Circular Waveguide




Circular Waveguide

Like any uniform waveguide we can write the field solutions as a transverse
term propagating down the waveguide in the z direction.

H.(p.8.2)=H (p.pe ™ Ep.g.2)=E (p.p)e

Where each transverse term satisfies the wave equation:

VH (p.4)+k, H. (p,$)=0
V2E.(p.#)+k.E.(p.4)=0

ki=0us—p



Circular Waveguide

Like any uniform waveguide we can find all the transverse field components
once the longitudinal components are determined

H.(p.$.2)=H. (p.pe = E(pd)=E (p.fe”™
' OE,
H,(p.¢,2) = Jz(a)g j z :_J OF, wu OH,

—j( eE. p.eH. B
H¢(p’¢’z):k2(” b p a¢j Eph=1

C
C

[,B 0. _ 8sz
p 09 op



Circular Waveguide
We break this into cases as before:

H =0 E_#0

TM Modes
H,(p.4, >—k;[“/’f%%
H¢<p,¢,z>=;ci ( 2’2
Ep(p,qs,z):;{zj[ EZZJ
E,(p.#,2) = ‘J(ﬂ Zj

V2E.(p,$)+ k. E.(p,$)=0

E =0 H_#0
TE Modes
H,(p,9, Z)—( j
H(p,9,2) = ( ]
E (p,9,2)= ( j

Jo,

E,(p,, z)-é( pj

VIH (p,$)+k, H_ (p,4)=0



Circular Waveguide

We break this into cases as before:
H =0 E_#0

TM Modes

we OF
p 09

HA%¢@=é[

H¢<p,¢z>—{( i’i
E (p,9, Z)—_]£ Z%Ezj
0
—J| B. OF,
E,(p,9,2) = ( a¢j

V2E.(p,$)+ k. E.(p,$)=0



Circular Waveguide
TM Modes

V2E.(p,9)+ k. E.(p.4) =0

(az 16 1 &

+ + +k; jEz(p,¢) =0
op° pop p g’



Circular Waveguide
TM Modes

2 2
[az_l_l 0 + 12 82+k3jEZ(p,¢)=O
op~ pop p° 0P

Separation of Variables

E.(p,9)=R(p)P(9)



Circular Waveguide
TM Modes

2 2
[aﬁl 04 12 82+k3jEz(p,¢)=0
op~ pop p° 0P

E.(p,9) = R(p)P(9)

R"P+lR'P+i2RP"+k§RP=0

e P
R P+ lR’P+ izRP" +k’RP
P P ~0
RP
R +1R+ 12P +k’>=0
R pR p° P




Circular Waveguide
TM Modes

2 2
[az_l_l a + 12 82+kc2jEz(pa¢):O
op~ pop p° 0P

E (p,9) =R(p)P(9)
, R R ,, P
o’ —+p—+p k: +—:

\/J

function of p function of ¢



Circular Waveguide

TM Modes
, R R L, P
—+p—+pk +—=0
P R 'OR P K. P

\//\/

function of p function of ¢

P’
‘ — = — 2 (1)
P <

—> p2%+p%+p2k3—ﬁ; =0 @



Circular Waveguide
TM Modes

‘P—ﬁqf

?__

mmm) P(P) = A, cos(f,0) + B, sin(f,0)



Circular Waveguide
TM Modes

Bessel’s Differential Equation

2 R R 272 2 (2)
—+p—+pk’ -5, =0
Yo, Yo, pk; =P,

Solution
R(p) — COJ,B¢ (kclo) _I_DOYIB¢ (kcp)

R

Bessel function Bessel function
of the 1st kind of the 2nd kind
or Neumann function



Aside on Bessel Functions
Graphs of Jj(x)




Aside on Bessel Functions
Graphs of Yj(x)




Aside on Bessel Functions

A bunch of definitions and identities:

sin(a)



Aside on Bessel Functions

@ The J, and Y, are both real functions for real arguments.
@ They must therefore represent standing waves (Why?).
@ Hankel functions represent traveling waves.

Traveling waves are represented by

Hankel Functions

HV(x) = Jn(X) + jYa(X)
HP(x) = Jn(x) — jYa(x)

These are called Hankel functions of the first and second kind.,
respectively.



Aside on Bessel Functions

Small Argument Behavior

@ Suppose Re(rv) > 0.
@ Letlny=0.5772 = v =1.781 (i.e. In~ is “Euler’s

constant”).
Consider the behavior of the Bessel and Neumann functions as

X — 0:

The only Bessel functions finite at the origin are the Ju(x).

