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Wave Equation: Time Harmonic
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“Helmholtz Equation”




General Solution Case: Time Harmonic
Rectangular Coordinates

WaveNumber [ =w./ ue

2= 2= 2=
2 E+8 E+8 IZE+,82E:O
ox- oy° oz

0°E, 0°E, O°E,
2 t 2 T 2
OX oy 0z
0°E, 0°E, O°E
2 T 2 T 2
OX oy 0z
0°E, 0°E, O°E,
2 T 2 t 2
OX oy 0z

+S°E, =0

X

L+ B°E, =0

+ B°E, =0




Separation of Variable Solutions
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Assume Solution of the form:

E, (X, y,2) = T1(x)g(y)h(z)



Separation of Variable Solutions
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Separation of Variable Solutions

f7(x)+ B, f(x)=0
g"(y)+,°9(y)=0
h"(z)+B,°h(z) =0

f(x)=Ae x4 B el

- g(y)=Ae
h(z) = Aje /2% 1 B,e 2

+ Bzejﬂyy



Separation of Variable Solutions

f(x)=Ae " +Be"
~ 1By 1By

g(y)=Ae " +B,e"”

h(z) = A,e™ /" + B,e ¥

Lets look at these solutions a bit more carefully. What do
they physically represent?

Answer: It depends on these constants f,, 8, and j3,



Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,
Case #1: B, Is a real number
f(x)=Ae ’+Be
E(x,t) =Re{f (x)-
E(x,t)=RefA e+ B e | el
E(x,t) = Re{Ale"(“’t‘ﬂxx) + Blej(””ﬂxx)}

E(x,t) = A cos(at — S, X)+ B, cos(wt + £, X)



Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #1: B, Is a real number
E(x,t) = A cos(at — B X)+ B, cos(at + £, X)

These solutions represent waves traveling in the x direction
called “traveling waves”



Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #1: B, Is a real number
E(x,t) = cos(wt — 5, X)
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Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #1: B, Is a real number
E(x,t) = B, cos(wt + S, X)
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Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #1: B, Is a real number
E(x,t) = cos(wt — S, X) + cos(wt + 5, X)



Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #1: B, Is a real number
E(x,t) = cos(wt — S, X) + cos(wt + 5, X)
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Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #2: B, Is a purely imaginary number



Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #2: B, Is a purely imaginary number

Let S = ja where o is purely real



Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #2: B, Is a purely imaginary number

Let S = ja where o is purely real
— _jﬂxx jﬂxx
f(x)=Ae ¥ +Be

f(x)=Ae*" +B el
f(x)=Ae"*+B e



Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #2: B, Is a purely imaginary number

Let S = ja where o is purely real
ax —aX
f(x)=Ae“" +B,e

E(x,t) = Re{f (x)-e'|

E(x,t) = ?e{[Ale“X + Ble‘“x]-ej“’t}
E(x,t) = ?e{Ale‘)‘Xej”t + Ble‘“xej“’t}
E(x,t)=Ae™ Re{ej“’t}+ B,e ™ Re{ej”t}




Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #2: B, Is a purely imaginary number

Let S = ja where o is purely real
f(X)= Ae” +B, e
E(x,t)=Ae” Re{ej”’t}+ B,e” Re{ej“’t}

E(x,t) = Ae” cos(awt) + B,e™ cos(wt)



Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #2: B, Is a purely imaginary number
Let S = ja where o is purely real
f(x)=Ae"" +B,e”
E(x,t) = Ae”™ cos(awt) + B,e™ cos(wt)
These solutions represent waves that do not travel but instead either

grow or attenuate in space. These solutions are called “evanescent
waves”



Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #2: B, Is a purely imaginary number
E(x,t) =e™™ cos(awt)

Electric Field




Separation of Variable Solutions

f(x) = Ae ' +B el

Answer: It depends on these constants f,, 8, and j3,

Case #2: B, Is a purely imaginary number
E(x,t) =e* cos(wt)
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Separation of Variable Solutions
f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #3: B, Is a complex number

Let B, =1y + Ja where o and y are purely real



Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #3: B, Is a complex number

Let B, =1y + Ja where o and y are purely real
f(x)=Ae "+ B e

f (X) — Ale—j-(i%l-ja)x + Bl ej(iy/—ja)x

f(x)=Ae“e " + Ae™e "+ B e e + B e" e



Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #3: B, Is a complex number

Let B, =y=x Ja where o and y are purely real
f(x)=Ae e " + Ae e ¥ + B e *e* + B e

