [1], [2], [6]. These include:
1) difficulty in dealing with PEC and high contrast materials;
2) difficulty in introducing external soft sources; and 3) mod-
eling of fine structures.

In this paper, we address one of these difficulties, namely the
ability to introduce a soft source in the PSTD algorithm. Prior
PSTD algorithms [6], [7] have employed a scattered field for-
mulation to deal with continuous soft sources. In a scattered
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field formulation, the incident terms are needed for the region
where the scatters have different material properties to the back-
ground. In FDTD, there is a well-developed total field/scattered
field (TFSF) formulation, which only requires the incident field
components to be calculated along a boundary connecting the
TF and SF regions. The TFSF method is easy to implement and
does not encumber any significant computational burden. Thus,
in this paper we propose a novel approach to introducing con-
tinuous soft sources in the PSTD algorithm, while maintaining
its computational advantages.

We call our approach the “weighted TFSF” method. To the
best of our knowledge, this represents the first application of the
TFSF formulation to the PSTD method. To this end, in this paper
we first introduce a “connecting region,” as oppose to a “con-
necting boundary” in FDTD between the TF zone and the SF
zone. Then we derive the modified Maxwell equations, which
pertain to this region. Lastly, numerical examples are given to
further show the feasibility of this method.

II. FORMULATION

For an inhomogeneous conductive medium, we have the fol-
lowing Maxwell curl equations [10]:

W = Y B0l

‘ I, ey
e =V xH-oFE
Consider the incident wave and scattered wave separately
{Etot = Einc + E;scat (2)
Hiot = Hine + Hycat

where both the incident field and the scattered field satisfy (1).

We now separate the computation region into a total field
zone, a scattered field zone, and a connecting region in between.
To be mathematically consistent for these three zones we intro-

duce a weight scalar ¢, weighted field components FEiots Hiots
and weighted incident field components FEine and Hipe:

{E’tot = Ezinc +Escat = CEinc +Escat 3)
Hiot = Hine + Hycar = CHinc + Hgcat

where ( is chosen to be 0 in the SF zone, 1 in the TF zone, and
accordingly continuously change from O to 1 in the connecting

region. In the SF zone Etot = Esca;, in the TF zoneEtot = Etot,
and within the connecting region FEyo values smoothly connect
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the Escat field in the SF zone and E’tot field in the TF zone, in
order to reduce the Gibbs’ phenomenon [8].
After some manipulations of the Maxwell equations and

using (3), we obtain the equations for E’tot and H tot

BF} o N 2 ~
M% =-V ><-Etot - U*Htot + V<<> X Einc

aﬁt ) ) L@
€ 8ttOt = V X Etot - UEtot - V(C) X ﬁinc

It is interesting to point out that (4) is similar in form to the
auxiliary field equations in [11], where a scalar amplitude mod-
ulation function F'(r) is used to attenuate field values near the
computation boundary to achieve reflection-free boundary. In
this paper, however, we use ( to separate the fields and intro-
duce soft sources.

In the TF and SF region where V{ = 0, (4) is reduced to
Maxwell curl equations, and the incident wave information is
only required in the connecting region where V( # 0.

From (4), we can see how the incident wave is introduced
into the connecting region, where V({ # 0. (Actually, the name
of this method is obtained from the weight scalar (). It should
be noted that the size of the connecting region must be chosen
with care. If the size is excessively small the results may be
inaccurate due to Gibbs’ phenomenon [8] associated with the
abrupt changes in field values and the use of FFT. However, if
the connecting region is too large the method will lose much of
its computational advantage. So, one must choose a good size
for the connecting region to balance efficiency and accuracy. In
most cases where error < 1 x 1073 is required, a connecting
region of a width of 8—10 cells was found to be sufficient. The
shape of ( is also an important factor in reducing Gibbs’ phe-
nomenon (and, in turn, reducing errors). Thus, the connecting
region serves three purposes: 1) it introduces a soft source; 2) it
splits the fields; and 3) it minimizes the Gibbs’ phenomenon
caused in the transition between the TF zone and the SF zone.

