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Uniform Waveguides

v

x

We are interested in finding what electromagnetic field solutions are possible in a
uniform infinite waveguide with no sources.

We can always find those solutions by solving:

V2E(x,v,2) + kK2E(x,v,2) = 0
o V?H(x,y,z)+k*H(x,y,z) =0

Subject to boundary conditions.



Uniform Waveguides

This is really three PDEs

ik ik ik
G_E (x, y,z)+7E (X, y,z)+ ~—E,(x,y,2) + k*E,(x,y,2z) = 0
0?2 0?2 62
WEy(nyJz) + WEy(nylz) +@Ey(x;%z) + szy(nyJZ) =0
52 2 2

52 By D + 35 B (3,2) + 55 (6, 2) + KPE,(x,7,2) = 0

Subject to boundary conditions.



Uniform Waveguides

That’s a lot of work!

o Are there any shortcuts?
This is really three PDEs

ik ik ik
G_E (x, y,z)+7E (X, y,z)+ ~—E,(x,y,2) + k*E,(x,y,2z) = 0
0?2 0?2 62
WEy(nyJz) + WEy(nylz) +@Ey(x;%z) + szy(nyJZ) =0
52 2 2

52 By D + 35 B (3,2) + 55 (6, 2) + KPE,(x,7,2) = 0

Subject to boundary conditions.



Uniform Waveguides

v

Because the cross section does not change in the z direction

E(x,y,z) = E.(x,y)e P2

H(x,y,z) = H.(x,y)e /B>



Uniform Waveguides

This is really three PDEs

32 g2 52
dx ZEtx(x y)e ~ibsz ¢ WEtx(x yle~ iBzz 4 a_Etx(x yle~ JBzz 4 sztx(x y)e ~iBzz = ()
a2 92 52
352 Eey(x.y)e Pt WEty(x ,y)e TP:E 4 3,2 Ley(xy)e” JB2% + k2E,,(x,y)e IP2Z = 0
02 92 52
57 Bz, y)e 7Fe + ay2 Bz (V) TBa? 4 5 Eep(x, y)e 7F2% + k2 By (x, y)e TFa% = 0

Subject to boundary conditions.



Uniform Waveguides

This is really three PDEs

a? a?
@Etx(xly) + WEtx(xly) + (kz - ﬁzz)Etx(xl y) =0

2 62
Ox 2 Ety(x y) + y Ety(x y) + (kz ﬁzz)Ety(x y) =0
02 02 5
ox2 E(x,y) + Etz(x y) + (kz B )Etz(x:y) =0

Subject to boundary conditions.



Uniform Waveguides

This is really three PDEs

Ve’Er (%, ) + k. Epy(x,) = 0
VtzEty(x, y)+ kczEty(x, y)=0

VtzEtz(x, y) + kczEtz(x, y) —_— 0

ke = ,/kz -8

Subject to boundary conditions.



Uniform Waveguides

This makes it a bunch easier!

This | lly th PDEs
IS Is really three Any other short cuts?

VtzEtx(x: y) + kczEtx(x, y)=0
VtzEty(xJ y) + kczEty(x! y) = 0

VtzEtz(x: y)+ kczEtz(x: y)=0

ke = ,/kz -8

Subject to boundary conditions.



Uniform Waveguides
E(x,y,2) = E¢(x,y)e TF=*

H(x,y,2) = H.(x,y)e iPz=
-1

H(x,y,2) = —V x [E.(x, y)e TP~
Y jou [t y ]

~ 1 .
E = —V X |H:(x, —JBzz
(x, Y, Z) j(J)S V [ t(x y)e ]



