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ABSTRACT: We describe a design methodology for synthesizing dif-
fractive elements based on two-dimensional subwavelength cylindrical
microstructures. We combine a numerical and experimental approach to
demonstrate that by varying the diameter, pitch, and depth of subwave-
length cylindrical occlusions in a homogenous substrate it is possible to
produce multiphase diffractive elements. © 2007 Wiley Periodicals, Inc.
Microwave Opt Technol Lett 49: 1880–1884, 2007; Published online in
Wiley InterScience (www.interscience.wiley.com). DOI 10.1002/mop.
22571
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1. INTRODUCTION

Phase-only diffractive elements (DEs) are an attractive technology
for a variety of applications at optical, millimeter wave and mi-
crowave frequencies, where arbitrary wavefront generation is de-
sired. The DE’s small size and ability to generate complex wave-
fronts contributes to its popularity, particularly for applications
involving monochromatic illumination. Most DEs are designed
using algorithms based on scalar diffraction theory and are fabri-
cated with large features relative to the operational wavelength.
Unfortunately, at longer wavelengths the size of scalar domain
features tends to be sufficiently large as to prohibit the fabrication
of a practical DE that meets size and weight constraints. Over the
last decade several investigators have developed techniques for
constructing subwavelength DEs using effective media theory
[1–4]. These devices are capable of producing quite general phase
profiles, including polarization dependant phase profiles. In par-
ticular, we recently described a design methodology for synthe-
sizing polarization-sensitive diffractive optical elements based on
2D form-birefringent microstructures and a cell-encoding design
algorithm [4]. That technique yielded a single-substrate binary
element that generated nearly independent phase responses for
horizontally and vertically polarized illumination. That method
was demonstrated experimentally at long-wave infrared and was
shown to be effective.

In this article, we extend the subwavelength cell-encoding
procedure described in [4] to include subwavelength features that
are cylindrically shaped (as shown in Fig. 1). The advantage of
using cylindrically shaped subwavelength features is that inexpen-
sive fabrication processes such as conventional mechanical or laser
drilling can be employed for DE fabrication. We also extend the
concept of subwavelength DEs to longer millimeter wavelengths.
Several elements were fabricated using conventional mechanical
drilling, based on the design process described in this article and
characterized at millimeter wavelengths (�40 GHz).

2. DESIGN METHODOLOGY GENERAL CONCEPT

Phase-only DEs are designed by mapping an electromagnetic
wave’s phase function into a surface relief pattern. Typically, the

phase function is realized by modulating the height of an area
whose dimensions are fixed for each phase value. (This technique
is referred to as point-oriented encoding.) If the dimensions of the
diffracting feature are much larger than the illuminating wave-
length, the phase transformation is insensitive to polarization. The
degree of phase transformation is simply given as, �� � (2�d/
�o)(n�1), where, d is the height of the dielectric feature, n is the
index of refraction of the substrate and l0 is the free-space wave-
length. If instead a periodic array of subwavelength features is
used then the degree of phase transformation is determined by the
“effective” index of refraction of the subwavelength grating (i.e.
�� � (2�d�o)(neff � 1)). The effective index is a relatively
sensitive function of the grating’s period, feature shape, and thick-
ness, as well as the bulk electromagnetic properties of the isotropic
substrate. Thus, a large number of design parameters can be
exploited in designing subwavelength DEs. Additionally, sub-
wavelength gratings will respond anisotropically if either the grat-
ing periods (�x and �y) or feature shape differs along the x- and
y-directions. This opens up the possibility of synthesizing polar-
ization-dependent DEs.

In [4] a design algorithm was presented that utilized a look-up
table of effective properties as a function of the grating’s param-
eters as building blocks to synthesize more complicated DEs. The
effective properties were precalculated using the rigorous coupled
wave (RCW) method and used to generate more complicated,
spatially varying DEs. To insure that each grating generates only
a 0th diffractive order in both transmission and reflection, the
grating periods, �x and �y, were restricted to less than �0, where
�0 is the free-space wavelength of illumination. Furthermore, to

Figure 1 Schematic representation of a sub-wavelength DE with cylin-
drical features. Each cell location produces an effective electromagnetic
property as a function of the x- and y-grating periods, hole-diameter, and
grating depth

1880 MICROWAVE AND OPTICAL TECHNOLOGY LETTERS / Vol. 49, No. 8, August 2007 DOI 10.1002/mop



simplify fabrication and modeling, only binary rectangular grat-
ings were studied in [4]. For this article, we use the RCW method
to calculate the effective electromagnetic properties generated by
varying the radius (a), height (h), and grating periods (�x, and �y)
of cylindrical subwavelength features (shown in Fig. 2). A look-up
table design approach, similar to the approach described in [4],
was used to cell-encode the phase function of more general DEs.