E(x,t) = Re{f (x)-e*}
E(X,t) = RE{[Aleaxe_jyX + Ble_axej”( + Aie_"‘xe_j?“ + Bleaxejﬂfx].ejwt}
E(x,t) = Ae” Re{ej ot )}+ Ae Re{ej(”’t"“)}Jr B,e ™ Re{ej(”t+7x)}+ B, e Re{ej(”t+7x)}



Separation of Variable Solutions

f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #3: B, Is a complex number

Let B, =y=x Ja where o and y are purely real
f (X) — Aleaxe—jﬂfx 4 Ale—axe—bfx n Bl e—axejVX n Bl eaxej7x
E(x,t)= Ae® Rele |+ Ao~ Relel ) |+ B e~ Refe!“) |+ B e™ Refe )|

E(x,t) = Ae” cos(awt — x) + A e cos(wt — yx)
+ B,e” cos(awt + X) + B,e™ cos(wt + yX)



Separation of Variable Solutions

f(x) = Ae ' +B el

Answer: It depends on these constants f,, 8, and j3,

Case #3: B, Is a complex number
Let B, =y % Ja where o and y are purely real

E(x,t) = Ae” cos(awt — x) + A e cos(wt — yx)
+ B,e” cos(wt + yx) + B,e™ cos(wt + yx)

What do these solutions look like physically?



Separation of Variable Solutions

f(x) = Ae ' +B el

Answer: It depends on these constants f,, 8, and j3,

Case #3: B, Is a complex number
Let B, =y % Ja where o and y are purely real

E(x,t) = Ae” cos(awt — )+ A e ™ cos(wt — yx)
+ B, e” cos(wt + yx) + B,e™ cos(wt + yx)

These solutions represent waves that travel and either grow or
attenuate as they travel.



Separation of Variable Solutions
f(x)= Ae /" + B e

Answer: It depends on these constants f,, 8, and j3,

Case #3: B, IS a complex number
Let f, =y % Ja where o and y are purely real

E(x,t) =e ™ cos(wt — X)

Electric Field
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Separation of Variable Solutions
f(x)=Ae " +Be
Answer: It depends on these constants f,, 8, and j3,

Case #3: B, IS a complex number
Let f, =y % Ja where o and y are purely real

E(x,t) =e ™ cos(wt + yX)
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Separation of Variable Solutions
f(x)= Ae /" + B e

Answer: It depends on these constants f,, 8, and j3,
Case #3: B, IS a complex number
Let f, =y % Ja where o and y are purely real

E(x,t) =e” cos(wt — X)

Electric Field

Z/{lambda) axis



Separation of Variable Solutions
f(x)= Ae /" + B e

Answer: It depends on these constants f,, 8, and j3,

Case #3: B, IS a complex number
Let f, =y % Ja where o and y are purely real

E(x,t) =e” cos(wt + yX)

Electric Field

Zi{lambda) axis



Separation of Variable Solutions

B purely real B purely B complex
Imaginary
Traveling and Evanescent waves

standing waves

f(x)=Ae P +Be’*
E(x,t) = A cos(awt — S X)

+ B, cos(at + 5, X)

f(x)= Ae™ +B e

E(x,t) = Ae”™ cos(awt)
+ B,e™ cos(at)

Exponentially modulated
traveling wave

f(x)=Ae“e "+ Ae e
+B,e"e)* + B e/

E(x,t) = Ae™ cos(at — yx) + A e cos(wt — yX)
+ B,e™ cos(at + yx) + B,e™™ cos(wt + yx)




Separation of Variable Solutions: Examples

case a. f3,, B, B, all real (forward traveling waves)

E (% Y,2) = f(0g(y)N(2) = E,oe e Ve 122 Plane Waves




Separation of Variable Solutions: Examples

case b. B,real (forward standing wave), 3,(real

standing wave), B, real (traveling wave) Guided Waves

Ex (X’ Y Z) = Exoe_jﬂZZ (AlCOS(IBxX) T Blsin(ﬂxx))(cl COS(IBy y) T Dlsin(ﬁyy))
Ey(x,Y,2) = Eyoe V2" (A cos(,x) + B;sin(£,x))(C cos(B, y) + Dy sin( 4, Y))
E, (x,y,2) = E,oe " (A cos(B,x) + Bysin(,x))(C cos(B, y) + Dysin( B, y)

Unknown constants Ay, By, C;, D; By By, B,
Found by applying boundary conditions and
dispersion relation. Namely:

E.(x,y=xh/2,2)=0
E,(x=1b/2,y,2)=0 H
Ez (X = iblz, Y= ih/2, Z) =0 Stay tuned we will solve the

b complete solution for modes in a

:sz + IByZ + IBZZ — 132 — a)zg,u Irecttangularwaveguide in a later
ecture.