Uniform Waveguides
E(x,y,2) = E¢(x,y)e TF=*

H(x,y,z) = H.(x,y)e /B>

ﬁ = —V X |E(x, JBzZ

(x,y,2) Ton |E¢ (x, y)e~1P=7]
a, i, a,
9 9 0
0x ay 0z

Etx (x, y)e_jﬁzz Ety(x, Y)e_jﬁzz Etz(x, y)e_jﬁzz




Uniform Waveguides

ay
8
dx

H(x,y,2)= ﬁ

ay a,
L g
dy dz

Eyy (x,y)e 1Pz% Epy (x,y)e™ B2 | _(x,y)e /P2

e_jﬁzz

e_jﬁzz

—1 -aEtZ(xry) i -
Hx(x,y,z) _jwﬂ- - ay +JﬁzEty(x:y)-

1 -aEtz(x:.'V) . -
Hy(x,y,z) _](Uﬂ - Ox +]ﬁZEtx(xry)-

—1 |0E,. (x, 0E,.(x, .
Hz(x,y,Z) = - tx( y) . ty( y) e_]ﬁzz

jop| Oy

ox



Uniform Waveguides

O ay a,
Py D] o =
Htx(x:y)e_jﬁzz th(x,y)e‘fﬁzz th(x,y)e‘fﬁzz

1 -aHtZ(xr y) . ] o
Ex(x,y,2) = jos | ay + jBHiy (%, y)_ e~ B2z
—1 -ath(x:.'V) . ] o
By(r,y,2) = |5 tiBHu(xy)| 7P
1 |0H,, (x, 0H..(x, _
Ez(x: Y, Z) -~ tx( y) —_ ty( y) e_]ﬁzz

jwe oy ox



Uniform Waveguides

0E,(x, i
JjweE, (x,y) = lathaSr'y) + jB Hp, (x, y)] —jopuHg(x,y) = [ tza(; y) + jB.Ey (X, J’)]
J0E., (x,
—jweky (x,5) = IOH"‘;,S”' 2 4 b, Heat y)] jonHe (x,) = [ 25D 4 Bl y)]
OE, ) 0E ,
Jjwe Eg, (x,y) = [aHb;St' Y) — aHtJ(;ix' y) —jwpH, (x,y) = [ b;,(; ») - tJ;,E: »)

ﬂE (xy) . .
E"‘(x"’)zj:,s GH&(”) . - -Jﬁm x ”B"’E“‘(x'y)]

1 |0Hg(xy) | . 1 [0E(xy) 1 OHiz(xy)  jBz [0Ez(xy)
Eu(x.y)—m[ 2 4 By [TE I+ Bk y)]] oo = TP [P0 5D 4 B K (5,9))]

B:”\ _ 1 0H(xy) Bz 0Eu(xy)
Etx(x'y) (1 - ?) T jwe oy wZps  Ox



Uniform Waveguides

0E,(x, i
JjweE, (x,y) = lathaSr'y) + jB Hp, (x, y)] —jopuHg(x,y) = [ tza(; y) + jB.Ey (X, J’)]
J0E., (x,
—jweky (x,5) = IOH"‘;,S”' 2 4 b, Heat y)] jonHe (x,) = [ 25D 4 Bl y)]
OE, ) 0E ,
Jjwe Eg, (x,y) = [aHEBSt' Y) — aHtJ(;ix' y) —jwpH, (x,y) = [ b;,(; ») - tJ;,E: »)

B\ _ 1 dHp(xy)  jB: 9Ex(xy)
Etx(x'y) (1 T k2 ) T jwe By w?us  dx

where k% = w?uc

OHt,(x,y)
dy

0E¢;(xy)

—J
+ BZ Ox

Eoex (6, 9)= Gy [




Uniform Waveguides

oH,,(x,
joEE e (x,y) = [—(.,f: 22

OH,,(x,
—jweEy, (x,y) = [ (')E: y)

0Htx(xl y) _ ath (x, y)

+ szth(xl y)]

+ szHtx(xl y)]

0H¢, (x,y)
Eoa(6,y)= s [ on 222 4+ g,

B:7) L dy

Eey(x,y)= m (ou—

aEtz(x;y)-

ax

aHtZ(x;y) _ B aEtZ(x;y)-
Z

ay

OE,, (x,
—jouHe (%,5) = [ 2 22)

+ szEty(xl y)]

JE., (x,
jopHey (x, ) = [ %)

+ ]BZE&(xly)]

. 0E(x,y) O0Eq(x,y)
—jouHg, (x,y) = [ b;,y - tjéx
aE Z( ) aH Z( ” )
He(x,y)= (kz 2) [ t—xy ﬁzta—xxy
aE z( ) OHez (x,y)
th(X;y)_( 2_ —B, ) 22 Zta—yxy