Itis also worth noting that the connecting region can be placed
in the center of the computation region so that an internal soft
source (such as a continuous soft point source, for example) can
be introduced.

III. NUMERICAL RESULTS
A. One-Dimensional TM, Mode Half-Infinite Plane Wave

To illustrate and test our method, I-D and 2-D examples are
given. For the 1-D TM, mode, we have the following equations
obtained from (4):

oH, OE. o  OC-
= - *H'l - _Ez inc
a Qt (2:17 7 Hy or ~~ ) (5)
oE. oH, .~  OC-
= a5 - *Ez - _H1 inc
ot ~ ox 7 oz -

To solve (5) numerically using the PSTD algorithm, the spa-

tial derivatives of £, and H , are obtained from FFT and inverse
FFT as [4], [6]

Of (x,t)
T

1 N—-1 R .
= > ki f (ki ) (6)
m=0

T=In
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where

N-1
flkim,t) = ) flan, t)e™ o, ™
n=0
In (6) and (7), ky, = 2am/L, (m = 0,1,2...N — 1). Butin
(6), the first k,,, in the right-hand side is forced to be a periodic
function within [-7N/L,wN/L). Unlike the formulas in [4]
and [6], by changing the range of the first &,,, in (6), there is no
need for a grid shift of N/2 for f(ky,, t). This will result in some
computational savings. The summations in (6) and (7) are done
with the FFT algorithm, which has a computational dependence
of O(Nlog, N) [9]. X
The temporal derivatives of weighted field components, E.
and H y» are obtained with central difference by staggering the

E. grid and H y grid in time domain, the same as in the FDTD
method [1].

A half-infinite plane wave with a smooth front is used as the
incident wave. We use a raised cosine function to smooth the
front of the incident wave. For an infinite plane wave, we have

Hy ine(t) = — \/ € coslwt — k - 7]
Ho
E. ne(t) = cos [w (t + %) — k- :1;] )

Equation (8) is then multiplied with a proper envelope function
to become a traveling half-infinite plane wave. The term dt/2
in (8) is due to the fact that the temporal grids of Ez_inc and
H y_inc are staggered with a d¢/2 interval. The sign of theAdt /2

term is determined by the updating sequence of E. and H y In
the computation program. The wavenumber £ in (8) is given by
the dispersion relationship [1]

J— 2 . wAt
T At 1n 2

to effectively minimize numerical dispersions due to the tem-
poral finite difference approximation (recall that the spatial dis-
cretization does not introduce any numerical dispersion in the
PSTD algorithm).

The weight function ( is constructed from a smooth function
y(x), its mirror image y(—2) and functions of constant 1 and 0.
See illustration in Fig. 1(a). Smooth function y(x) has a value of
0 on one end and a value of 1 on the other. Our choices for y(z)
include a raised cosine function, half of a Gaussian distribution
curve, half of a Blackman—Harris (BH) window function, and
an integral form of the BH (IBH) window function. Fig. 1(a)
shows such smooth functions y(z) and ¢. Fig. 1(b) shows the
Fourier spectrums of weight function ¢ constructed from dif-
ferent y(z). The best choice for y(z) (and () is the one that has
the smallest high spatial frequency components that extends be-
yond the highest frequency value, which is +1/(2Az) in FFT.
And indeed, we have found that IBH window function, which
offers < 1 x 10~* errors with eight cells, is the best choice. This
window function will be discussed in detail in Section IV.