Jb(x) — 1
Yo(X) — %m%
wn) = 5 (5)
g =1 (2)



Aside on Bessel Functions
Large Argument Behavior

AsS X — oc!
2 T U
Ju(X) — — CcoS (x ~ a1 )
Yo(x) — 2 sin(x—?r—w)
v X 4 2

Given the definition of Hankel functions, we must also have

HD(x) — .Mff i~

HOx) - 2

il

J,'L* e—jx

o The H? represent outward traveling waves.
@ Why are these all proportional to X"27?



Aside on Bessel Functions

Imaginary Arguments

@ In applications, we get Bessel functions of dimensionless
quantities: Bp(k,p).

@ If k, becomes imaginary, we have evanescence in the p
direction.

For these applications, we define the

Modified Bessel Functions

In(X) = J"Jn(~x)
> (=)™ HP (= jx)

5
=
I

These are real functions of real arguments.



Aside on Bessel Functions

Graphs of /,(x)
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Aside on Bessel Functions
Graphs of K,(x)




Aside on Bessel Functions

Summary Points

Cartesian Cylindrical
Coordinates Coordinates
Standing — co5(x), sin(Bx)  J,(8,p). Y,(B,p)

Waves

Traveling +jpB.z —Jjp.z
e , €
Waves

H(B,p), H?(B,p)

Evanescent o . ; o
Waves e , ¢€ (B,.p), K, (B,p)



Circular Waveguide
TM Modes

E.(p,$.2) = R(p)P(p)e "~
R(p) = CoJﬁ¢ (k.p)+ DOY,B¢ (k.p)

P(p) = A, cos(f,9) + B, sm(f,0)

E.(p:9,2)=
(COJ 5, (k.p)+D,Y, (k, p)XAO cos(fB,4) + B, sin(,4) Je "

k! =’ ue— ;.



Circular Waveguide
TM Modes

E.(p:9,z)=
(COJ 5, (k.p)+D,Y, (k. p)XAO cos(fB,4) + B, sin(3,4) Je "

k; =’ ue—p.

What we don’t khow

ﬂz’ ﬁ¢9 AO,BO, C09D0



Circular Waveguide
TM Modes

E.(p:9,z)=
(COJ 5, (k.p)+D,Y, (k. p)XAO cos(fB,9) + B, sin(,4) Je "

ki=oue—f;

What we don’t khow

1829 IB¢9 A09Bo9 C109130

How do we find them?



Circular Waveguide
TM Modes

E.(p:9,z)=
(COJ 5, (k.p)+D,Y, (k. p)XAO cos(fB,4) + B, sin(3,4) Je "

Boundary conditions:

E (a,4,z)=0  What else?



Circular Waveguide
TM Modes

E.(p:9,z)=
(COJ 5, (k.p)+D,Y, (k. p)XAO cos(fB,4) + B, sin(3,4) Je "

Boundary conditions:

EZ(CZ,¢, Z) =0

E_(0,9,z) = finite

E.(p.$.2)=E.(p,¢+27,2)



Circular Waveguide
TM Modes

E.(p:9,z)=
(COJ 5, (k.p)+D,Y, (k, p)XAO cos(fB,4) + B, sin(3,4) Je "

Boundary conditions:

EZ(CZ,¢, Z) — O
E.(0,4,2) = finite ~Wmmmm) D, =0

E (p,$,2)=E.(p,¢+27,z) mmmm) f,=m

m=0,1,2,3,....



Circular Waveguide
TM Modes
E.(p,¢,2) =(4, cos(m@) + B, sin(mP))J,, (k.p)e "’
E.(a,4,2)=0 mmmm) J, (ka)=0

Graphs of J,(x)
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Circular Waveguide

=1
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n=2
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Circular Waveguide

TM Modes
L. (0,9,2) = (AO cos(me@) + B sm(m¢))Jm (kcp)e_jﬁzz

E (a,4,2)=0 mmmm) J,(k.a)=0

) -y,
) ;=L

A

Xm,p denotes the ptrootof J,,(X)



Circular Waveguide

TM Modes
E"(p,9,2) = (AO cos(m¢@)+ B, sm(m¢))Jm (k. p)e P~
k, = Zmr
a

ﬁz = \/a)zlug_kc2

2
e
a

Xmp denotes the pthrootof J,,(X)




Circular Waveguide
TM Modes

EI(p.¢,z)=A _sin(mp—¢,)J, (A

a

—Jjp.z

pe

Xm.p J (a)g 8Ezj
— : H b b — 2
kC a p(p ¢ Z) kc p 8¢
_—J[, O,
B, =\/a)2/18—kf H,(p,9,z) = e W apj
—J OF
Ton ) E,(p.$2)=—5| b J
B = |’ ue—| 7L ke - op
a _—j( B. OE.
E¢(p,¢,Z)— kf (p a¢j
m=0,1,2,3, ...