Ex=

Gl

Ey= (kz)l

(1)E,=0,H, #0 TE

Uniform Waveguides

Z | ﬁ ' ( Cz) l it N Z]
Z ﬁ ~—Z ( Cz) l -~z I ﬁ Z]

Three Cases: (2)E,#0,H,=0TM

. . : -j [, OE,|
=] J0H, E. = Z
E, = ) Rl x (kcz) ﬁz
— [ OE,]
] OHy] Ey= JT2 ﬁz -
Ey= (k%) [COH ox (ee™) L
] OE
—j [, 0H,] H. =1 _|wsZz
H,= (kcjz) _ﬁz O X (k)L ay]
=] O0E,
g —_=J [p 9H Hy= (k) [‘“E ox
vy (kCZ) _ﬁZ ay |

Vtsz(x: y)+ kcsz(x:y) =0

VtzEz(x:y) + kczEz(x:y) =0



Be= iy |on3

Ey= (kz)l

OH,

aHz

Uniform Waveguides

o, I [e
+ﬁz ox Hx_ (kcz) la)é' 3

aEz

B2,

Three Cases:
(3) E,=0,H, =0 TEM

What do we do with this?
Looks like all the fields are zero!




Be= iy |on3

Ey= (kz)l

Uniform Waveguides

aHz 0E; aHz]
th2%x 0x X (k) la) bz dx
J0H OE OE J0H
. ﬁz . y (kcz) l _Z + ﬁz ayZ]

Three Cases:
(3) E,=0,H, =0 TEM

What do we do with this?
Looks like all the fields are zero!

The only way the fields are not all zero is if

ko= Ji2— =0

mmm) B:=k=ow/au



Uniform Waveguides

6Hz OE, 0E, , OH,
Ey= (kcz) l —+0; Ox H,= (kcz) la) = O
aHz aEZ % 0H,
ZV (k 2) l ﬁz A, y (kcz) l + »Bz oy ]

Three Cases:
(3) E,=0,H,=0TEM

ko= Ji2 — g, =0

‘ Bz =k = wyen
=0
V,2E,(x,y) + }{’Ex(x, y) =0

— VtzEx(xJ y) - 0
°Ey(x,y) =0



Be= iy |on3

Ey= (kz)l

Uniform Waveguides

aHz OE, l aEz aHz]
+ 06, Ox Hy= (kcz) — B dx
OH OE OE OH
. ﬁz _Z y (kcz) l _Z + ﬁz ayz]

Three Cases:
(3) E,=0,H, =0 TEM

V.2E, (x,y) =0
V:*E,(x,y) =0



Rectangular Waveguides

.
TM Modes
Ex= oy |Be 52
2 2 Eyz(k_—:z) P {i"_%-
Vi"E,(x,¥) + k. "E;(x,y) =0 |
H, (k’Lz) _wsi—%



Rectangular Waveguides

a

TM Modes

-

VtzEz(xr y) + kczEz(xr:V) =0
2 az ,
32 Ez(%Y) +7E 2(6,y) + k“E(x,y) =0
E,(x,y) =X(x)Y(y)
XY+Y'X+kXY=0
XY+Y'X+k XY
XY -

X"+Y"+k2—o
X Y ¢



Rectangular Waveguides
=

TM Modes

-

VtzEz(xr y) + kczEz(x:y) =0
2 az
52 B8 ) + 5 5 B (6 y) + k’E,(x,y) =0
e

+Y"+k2—0
X v ¢

. .
= —B,° Y _Byz ko' =B+ By’



< e

Rectangular Waveguides

a

TM Modes

VtzEz(xr y) + kczEz(x::V) =0

=R, 2 mm)  X(x) = A;cos(Byx) + Aysin(B,x)

— _ ByZ ‘ Y(y) = Blcos(ﬁyy) + stin(ﬁyy)

‘ kcz = ﬁxz + Byz



Rectangular Waveguides

a

TM Modes

VtzEz(xr y) + kczEz(xr:V) =0

E,(x,y) = [A1cos(B,x) + Azsin(B,x)][Bycos(Byy) + Bsin(B,y)]
Boundary Conditions

E,(0,y) = E,(a,y) =0 E,(x,0) = E,(x,b) =0



Rectangular Waveguides

a

TM Modes
E;(x,¥) = [A1c0s(Bxx) + A25in(B,x)][Bicos(Byy) + Basin{Byy)]