2.1. Effective Properties of Two-Dimensional Subwavelength
Gratings With Cylindrical Features
Two approaches are generally reported in the literature for deter-
mining the effective optical properties of subwavelength gratings.
The first uses closed form expressions [5] to provide approximate
effective phase values as a function of the grating structure. Al-
though attractive from a computational perspective, the approxi-
mate expressions are accurate only for gratings whose period is
much smaller than the wavelength of illumination. Additionally, as
the grating period approaches the wavelength, which is referred to
as the resonance regime, the assumptions on which these closed
form expressions are based are no longer valid.

We employ a second approach, which utilizes a rigorous elec-
tromagnetic model to determine the relationship between structural
form and response. Although computationally more difficult, the
approach is capable of generating accurate results for gratings of
any period size and shape. Several rigorous electromagnetic mod-
els can be used for this calculation. We chose the RCW algorithms
because they offer the best compromise between accuracy and
computational expense. To this end, we developed a rigorous
model based on the method described by Noponen and Turunen
[6] to calculate the effective electromagnetic properties of two-
dimensional subwavelength gratings with cylindrical features. For
brevity the mathematical details of the RCW method are not
described here. For a detailed description the reader is referred to
[6, 7].

The geometry of our structure, represented in Figure 2, is
composed of a binary surface relief pattern with cylindrical fea-
tures, a homogenous slab of finite thickness, and two semi-infinite
dielectric media denoted as the incident and transmission regions.
The illumination from the incident region is assumed to be nor-
mally incident on an isotropic homogenous slab of refractive index
nh and thickness h1 (0 � z � h1). The grating layer fills the next
region defined by h1 � z � h2 and is composed of a two-
dimensional periodic array of cylindrical features. Within the
grating layer, the index of refraction is modulated between the
substrate refractive index ns and the refractive index of the cylin-
drical features, nc. We denote the incident region as a semi-infinite

space in which z � 0 and the transmission region as a semi-infinite
space in which z � h2. We assume both semi-infinite regions are
filled with free-space, n0 � 1. The incident field is a plane wave,
linearly polarized in the xy-plane and propagating in the �z
direction,

E� inc � u� Eoe
�jksz (1)

where u� is a unit vector in the direction of polarization, E0 is the
amplitude, and ks is the wavenumber of the incident region. The
RCW described in [6] calculates all transmitted and reflected
orders diffracted by the subwavelength grating shown in Figure 2.
Of primary interest here are the amplitudes of the transmitted
diffractive orders Tm,n. Specifically, if the grating periods are
constrained to be less than the free-space wavelength, i.e., �x, �y

� �0, only the 0th order transmitted order, represented by T0,0,
propagates. The relative phase lag introduced by the subwave-
length grating is easily determined from T0,0 as,

�� � �T0,0 � koh2, (2)

where �T0,0 denotes the angle of T0,0 and k0 is the free-space
wavenumber. From Eq. (2), the effective index of refraction for the
grating can be determined as neff � (�o/2�h2) �� � 1. It should
be noted that the concept of this being an effective electromagnetic
medium is only approximate, and therefore strictly valid only for
the case of normal illumination at a specific wavelength. However,
for the case of interest here (i.e. designing a phase-only DE), we
are concerned only with the 0th order relative phase lag generated
by the subwavelength grating under normal illumination. A RCW
code, as described in [6, 7], was written in the programming
language MATLABTM to solve for the effective electromagnetic
properties of subwavelength cylindrical gratings.

2.2. Results of Effective Properties
The RCW method was used to generate tables of effective prop-
erties for the geometry illustrated in Figure 2. For the designs
examined in this study it was assumed that the cylindrical holes
were drilled into a nearly lossless dielectric plate of polystyrene
(RexoliteTM). Consequently, we fixed a constant total thickness of
the homogenous slab � grating (h2), the wavelength of illumina-
tion, and all dielectric constants. The radius of the cylindrical holes
(a), the periods (�x and �y), and thickness of the grating layer (h2

� h1) were assumed variable. Figures 3(a)–3(c) illustrates typical
results for the effective phase variation that can be achieved by
subwavelength gratings with cylindrical features. For these exam-
ples the thickness of the plate was fixed at h2 � 0.5 in. and the
index of refraction of the substrate (Rexolite) was held constant at
ns � 1.59. This plate thickness corresponds to roughly a 2�
maximum phase variation at 40 GHz, h 	 (�o(ns � 1)). The results
illustrate that relatively large variations in phase can be achieved
by varying the hole-diameter and period from 10 to 60% of the
material wavelength and varying the grating-depth from 50 to
150% of the material wavelength.