Because in (3), ¢ is multiplied to the incident terms, its shape

®)

©))

will affect the derivative calculations of Emt and H tot 1N (4)
using the FFT/iFFT method. To study this effect, we multiply
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Fig. 1. (a) Diagram of several functions used to construct (. (b) The Fourier

spectrum of the corresponding weight function ¢. The integral form of the
Blackman—Harris (IBH) function offers the smallest side lobes.
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Fig. 2. Relative errors in derivative calculations using FFT/IFFT on a
sinusoidal function multiplied by ¢. The connecting region has a grid thickness
of 10 cells. (a) The maximum relative error versus the sampling rate. (b) The
mean relative error versus the sampling rate.

a single-wavelength sinusoidal function by ( as a test function,
and obtain the relative errors in derivative calculations with the
FFT/iFFT method. The results are shown in Fig. 2. For very
small sampling rate, it shows large errors and as sampling rate
increases the errors reduce and stabilize for higher frequency
ranges. The maximum relative error values plotted in Fig. 2(a)
are the overshoots in the Gibbs’ phenomena. Clearly IBH
window function offers the best performance. In all following
simulations, we use IBH for the weight function (.
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Fig. 3. (a) E. component and ¢ for a 10 GHz plane wave traveling in free
space along the x+ direction. Dots are calculated with the “weighted TFSF”
PSTD algorithm. Solid line is the known incident wave, whose value is added
only in the CR (connecting region). (b) The maximum error recorded during
a long enough time period. The error is the difference between the numerical
values and known incident values.

Fig. 4. Diagram of ¢ for the 2-D case, with ( = (,(,. A large connecting
region is intentionally used for illustration purposes.

There are two ways to obtain the derivatives of (: One can use
the analytical values, since ( is given analytically; or one can use
the FFT/iFFT technique to numerically obtain the derivatives.
In our simulations, we used the second technique. To keep the
computational advantage, only the derivative values inside the
connecting region are used, the rests are omitted. We found that
the second technique can help reduce the Gibbs’ phenomenon.

In our numerical experiment with 1-D soft source genera-
tion, we created a plane wave in vacuum with f = 10 GHz,
using 128 grid points with a grid density of six grids per Ag. (Ao
is the free space wavelength). An eight-cell connecting region
and a 12-cell PML are used, and their borders are indicated in
Fig. 3(a). The time step is set as At = Ag/20c, which in our
case satisfies the stability condition: At < Az/1.57¢ (1-D case
in [1] and [4]). Fig. 3(a) shows the weight function { and nor-
malized E, component of the 1-D TM_, mode. The maximum
numerical errors recorded during a long enough time period are
plotted in Fig. 3(b), and are shown to be less than 1 x 1074,

B. Two-Dimensional TE, Mode Half-Infinite Plane Wave

In the 2-D case, we used the split field PML equations for 2-D
TE, plane wave incidence. After using the transform, Hy ey, =
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(a) Snap shot of H , of a half-infinite plane wave at 30° incident angle, shortly after the wave front appeared in the computing region. (b) The error of H .,

at the same time. As can be seen the wave front is associated with a large error, mainly due to the fact that dispersion at the wave front is different to dispersion at

the steady state.
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Fig. 6.
(b) The error of H ., at the same time.

ZoHoia = +/1o/e0Hoa and some derivations from the ordi-
nary split field PML equations [10], we obtain the following
equations for the weighted E and H fields:

(0B, _ c (oH. _0¢y  \_ o p
ot ~ e, dy Oy T Z-Inc £,€0 z

9B, _ i(af{z_gHz inc)_ o B

at T e \ Oz dx erco Y
{ - e - (10)
OH., _ _ ¢ v _ 9¢ . _ T,
ot o ( oz Oox Ey_lnc) Lo 40 sz

oH., _ e (0B, 9Cpm \_ % 7
T ( Ay ayE””-”“C o 10 Hy

where H_.=H ., + H ., and S= (Sinc + Sscat. In this case, S
represents the £ and H components.

