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Abstract—We describe a computational imaging technique to
extend the depth-of-field of a 94-GHz imaging system. The tech-
nique uses a cubic phase element in the pupil plane of the system
to render system operation relatively insensitive to object distance.
However, the cubic phase element also introduces aberrations but,
since these are fixed and known, we remove them using post-de-
tection signal processing. We present experimental results that
validate system performance and indicate a greater than four-fold
increase in depth-of-field from 17” to greater than 68”.

Index Terms—Computational imaging, extended depth of field,
millimeter wave imaging.

I. INTRODUCTION

T HE ability of gigahertz and terahertz frequencies to pene-
trate materials that are impenetrable at optical frequencies

has prompted recent interest in the development of millimeter
wave sources and detectors [1]. Applications of this capability
include, for example, the detection of concealed weapons under
clothing [2], [3]. However, unlike the stationary figures shown
in Fig. 1, a more typical scenario for this application is screening
individuals at points of ingress, such as the entrance to a building
or the secured portion of an airport. To enhance the performance
of screening systems, one would prefer to observe individuals
as long as possible as they pass through a volume. This im-
proves the chances of detecting a hidden object. (It might also
reduce bottlenecks created at portals.) However, wavelength and
system considerations limit focused imaging to only a narrow
volume in depth, or depth-of-field. Thus, a screener has only
a short amount of time to detect the presence or absence of a
concealed weapon. Extending the depth-of-field provides the
screener with more time to observe an individual.

A similar problem occurs in iris recognition for security
applications, for example, logging-on to a computer system. In
this situation the narrow depth of field produces unnatural head
movements as a user seeks to place his or her iris in the object
plane of the optical system. Extending the depth-of-field for
these systems has been addressed using computational imaging
techniques [4]–[7]. By computational imaging, we mean an
imaging system whose pre-detection optics and post-detection
signal processing are designed jointly to achieve a result that
is not possible using only optics or only signal processing [8],
[9]. For example, placing an optical element with cubic-phase
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Fig. 1. Gigahertz imaging through clothing. (a) Visible image of scene. (b)
94-GHz image of weapons concealed under clothing.

Fig. 2. 94-GHz scanning imaging system. (a) Image of system. (b) Schematic
representation with measured dimensions.

in the pupil plane of the optical system renders system op-
eration relatively insensitive to object distance. However, the
cubic phase also generates an aberrated image. But, since the
aberrations are known, one can correct them using simple
post-detection signal processing. Since the system response
is effectively invariant to object location, the combination of
optical and electronic processing yields a system with larger
depth-of-field than a conventional system.

In this work we describe our application of this technique
for extended depth-of-field imaging to a 94-GHz system
and present experimental results to verify its performance.
In Section II we describe our imaging system and present a
mathematical description of its operation with and without
extended depth-of-field. We describe design and fabrication of
the cubic-phase element in Section III and present experimental
results in Section IV. Section V discusses the signal processing
required by the cubic phase system to realize the extended
depth and presents the results from this processing. We end in
Section VI with summary remarks on our approach.

II. 94-GHZ IMAGING SYSTEM

Our imaging system, represented in Fig. 2, is a 94-GHz
Stokes-vector radiometer used for millimeter wave phe-
nomenology measurements [10]. It is a single-beam system
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that forms an image by scanning in azimuth and elevation.
The radiometer has a thermal sensitivity of 0.3 K with a 30-ms
integration time and 1-GHz bandwidth per pixel. A Cassegrain
antenna is mounted to the front of the radiometer receiver. It has
a 24”-diameter primary parabolic reflector and a 1.75”-diameter
secondary hyperbolic reflector. The position of the hyperbolic
secondary is variable.

If we model the 94-GHz imager as a linear, spatially inco-
herent, quasi-monochromatic system, the intensity of the de-
tected image can be represented as a convolution between the
intensity of the image predicted by geometrical optics with the
system point spread function [11]

(1)

where represents a two-dimensional convolution. The func-
tion represents the inverted, magnified image of the ob-
ject that a ray-optics analysis of the system predicts

(2)

If the object and image distances are and , respectively,
the magnification is

(3)

For the purposes of geometrical analysis, we can model the
system as a single lens imaging system with (152.4
mm)

(4)

The value of is based on measurements of the antenna. We
adjusted the position of hyperbolic element so that nominal op-
eration of the imager is with (4572 mm). Thus, the
effective focal length of the system is (147.6 mm).