2.3. Cell-Encoded Subwavelength Diffractive Elements
To design DEs with spatially varying effective properties a cell-
encoding scheme was employed. In this process a DE with a
desired continuous phase response was approximated by a number
of finite size cells (as illustrated in Fig. 1). Each cell is assigned a
single desired phase value. Given the look-up tables of effective
properties, described in the previous section, it is relatively
straightforward to identify a grating structure (i.e. hole-diameter,

Figure 2 Geometry used to calculate effective properties of sub-wave-
length gratings with cylindrical features
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hole–depth, and period) at each cell that most closely matches the
desired phase response at that location. It is important that the
phase profiles are sampled on a scale larger than the wavelength.
From trial and error we found that the phase profiles sampled as
frequently as every five material wavelengths produce good re-
sults. If the sampling distance is much smaller than this, the
number of periods in the subwavelength grating is insufficient to
generate the predicted effective electromagnetic properties. Con-
versely, if the sample distance is too large, the super-wavelength
phase profiles do not adequately represent the desired transforma-
tion. It should be noted that by restricting the look-up tables to only
those grating geometries that can be easily fabricated, we have
consequently integrated fabrication constraints into the design
algorithm.

3. EXPERIMENTAL VALIDATION

To validate this method we designed, fabricated, and tested two
DEs using the method described in Section 2, for operation at a
frequency of 40 GHz (Figure 4). One element generated a one-
dimensional linear phase ramp from 0° to 210°, while the other
element generated a two-dimensional linear phase ramp also from
0° to 210°. Both elements were fabricated by drilling 2.0-mm
diameter air holes in a 210 mm 
 210 mm 
 12.7 mm Rexolite
plate using a computer numerical controlled (CNC) milling ma-
chine. For ease of fabrication the hole-diameters were fixed at 2.0
mm while the grating depth and period were varied. By fixing the
hole-diameter the entire element could be fabricated in a few
hours, without changing drill bits.

The fabricated elements were characterized using the experi-
mental set-up shown in Figure 5. In this set-up the machined
Rexolite plate was mounted perpendicular to a collimated, milli-
meter wave source operating at 40 GHz. It has been found from
previous studies that this source produces quasi-plane wave fields,
whose phase fronts vary by less than 5% over the aperture size of
interest. To measure the transmitted complex field values, a small
monopole antenna, aligned parallel to the polarization axis of the
electric field, was scanned in 1.0 mm spatial increments over a
square region (20 
 20 cm2) at the center of the Rexolite plate.
The probe was placed at a z-distance of �5 cm from the backside
of the DE. We found that this distance was large enough to ensure
that the probe did not significantly couple to evanescent fields and
small enough to ensure that the results were not corrupted by
diffraction artifacts from the outer edges of the Rexolite plate. An
Agilent 85106D Vector Network Analyzer was used to provide
both a 40-GHz input source as well as measure the phase and
magnitude of the transmitted fields at each location of the detector.
A computer program, written in LabviewTM, was used to move the
probe, control the network analyzer, and store the results. From the
recorded phase angle of the measured transmission coefficient the
spatially varying phase lag and effective properties of the sample
can easily be determined using Eq. (2).

3.1. One-Dimensional Linear Phase Ramp Results
We designed our first element such that the phase angle of the 0th
order transmitted field, at normal incident, varies linearly from 0°
to 200°, only along the x-axis. The device was designed in Rexolite
(ns � 1.59) for operation at 40 GHz. At 40 GHz, the plate
thickness of 12.7 mm corresponds to a phase delay slightly larger
than 2�. To employ the cell-encoding algorithm the element,
illustrated in Figure 4(a), was divided into a 10 
 10 array of cells
each �21 mm on a side. Each unit cell was composed of five
subwavelength grating periods, with a hole-diameter of 2 mm.