Fig. 4 is a 3-D diagram of (. For illustration purpose, a very
thick connecting region is used. Because of the rectangular ge-

\

20 40 60 8 100 120
x (b)
30°

(a) Snap shot of H.. of a half-infinite plane wave at 30° incident angle, aftert > 2% L, /c. (L, /c is the time for light to propagate across the & dimension).

ometry of the connecting region, we simply use ( = ( - (y to
construct ¢. Both (, and ¢, are formed from the IBH window
function [see Fig. 1(a)].

Figs. 5 and 6 show snap shots for an angled half-infinite TE,
mode plane wave with unit amplitude traveling in vacuum. The
computation region has N, x N, = 128 x 128 grid points. An
eight-cell PML and an eight-cell connecting region are used, and
their borders are indicated as concentric boxes shown in Fig. 5
and 6. To display the wave, roughly nine grid points per Aq are
used. The time step is set as At = \g/20¢, which in our case
satisfies the stability condition: At < Az/2.221¢ (2-D case
in [1] and [4]). The numerical errors, which are defined as the
difference between the PSTD numerical value and the known
incident value, are shown in Figs. 5(b) and 6(b). Due to the
fact that numerical dispersion is only compensated at Ay and
the wave front contains other spatial frequency components, the
numerical dispersion artifact is not completely eliminated, as
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can be seen in Fig. 5(b). However after the wave front passed
the computation region, it has much smaller errors, as shown
in Fig. 6(b). We believe the remaining numerical errors result
mostly from the Gibbs’ phenomenon associated with the PML
and the connecting region.

C. Scattering of a Dielectric Cylinder With 2-D 'TM, Mode
Plane Wave Incidence

We also studied the scattering of an incident plane wave from
a dielectric cylinder. The cylinder is assumed to be isotropic,
homogeneous with a relative electric permittivity e, = 2.25,
a relative magnetic permeability p,, = 1, and a radius of 8 m.
A half-infinite TM, mode plane wave soft source is generated
with the same technique explained in Section III-B, with an
eight-cell PML and an eight-cell connecting region. The inci-
dent wave has a free space wavelength A\ of 1 m, and a 0° in-
cident angle along the x axis. Size of the computation region
is Ly x L, = 30 x 30 m. To represent the circular cylinder
boundary with good fidelity in an orthogonal grid, we use a grid
of N, x N, = 512 x 512. This corresponds to roughly 11.38
grids per wavelength in the cylinder. A time step of \g/40c¢ =
8.33 x 1071 (s) is used.

Steady state is achieved when the incident wave has traveled
a length of more than five times the diameter of the cylinder.
The steady state value of the weighted E. component is given
in Fig. 7. The rectangular boxes in Fig. 7 indicate the borders
of the PML and connecting region. The PSTD value Ez_pSTD
is then compared with analytical solutions E. ,naiytic. The ab-
solute error, which is defined as |Ez_pSTD — CE. _analytic|, 1s
shown in Fig. 8. As can be seen, large errors are mostly located
near the surface of the cylinder. This is primarily due to Gibbs’
phenomenon at the interface where the derivatives of the tangen-
tial field values along the longitudinal direction are not contin-
uous. This is one of the limiting factors when applying the PSTD
method to materials with large dielectric contrast. The problem
of representing a circular boundary with an orthogonal grid also
affects the accuracy near the boundary. But interestingly there
is little error outside the cylinder. Fig. 9 shows a line scan of the
field values at a radius of 12 m to the center of the cylinder. As
can be seen in Fig. 9, the weighted TFSF PSTD method gives
almost identical results as the analytical method.