The second term in (1), , is the incoherent point spread
function (PSF). It accounts for wave propagation through the
aperture

(5)

where is the coherent point spread function. The
function is the inverse Fourier transform of the system
pupil function

(6)

As a consequence, the optical transfer function (OTF)
associated with the PSF is the autocorrelation of the pupil func-
tion with frequency axes scaled by

(7)

where represents two-dimensional correlation. For example,
for a circular aperture of diameter

(8)

the PSF is, to within a constant

(9)

Ray analysis of our system confirmed that the parabolic primary
forms the aperture stop, i.e., it defines the location of the pupil
plane.

Displacement of an object from the nominal object plane
introduces a phase error in the pupil function [11]

(10)

where

(11)

The phase error increases the width of a point response. If the
displacement and phase errors are small, the detector (either
human or machine) may be unable to resolve the increase and
the image is perceived as in-focus.

The distance in object space over which an object can be
placed and still produce an in-focus image is the system’s
depth-of-field

(12)

where formulas for and depend upon system applica-
tion. Many different definitions exist. For demonstration pur-
poses, we use a conventional definition based on the spatial ex-
tent of the point response [12]

(13)

and

(14)
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Fig. 3. Maximum relative pupil phase error as a function of object distance.
The shaded region indicates a conventional depth of field. The discrete points
indicate object distances used in experiments.

Under the assumptions that is defined by the Rayleigh criteria,
the imager operates in the far-field , and the lens aper-
ture is large compared to a wavelength

(15)

For a 94 GHz-imager with and ,
which ranges from 175.2” to 192.6”. Fig. 3 indicates the

maximum relative phase error as a function of object distance
and also indicates the region we have defined as being in the
depth-of-field. (The maximum error for a given plane occurs at
the edge of the aperture, .)

Equation (15) explains mathematically what any good pho-
tographer already knows: one can increase by decreasing
(“stopping down”) the lens aperture . However, this reduces
throughput and degrades the diffraction limited resolution.
Alternatively, it has been shown at optical wavelengths that a
cubic-phase element placed in the pupil plane of an imaging
system in combination with post-detection processing can also
increase but without sacrificing either throughput or
resolution.

The cubic phase element is

(16)

where

(17)

The phase function is separable in the - and -spatial frequen-
cies and has spatial extent and along the respective axes.
The constant represents the strength of the cubic phase. Along
one axis the total phase change is ; the phase change across
a diagonal is . In the simulations presented below, we mod-
ified the model for slightly and included an appropri-
ately sized central obscuration to account for the effect of rays
blocked by the secondary mirror.

Fig. 4. Modulation transfer function for systems with different strength cubic
phase: (a) � � �, (b) � � �, and (c) � � ��. The MTFs for four different
object distances are represented: 180” (solid line), 163” (dashed line), 146.5”
(dot-dashed line), and 113” (dotted line).

Fig. 5. Simulated point spread functions for conventional imaging and imaging
with a cubic phase. Simulated PSFs for conventional imaging system at (a) 180”,
(b) 146.5”, and (c) 113”. (d)-(f) Simulated PSFs for an imaging system with
cubic phase at the same object distances as (a)-(c).

Representations of the magnitude transfer function (MTF),
the magnitude of the OTF , in cross-section are repre-
sented in Fig. 4 for three different values of and
different values of misfocus. (The misfocused planes are located
roughly at 1, 2, and 4 times the . The values noted in the
figure are measured distances used in our experiments.) A con-
ventional system with no cubic phase ( ) is represented in
Fig. 4(a). Note that the MTFs differ for each value of misfocus.
Compensating for misfocus therefore requires a priori knowl-
edge of where an object is located. Even if this information were
known, due to the presence of zeros in the MTFs, inverting any
one of them is ill-posed and will generate noisy results.

In contrast, the MTFs for cubic phase elements with non-zero
values of are relatively constant over an extended range. Note
that the larger the value of the larger the range over which
the system is insensitive to object location. However, increasing

reduces the magnitude of the MTF, which is detrimental for
applications with low signal to noise ratios. But, because the
MTFs do not contain any zeros, their inversion is better condi-
tioned than the MTFs for a conventional system.

Simulations of the point spread functions one can expect from
our imaging system with and without a cubic phase element
with are represented in Fig. 5. The response of the cubic
phase system is relatively unchanged, whereas the response of
the conventional system changes considerably. We address in
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Fig. 6. Representation of the process for converting the cubic phase to a surface
depth profile. Only a one-dimensional representation is shown but extensions to
two-dimensions are straightforward.