Simulated and experimental results, shown in Figure 6, dem-
onstrate the expected behavior of the device. The results shown are

Figure 3 Effective phase transmission as a function of the hole radius,
normalized grating period (�/l0), and normalized grating depth (h/l0). (a)
hole radius fixed at 30% of the grating period (b) normalized grating depth
(h/l0) fixed at 0.5, (c) normalized grating period (�/l0) fixed at 0.5
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for a linear scan along the x-axis with the probe positioned in the
middle of the y-axis dimension. Both the experimental and simu-
lated results reveal the expected linear increase in phase from 0° to
200° as the measurement probe is scanned along the x-axis. Con-
tained within the measured results are clear phase deviations as
large as �15° about the expected values. We believe that this is
most likely caused by random phase uncertainty in the measure-
ment. To test this conjecture we inserted a flat polished Rexolite
plate, same thickness as the DEs, into the measurement system and
obtained a phase result that also varied randomly as much as �15°.

3.2. Two-Dimensional Linear Phase Ramp Results
A second element was designed and fabricated that corresponded
to a linear phase increase along both the x- and y- axes. Fabrication
parameters for this element were the same as for the first and are
illustrated in Figure 4(b). The simulated and measured phase
responses generated by the encoded element are represented in
Figure 7. The measured results show the same overall response as
the predicted phase response. As in the case of the first element, a
random phase variation of ��15° is also present.

4. CONCLUSION

In this article, we described a design methodology for synthesizing
DEs at millimeter wave frequencies using subwavelength cylin-
drical features. Our technique yields a single substrate element that
generates complicated spatially varying phase responses. Our tech-
nique simplifies the fabrication process such that common methods
such as laser or CNC drilling can be employed. By using sub-
wavelength features our method also eliminates artifacts produced

Figure 4 Diffractive elements designed using the cell-encoding algo-
rithm. Each cell is composed of a 5 
 5 array of sub-wavelength gratings
with cylindrical features, (a) a 10 
 10 array of cells in which the phase
varies linearly along the x-axis from 0° to 200°. (b) a 10 
 10 array of cells
in which the phase angle varies linearly along both the x and y -axis from
a minimum of 0° (left hand bottom corner) to 200° (right hand top corner)

Figure 5 Experimental setup used to characterize the sub-wavelength
DEs

Figure 6 Experimental verses predicted results for the 1D linear phase
ramp DE described in Figure 4(a)
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by using larger binary-phase elements. We presented experimental
results for two elements operating at 40 GHz that agreed reason-
ably well with our predictions of expected behavior.
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ABSTRACT: In this article, we present a substrate-integrated
waveguide-based band-pass filter with wide stop-band rejection prop-
erty. This band-pass filter is made up of two substrate-integrated
waveguide cavities, which couple to each other by an aperture on their
common waveguide side wall. By using the empirical formula [19] for
obtaining the equivalent rectangular waveguide dimensions, the sub-
strate integrated waveguide structure could then be properly approxi-
mated by a closed rectangular waveguide. We employed the rigorous
mode-matching method to analyze the electromagnetic boundary-value
problem of the structure containing multiple discontinuities. In compari-
son with the conventional end-to-end coupled cavity filters, we found
that our new side-wall-coupled cavity filter can suppress the second res-
onance frequency and therefore, provide a considerably wide rejection
band. It is interesting to note that the suppression of the second reso-
nance frequency can be achieved by properly shifting the second cavity
in lateral direction. To explore its physical insight, the resonant modes
in the substrate integrated waveguide cavities are carefully inspected for
realizing the physical picture of wave process taking place in the two
cavities system. In addition to the theoretical analysis, we have fabri-
cated the filters and measured their scattering parameters. The good
agreement between the theoretical and measured results validates the
accuracy of numerical computation, and also shows the promising per-
formance of the proposed filters. © 2007 Wiley Periodicals, Inc.
Microwave Opt Technol Lett 49: 1884–1887, 2007; Published online in
Wiley InterScience (www.interscience.wiley.com). DOI 10.1002/mop.
22570

Key words: band-pass filter; cavity; substrate integrated waveguide;
resonator; periodic structures

1. INTRODUCTION

Waveguide filters have been extensively used in microwave and
millimeter wave engineering for many years [1–3]. Because of
their high power-handling and high reliability, they were usually
applied in deep-space and military radar applications. Recently,
the post-wall waveguide technique [4–9], or the substrate inte-
grated waveguide technique [10–19], was developed to fabricate
an equivalent rectangular metallic waveguide on a low-loss mi-
crowave substrate. Such a class of waveguides has been proved
[18] to be able to preserve the well-known advantages of conven-
tional closed rectangular waveguide, such as high-Q factor. Be-

Figure 7 Experimental and predicted results for 2D linear phase ramp
DE described in Figure 4(b)
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