PEC Walls




Separation of Variable Solutions: Examples

case c. B,real (forward traveling wave), 3, (real standing wave), f3,
Imaginary (evanescent wave)

Surface Waves

E, (x,y,2) = f(X)g(y)h(z) = E, e *(C, cos(f,y) + Dysin(p,y))e™*



General Solution Case: Time Harmonic
Cylindrical Coordinates

VZI'E~+0)2,u<9I_E~ =0

) V2E + B

L=+ ue

In cylindrical coordinates:

Wave Number

V2E+ B2E=V(V-E)-VxVxE+ 8?E =0
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Separation of Variable Solutions

1 @[ aEzj+ 1 82EZ+82E

E,=0
pop\Pop S ag Tt

Assume Solution of the form: E (p ¢ Z) = f (p)g(¢)h(2)

g<¢)h(z) (a””)}f(p)h(z)z 99 |t (pyg)° ()+ﬂ2f(p)g(¢)h(2)=0
op\" Op ¢

1 of (p) 1 0°g(9) o°h(z) )
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N ~ J - -
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function

function of z
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1 a( 8f(p)j 1 182g(¢) azh(z)




Separation of Variable Solutions

constant

1 a( af(p))+ 1 1 82g(¢)+ 1 azh(z)+;;:0
t(p)pop\” dp ) 9(p) p° 04> h(z) &z
\ ~ J — —
. function
function function of z
ofp 0f¢,p
1 &°h(z
(2):_1822
h(z) oz
p a( af(p)j 1 0°9(4) . 2(p2  p2
P + +p\p°=5,")=0
f(p)op\” dp ) 9(p) 08¢ ( )
N N J
function function
of p of ¢

1 0°g(g) _ a( af(p>j 2 5 -
=D e = g le, +((p,)? -m?)t (p) =0

2 2 2
where ﬁp :,3 _:Bz




Separation of Variable Solutions

Three ordinary differential equations:

@ ‘”(Z) +B,20(2) =0

>~ +mg(¢)=0

azg(¢)
(2) 5

2
(3) ,29°1(p) , 5f () _
PP +((pB,)? -m2)t (p) =0

where 52 _ ,sz +522

Solutions:

(D h(z) = Ae 7?? + B’

2 9($)= A, cos(mg)+ B, sin(mg)

@) F(0)=AIn(B,P)+BYu(B,0) o f(p)=AHP(B,p)+BHD(B,p)

~. ~.

Bessel functions Hankel functions




Wave Propagation and Polarization

TEM: Transverse Electromagnetic Waves

“A mode Is a particular field configuration. For a given
electromagnetic boundary value problem, many field configurations
that satisfy the wave equation, Maxwell’s equations, and boundary
conditions usually exits. A TEM mode is one whole field intensities,
both E and H, at every point in space are contained in a local plane,
referred to as equiphase plane, that is independent of time”




Wave Propagation and Polarization

Plane \Waves

“If the space orientation of the planes for a TEM
mode are the same (equiphase planes are parallel)
then the fields form a plane wave.




Wave Propagation and Polarization
Uniform Plane Waves

“If in addition to having planar equiphases the field has
equal amplitude (the amplitude of the field Is the same over
each plane) planar surfaces then it is called a uniform plane
wave.”




Uniform Plane Waves in Unbounded Lossless Medium

Principal Axis Propagation

2 2

8EZX+8E2X+8E +B°E, =0
OX oy oz°
0°E, 0°E, O°E,

S+t ——— + +,6’E =0

OX oy oz°

2 2
8EZZ+8EZZ+6 = L+ B°E, =0
OX oy oz°

For uniform plane wave assume the solution is only a

function of z and has only the x component of electric
field.

E(2) =

3,E,(2) =4,Eje



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation
For uniform plane wave assume the solution is only a
function of z and has only the x component of electric

field. - ) ) |
E(2)=4,E,(2)=4,Ee

a, a, a,
g 1|10 o0 o0
Jou|ox oy oz
E, E, E,
a, a, a,
-2 ° 9 E:—ély _1 a(E0 ‘Jf"z):ayﬁEoe"ﬂZ
Jor, | OX oy oz Jouy, oz o
Ee”™ 0 0
H=4a ﬁE et _g ONHE E o-im 4 L E e~



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

For uniform plane wave assume the solution is only a
function of z and has only the x component of electric field.

E(z)=4,E, (z)=4E e
1

Jule

What observations can we make about the relationship
between E and H for uniform plane waves?

H(z) =4, E e/



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

E(z)=4,E,(z) =4 E e
~ " 1

H(z):aym

What observations can we make about the relationship between E
and H for uniform plane waves?