Section V the processing required by the cubic phase system to
produce a well-defined spot.

III. CUBIC PHASE DESIGN AND FABRICATION

We fabricated a cubic phase element with from Rex-
olite using a 3-axis computerized numerical control router. The
router has a 0.1969”-minimum feature size (5 mm) and provides
0.0002” position accuracy. Element fabrication was a
two-step process.

In the first step we machined a continuous surface profile by
sampling the cubic phase , converting phase to depth,
and using a cubic spline to insure a smooth transition between
depth samples. The phase samples were generated according to

(18)

We used a sampling distance (2.54 mm) to insure
overlapping features. Given , .

Phase values were converted to depth using

(19)

The modulo- operator limits the phase to only a single wave-
length and reduces element weight. See Fig. 6. The diffractive
characteristics introduced in this conversion have little effect on
the response of the element [5], [6]. At 94 GHz Rexolite has a
refractive index ; thus, a depth change of 0.2129” (5.4
mm) in the material generates a -phase change in the wave-
front. The second step sharpened the edges at phase discontinu-

Fig. 7. Fabricated cubic phase element. (a) Side-view and (b) front-view of
cubic phase element mounted to imaging system. (c) Detail of fabricated ele-
ment. The region displayed is in the lower right of the phase element, which is
highlighted in (b).

Fig. 8. Measured point spread functions for conventional imaging and imaging
with a cubic phase. PSFs for conventional imaging system at (a) 180”, (b) 146.5”
and (c) 113”. (d)-(f) PSFs for a system with cubic phase at the same object
distances for (a)-(c).

ities to within . The final element is shown in Fig. 7
mounted to the antenna.

IV. EXPERIMENTAL RESULTS

To validate the performance of the cubic phase element to
extend , we measured the PSF of a conventional system
and the cubic-based system at three distances, 113” (2870
mm), 146.5” (3721 m), and 180” (4572 mm). Since the
is asymmetric with respect to the object plane and collapses
more quickly as the object plane moves toward the system, we
measured only this behavior. The out-of-focus object planes
correspond to displacements that are twice and four times the
calculated . We also imaged an extended object at the
same distances using both systems.

To measure the PSF we imaged a point source generated by
an open waveguide with dimensions 0.050” 0.100”. Given
that the operating frequency was 94 GHz, the aperture in wave-
lengths is . The output power was . The
results are represented in Fig. 8. The experimental results agree
qualitatively with the simulations presented in Fig. 5. The fig-
ures are normalized to the peak value measured, which occurs
in Fig. 8(a).

The extended object used in our experiments is represented
in Fig. 9(a). The spoke pattern produces 50–50 square waves
whose frequencies vary linearly from low values at the circum-
ference to high values in its center. Given that the pattern con-
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Fig. 9. (a) Representation of the extended object used to compare conventional
and cubic-phase imaging. (b) Schematic of object illumination.

TABLE I
PARAMETERS FOR EXTENDED OBJECT IMAGING

tains 8 periods within one rotation, the period of the imaged
square wave as a function of radius is

(20)

and the corresponding spatial frequency is

(21)

The maximum radius and the minimum
. Since the cutoff frequency for a circular aperture is

(22)

the corresponding radius is determined by equating (21) and
(22)

(23)

Radii within the range generate frequencies
in the passband of the optical system. Higher frequencies con-
tained in the region are cutoff. Table I lists
the magnification, minimum and maximum spatial frequencies,
and the cutoff radius as a fraction of the maximum radius for
the three object distances used in the experiments. We note that
beyond 304” the system is incapable of resolving the target at
all.

The extended object was generated by placing a metal plate
cut-out of Fig. 9(a) in front of a metal reflector angled at 45
to a bath of liquid nitrogen. See Fig. 9(b). This arrangement
produces a contrast between the surrounding metal reflecting

Fig. 10. Images of an extended object for conventional imaging and imaging
with a cubic phase. Images from a conventional imaging system at (a) 180”, (b)
146.5” and (c) 113”. (d)-(f) Images from a system with cubic phase at the same
object distances for (a)-(c).

ambient room temperature and the temperature of the liquid ni-
trogen reflected through the cut-out. The images captured by the
system are represented in Fig. 10.