X

4

Boundary Conditions  E,(0,y) =0
E;(0,y) = [A;c0s(B,0) + Azsin(B,0)1[Bycos(B,y) + Bysin(B,y)] =0

[4,1[B;cos(B,y) + Bysin(B,y)] =0 =) 4, =0

Boundary Conditions E,(a,y)=0
E,(a,vy) = [A,sin(B,a)] [Blcos(ﬁyy) + stin(ﬁyy)] =0

nm
[Azsin(ﬂxa)][Blcos(ﬁyy) + stin(ﬁyy)] =0 mm) i = 7

n=1123,..



Rectangular Waveguides

a

TM Modes
E,(x,y) = |A;sin (% x)| [Bicos(Byy) + Basin(B,y)]
Boundary Conditions E,(x,0)=0
E,(0,) = |4zsin (% x)| [Bicos(8,0) + Bzsin(B,0)] = 0
[4zsin (T;—n x)] [B]=0 mm) B, =0
Boundary Conditions E,(x,b)=0

E,(a,y) = [Azsin (%x)] [stin(ﬁyb)] =0

4

mrm

[Azsin (%x)] |Bysin(Byb)|=0 mm) B, = b

m= 11,23, ...



Rectangular Waveguides

a

TM Modes

E,(x,y)=Apnn [sin (%x)] [sin (an y)] mandn = +1,2,3, ...

X

4

Eo(6,3,2) = By (1,)e 52 = Ay [sin (=) | [stn (5~ )] e /8

How do we find Bz ?



Rectangular Waveguides

a

TM Modes

E,(x,y)=Apnn [sin (%x)] [sin (an y)] mandn = +1,2,3, ...

X

4

Eo(6,3,2) = By (1,)e 52 = Ay [sin (=) | [stn (5~ )] e /8
How do we find Bz 7

kcz = ﬁxz + ﬁyz
k.2 =k?-B8,"=8%+8.°

b= Jerp 7= o= () - (3




Rectangular Waveguides

a

TM Modes

E,;""(x,y,2) = Apn [sin (r%r x)] [sin (r%r y)] e~JBz 'z

X

4

nm\2 ,mm\2
g, = J(uzue — (F) — (T) mandn = +1,2,3, ...
0E
OE H, = [ws 2
2) [BZ . X kcz)
0E, _ —j [ %
Ey= (k [52 Hy= 3|9 %



Rectangular Waveguides

a

TM Modes

E,""(x,y,2) = Apn [sm (—x)] [sm (n;n y)] e~JBz 'z

-

g, = J(uzue — (E)Z — (%)2 mandn = +1,2,3, ...
a
Case |: w?ue— (r;_n)z _ (n%n)z >0

B, isreal and the mode propagates without attenuation

Case ll: a)zﬂg — (7’%1‘)2 — (%r)z < 0

B, isimaginary and the wave decays exponentially



Rectangular Waveguides

a

TM Modes

E,;""(x,y,2) = Apn [sin (r%r x)] [sin (r%r y)] e~JBz 'z

X

4

g, = J(uzue — (E)Z — (%)2 mandn = +1,2,3, ...
a
At the point @, 2ue — (r;_n)z _ (?)2 0

the mode changes from evanescent to propagating.

nm 1 2 2
o= e |+




Rectangular Waveguides

a

TM Modes

E,;""(x,y,2) = Apn [sin (r%r x)] [sin (r%r y)] e~JBz 'z

X

4

g, = J(uzue — (E)Z — (%)2 mandn = +1,2,3, ...




Rectangular Waveguides

Dominant mode: (a>b)

w1 |am\* fom\* 1
e = e (7) +(T) " ZayiE

Guide wavelength:

27 B 27 27 A

Ag

Pl [ G g



Rectangular Waveguides

Phase velocity:
W W C

R

\JI1uup vEIUUILY.

dﬁz (sz & 2)=cj1—(f