Eoe_jﬁz

(1) Both E and H are traveling in the same direction (+z) with the
same phase (or wave number) 3

(2) Both E and H are polarized in directions that are orthogonal (i.e.
90 degrees) from the direction of propagation and they are
orthogonal to each other. 1 1

(3) H has a magnitude that is smaller than E by or —

ple




Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

E(z)=4,E,(z)=4,6E, e
~ .1

H(z):aym

(1) Both E and H are traveling in the same direction (+z) with the
same phase (or wave number) 3

(2) Both E and H are polarized in directions that are orthogonal (i.e.
90 degrees) from the direction of propagation and they are
orthogonal to each other.

How do | figure out which way H is polarized if | know E and
the direction of propagation?

Eoe_jﬁz

(1) H has a magnitude that is smaller than E by or

1
ple 1



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

E(z)=4,E,(z)=4,6E, e
~ .1

H(z):aym

(2) Both E and H are polarized in directions that are orthogonal (i.e.
90 degrees) from the direction of propagation and they are
orthogonal to each other.

Eoe_jﬁz

How do | figure out which way H is polarized if | know E and the
direction of propagation? Which direction is the energy moving?



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

E(z)=4,E,(z)=4,6E, e
~ .1

H(z):aym

(2) Both E and H are polarized in directions that are orthogonal (i.e.
90 degrees) from the direction of propagation and they are
orthogonal to each other.

Eoe_jﬁz

How do I figure out which way H is polarized if | know E and the
direction of propagation? Which direction is the energy moving?

S=ExH
The Poynting vector S must be in the direction of propagation (e.g.

+z for this example). Thus E cross H using the right hand rule
must point in the direction of energy or propagation.



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

E(z) =4,10e 1"

EoolMo

Find H



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

~

Y E=412'"

A€, 1,

Find H



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

E=(4ja, -4, )™
% 6u. (4ja,-4,)e

Find H



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

Phase Velocity
How fast do | have to run to keep at the same phase point?
IBERCIREEEE
J’;V o

Electric Field
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Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

Phase Velocity

How fast do | have to run to keep at the same phase point?
E(z)=4,E e

Convert to time domain



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

Phase Velocity

How fast do | have to run to keep at the same phase point?

E(z)=4,E e

Convert to time domain

E(z,t) =
E(z,t) =

?e{lg(z) .l }

?e{Eoe‘jﬁZ el }éx

E(z,t) = E, cos(wt— f2)a,



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

Phase Velocity

How fast do | have to run to keep at the same phase point?
—(7) — A -ipe
E(z)=aE_,e

Convert to time domain

E(z,t)=E, cos(wt— fz)a,

Which term is the phase?



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

Phase Velocity

How fast do | have to run to keep at the same phase point?
—(7) — A -ipe
E(z)=aE_,e

Convert to time domain
E(z,t)=E, cos(wt— fz)a,

Which term is the phase?

p=ot—fr



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

Phase Velocity

How fast do | have to run to keep at the same phase point?
—(7) — A ~ip
E(z)=aE_,e

Convert to time domain
E(z,t)=E, cos(wt— fz)a,
Which term is the phase?

=l —
b=t [

We want to know how fast | must run to keep at
the same phase point (i.e. constant phase)



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

Phase Velocity

How fast do | have to run to keep at the same phase point?
E(z,t) = E, cos(wt— f2)a,
A ¢ =t - pz

We want to know how fast | must run to keep at
the same phase point (i.e. constant phase)

¢ = ot — ,BZ — ¢O == constant

d

2 [cot pz]=0



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

Phase Velocity

How fast do | have to run to keep at the same phase point?
E(z,t) = E, cos(wt— f2)a,
A ¢ =t - pz

We want to know how fast | must run to keep at
the same phase point (i.e. constant phase)

d dt Z
a[ t—ﬂZ]ZCf)&dﬁ\—ﬂ%t\:O
=1 ~



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

Phase Velocity

How fast do | have to run to keep at the same phase point?
E(z,t) = E, cos(wt— f2)a,
¢ = ot = i

d dt Z
- t—ﬂz]=w§\—:ﬂ%o

w_,BVp =0 ) V, _ % Trein general



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

Phase Velocity

How fast do | have to run to keep at the same phase point?

E(z,t) = E, cos(wt— f2)a,

V _w mmm) True in general

B

a)\@ \Eu =C plane waves

0, 1 True for uniform
Vp — — —



Uniform Plane Waves in Unbounded Lossless Medium
Principal Axis Propagation

Energy and Power for Uniform Plane Waves

E(z)=4,Ee

~ 1 .
H(z)=4,—Ee "
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