Note that the MTF of the conventional system produces im-
ages with significant high frequency loss. In contrast, the entire
band of frequencies between and can be seen in the im-
ages captured using a cubic phase element. Even without signal
processing these images retain more discernable characteristics
of the spoke target than the image from the conventional system.

V. POST-DETECTION SIGNAL PROCESSING AND RESULTS

Removing the artifacts of the aberrations introduced by
the cubic phase element requires post-detection electronic
processing. We assumed a linear process

(24)

and implemented as a Wiener filter in Fourier space

(25)

The optical transfer function (OTF) associated with
the cubic phase element was estimated from the experimentally
measured point response images. The parameter is a mea-
sure of the signal-to-noise ratio. The functions and

are the expected power spectra of the object and noise,
respectively. Research has shown that Wiener power spectra
are good assumptions for natural scenes [13]. We adjusted the
mean spatial detail parameter to produce restored PSFs with
widths comparable to that of the experimentally measured fo-
cused point. Further, we assumed a flat noise spectrum with

.
Reconstructed PSFs are represented in Fig. 11. In

Fig. 11(a)–(c), the cubic OTF was estimated from the PSF
measured experimentally at 146.5” and the subsequent re-
construction filter applied to all the images. In Fig. 11(d)–(f),
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Fig. 11. Processed point responses from a system with cubic phase. Images
processed using the PSF for � � ����� at (a) 180”, (b) 146.5” and (c) 113”.
(d)-(f) Images processed using the PSF for � � ��� .

Fig. 12. Processed images from a system with cubic phase. Images processed
using the PSF for � � ����� at (a) 180”, (b) 146.5” and (c) 113”. (d)-(f)
Images processed using the PSF for � � ��� .

the cubic OTF was estimated from the experiment PSF at
180”. From Fig. 4, data collected at 113” has significant high
frequency loss in comparison to that collected at both 146.5”
and 180”. We, therefore, did not use this data to create a
reconstruction filter.

In both instances the best reconstruction occurs for the image
matched to the filter and the noisest reconstruction is at 113”,
which one would expect. Nonetheless, the reconstructions of
the point response are comparable in terms of spatial scale to
the in-focus response of the conventional system. Compare
Fig. 11(a), (b), (d), and (e) to Fig. 8(a). Thus, we have extended
the region over which the system generates a diffraction-limited
spot from 5” in front of the focal plane to 34”. Since we expect
similar behavior for objects beyond the focal plane, the depth
of field has been expanded in that direction by at least 34” as
well but we expect considerably more.

This behavior is reflected also in the reconstruction of the ex-
tended object represented in Fig. 12. For both reconstructions,
not only are the images at 180” comparable to the focused image
from the conventional system but the images at 146.5” are com-
parable as well. In comparison to the image at 146.5” from the
conventional system, the reconstructed images display higher
contrast and higher resolution. Note especially the reflection off

the metal plate on the right-hand side, which is clearly visible in
the reconstructions but is apparent only in the focused conven-
tional image in Fig. 10.

VI. SUMMARY

We applied a computational imaging technique for extending
depth-of-field at optical frequencies to a millimeter wave
imaging system. The technique requires inserting a cubic
phase element in the pupil plane of an imaging system and
subsequent post-detection signal processing. We designed and
fabricated the cubic phase element in Rexolite and validated its
performance experimentally.

In some applications, a priori range information can be used
to improve estimated PSFs and thereby improve restoration.
Further, non-linear image restoration techniques incorporating
a priori knowledge of the scene can improve restoration relative
to linear restoration.

A critical difference between the performance of millimeter
wave imaging systems and imaging systems for optical and
infrared wavelengths is the underlying phenomonology and
availability of technology, especially detector arrays. Millimeter
wave systems image temperature contrasts. Careful analysis
of noise and contrast in such systems is necessary to assess
the impact of inserting an element into the optical train whose
amplitude transfer function, although flat, is relatively low. A
more in-depth analysis should also consider the coherence and
spectral bandwidth of the illumination.

In addition, in terms of practical application, one needs to
consider the scale of the optical system and the lack of large
arrays of millimeter wave detectors on system design. Whereas
one can design an optical staring imager, millimeter wave
systems will continue to be scanning systems until detector
array technology matures. Even so, given the physical con-
straint on the security system mentioned in the introduction, it
is unlikely that a such system will have a detector array larger
than 200 200. Nonetheless, the applicability and advantage of
computational imaging techniques to millimeter wave systems
has been demonstrated.
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