Xmp denotes the pthrootof J,,(X)



Circular Waveguide
TM Modes Cutoff Frequencies

EI(p.¢,z)=A _sin(mp—¢,)J, (A

d
2
oo [0
a

| R
2w\ ue a

—Jjp.z

pe

S =

m=0,1,2,3, ...
Xmp denotes the pthrootof J,,(X)



Circular Waveguide
We break this into cases as before:

E =0 H_#0
TE Modes
H(pqﬁZ)—[ j
H,(p,9,z) = ( j
E (p,9,z) = ( j
o,

E,(p.4, z)-ﬁ[ pj

VH (p,¢)+kH (p.$)=0



Circular Waveguide
TE Modes

H.(p,¢,2) =
(COJ 5, (k.p)+D,Y, (k. p)XAO cos(fB,9) + B, sin(,4) Je "

Boundary conditions:
E,(a,p,2)=0
H_(0,¢9,z) = finite

H.(p.$.2)=H (p,¢+27,2)



Circular Waveguide

TE Modes

H_(p,9,2) =4, Sm(m(¢ - ))Jm (kcp)e—jﬂzz

Boundary conditions:

E,(a,p,2)=0

H_(0,¢9,z) = finite

H.(p.$.2)=H (p,¢+27,2)

H (p.p2)= 2 [ﬁz azj

k’ op
H,(p,¢,2) = ka (ﬂz a;;]




Circular Waveguide
TE Modes

H_ (p,¢,2)= A sin(md—¢)J, (k p)e

E¢(p9 ¢9 Z) — ]z)lu SlIl(m¢ ¢ )J (k p)e—JﬂZ

c




Circular Waveguide
TE Modes

H_ (p,¢,2)= A sin(md—¢)J, (k p)e

E,(p.$.2)= 4, ]k—’usm(m¢—¢0) J (k. p)e "

c

E¢(a9 @9,z)=0 ‘ J;n (kca) -0
m—) 7 = A

a

Am.p denotes the pth root of J;n (x)



Circular Waveguide
TE Modes

H_ (p,¢,2)= A sin(md—¢)J, (k p)e

o . ' B
E,(p.$.2)= 4,7 Fsin(mg~4,)J,, (k.p)e

c

o ol B

n=~0 fi—=i n=2 it—23 n—4 n—>5
1 3.832 1.841 3.0594 4.201 5.317 6.416
2 7.016  5.331 6.706 87.015 9.282 10.520
3| 10.173 8.536 9.969 11.346 12.682 13.987
41 13.324 11.706 13.170

Xmp denotesthe ptrootof J (x)




Circular Waveguide
TE Modes

H" (p,4,2)= 4,

- (6),
El(p,¢,2) = 4, fk“

C

Xm.p denotes the pt rootof J (x)

' 2
B = \/ wzﬂé‘—Ezm’p J
a

1 X
2w uEe a

S =

_jﬂzz



Circular Waveguide
TE Modes

H(p,9,2) = A, sm(m¢p—¢,)J,(

fm,p — 1 Zm,p
2w\ ue a

Zm,p
a

_jﬂZZ

pe

TM Modes

EM(p,§,2)= A sin(mp—g,) J (Zmr

A

_jﬂzz

pe

1 Zm,p
2w\ uE a

What is the dominant mode?

S =



Circular Waveguide

TE Modes
fmap — 1 Zm,p
2w\ e a
n=20 = n=2 =3 n=4 n=>5
p= i 3.832 1.841 3.054 4.201 5317 6.416
D=2 7.016 5.331 6.706 87.015 9.282 10.520
p—3 | 10173 8.536 9969 11.346 12.682 13.987
p=4|13.324 11.706 13.170
TM Modes
fm,p — l Zm,p
2w\ ue a

n=~0 =i n=2 n="=3 n=4 n=5
2.405 3.832 5.136 6.380 7.588 8.771
5.520 7.016 8.417 9.761 11.065 12.339
8.654 10.173 11.620 13.015 14.732

11.792 13.324 14.796

|
BN =

e sl e
I




Circular Waveguide

TE Modes
fmap — 1 Zm,p
2w\ e a
n=20 =l n=2 =3 n=4 n=>5
p= i 3.832 3.054 4.201 5317 6.416
D=2 7.016 5.331 6.706 87.015 9.282 10.520
p—3 | 10173 8.536 9969 11.346 12.682 13.987
p=4|13.324 11.706 13.170
TM Modes
fm,p — l Zm,p
2w\ ue a

n=~0 =i n=2 n="=3 n=4 n=5
2.405 3.832 5.136 6.380 7.588 8.771
5.520 7.016 8.417 9.761 11.065 12.339
8.654 10.173 11.620 13.015 14.732

11.792 13.324 14.796
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