IV. DISCUSSION

In popular 2-D or 3-D FDTD TFSF methods, the 1-D propa-
gation equation is solved first by using FDTD with the same grid
size and time step. Then, the values of the incident plane wave
are interpolated from the 1-D solution. The FDTD typically uses
more than 16 grid points per wavelength so the interpolation can
be done quite accurately. But for the PSTD, which usually uses
fewer grid points per wavelength, the use of the same interpo-
lation technique may not be a good solution. Fortunately, the
numerical dispersion relation for PSTD is isotropic [1]. In fact,
our numerical experiments confirm that by using the numerical
dispersion relationship derived in [1], dispersion errors can be
effectively eliminated for a steady state computation. But for the
front of the incident wave, because different frequency compo-
nents exist, the dispersion formula cannot work effectively, see
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Fig.7. Scattering of a dielectric cylinder with refractive index of 1.5 and radius

of 8 m. Other parameters are given in the text in Section III-C.

Fig. 8. Absolute error of E,. The dotted circle shows the surface of the
dielectric cylinder. The arrow indicates the propagation direction of the incident
wave. Simulation parameters are given in the text in Section III-C.

Fig. 5(b). We believe that using interpolation from the spectral
components of a 1-D propagation might solve this problem.

In our numerical experiments on plane wave propagation, the
Gibbs’ phenomenon introduced by ( is the main source of nu-
merical errors. To find the optimum curve with minimal Gibbs’
phenomenon, we have tried several window functions to con-
struct . We have found that the integral form of the BH window
function renders the best performance. The BH window func-
tion, which is well known in the digital signal processing com-
munity, can be written as

M
BH(z) = Z ay cos(2mkx)
k=0

Y

where = is within the range [0 1] and M + 1 is the number
of terms for the BH window function. Usually the BH window
function is bell shaped. For a 92 dB suppression of the first side
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Fig. 9. Comparison of analytical values and PSTD values for the steady state £. component at a radius of 12 m.

lobe, we have ag = 0.358 75, a; = —0.48829, as = 0.141 28,
az = —0.01168.
The integral form of the BH function is

M .
sin(2mkz)
IBH(z) = 3 a) T,
= 2rk

This function changes smoothly from O to ag, as = changes
from O to 1. In our numerical experiments, we use ag = 1,
a; = —1.3611, aa = 0.3938, ag = —0.0326, which is ob-
tained by simply normalizing a to ag. A simple analysis in the
spectral domain reveals that, for M + 1 nonzero terms in the
IBH window function, a minimum of 2(M + 1) grid points are
required to effectively contain the main lobe of the spectrum of
(. In the 1-D case, with ¢ constructed from our choice of a; and
(12), the numerical errors due to Gibbs’ phenomenon can be ef-
fectively reduced to less than 1 x 10~* with only eight cells for
the connecting region (see Fig. 3).

In our studies on the scattering in the presence of a dielectric
cylinder with the PSTD method, we found that because the ma-
terial properties change abruptly, a grid density much larger than
the Nyquist sampling rate is needed to ensure accuracy. From
this we conclude that more research is needed to obtain accu-
rate simulation results with a coarse grid for problems involving
materials with high contrast and objects with fine structures.

An important observation we made from our numerical ex-
periments is that the weight function produces errors due to the
Gibbs’ phenomenon introduced by itself (see Figs. 1 and 2). We
can make a similar conclusion for the PML as well. Because
PML attenuates the wave functions, it broadens the spectral con-
tents of the wave functions inside the computation region. In
order to contain the Gibbs’ phenomenon created by the PML,
one has to use a sampling rate higher than the Nyquist sampling
rate. Additional research is needed to find the optimum grading
in PML structures to reduce the spectral broadening effect.

It should be noted that, although our method is proposed for
the application of Fourier PSTD algorithm, the weighted TFSF
method is algorithm independent, which is apparent from the
derivations of (4).

12)

V. CONCLUSION

We have developed a new method to introduce continuous
soft-sources into the PSTD algorithm for analyzing the wave
scattering in an inhomogeneous medium. We provided 1-D and
2-D PML examples to support our findings. These numerical
experiments have confirmed the validity of such a method.

Moreover, since the additional terms found in our modified
Maxwell’s equations required computing the incident fields
only in the connecting region, our method was found to be easy
to implement and efficient.
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