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Maxwell’s Equations in Differential

Form
. OB -
VxE = - M Faraday’s Law
vxh =P, J.+J. Ampere’s Law
ot
V-D=p Gauss’s Law
V:-B=p_ Gauss’s Magnetic Law



Maxwell’s Equations in Differential
Form: No Magnetic Sources

vxE=_PB Faraday’s Law
ot
VxH = ob +J +J.  Ampere’s Law
ot
V-D=p Gauss’s Law
V-B=0 Gauss’s Magnetic Law



Maxwell’s Equations Field Variables

E = Electric Field, V/m

D = Electric Displacement, Q/m?

1

= Magnetic Field, A/m

B = Magnetic Flux Density, T



Maxwell’s Equations Source Variables

J . — Conductive Current Density, A/m?

Ji = Impressed Current Density, A/m?

M = Magnetic Current Density, V/m?

0 = Electric Charge Density, Q/m?

Pnm

Magnetic Charge Density Wb/m3



CONSTITUTIVE RELATIONS

—= — e=¢, g,=permittivity (F/m)

D=c¢cE c-=8854x10%(F/m)



CONSTITUTIVE RELATIONS

B

1 H

H=Holy
w,=permeability of
free space (H/m)
w,=4m x 10" (H/m)



CONSTITUTIVE RELATIONS

—

JC — O E c=conductivity (S/m)



Boundary Conditions

NOT A PEC PEC
Ax(E@—E®)=0 AxE® =0
ﬁx(H(Z)—H(l)):O AxH® =7,
ﬁ,(g(a_ga))zg A.B@ =0

ﬁ,(5<z>_5<1>):() i-D? =p.



THIS IS EVERYTHING

Constitutive Relations Maxwell’s equations
{C B O-g VxE = _G_B
D=¢k Ot
B=uH vXﬁ:%_fgﬁjf

Boundary Conditions .
V:-D=p

NOT A PEC PEC ~
f/}x(f(z)—f(”):o ﬁXE(Z):O V-B=0

ix(io-i0)=0 o po_j
ﬁ-(é(z)—é(l))zo ~
n-B? =0

D =p,

,;;,([)(2) _5(1))20



Example Problem
gl’ lLlO 82 ) ll’lo
E, = cos(L000t - 27/, 2)a, | E, =T cos(1000t - 27./z, 2)4,

+Rcos(1000t + 27, /¢, 2)a,
FIND R and T on both sides!

z=0



Example Problem
gl’lLlO 821,Llo

E, = cos(L000t - 27/, 2)a, | E, =T cos(1000t - 27./z, 2)4,

+Rcos(1000t + 27, /¢, 2)a,
FIND H on both sides!

V><I§:—§§
ot

z=0



Example Problem
V><I§:—§§
ot

gl’ﬂo 82111’10

E, = cos(L000t - 27/, 2)a, | E, =T cos(1000t - 27./z, 2)4,

+Rcos(1000t + 27, /¢, 2)a,
a, a

N

A~ A~ A~ éx y
) a, a, 8, 0B, 0 0 0
B __ 9 o 9 o ox oy a
ot OX oy oz T cos(L000t - 27 +/e,z) O 0
cos(1000t —27z4/¢, 2) 0 0
+Rcos(L000t +2774/¢, 2)

z=0



Example Problem

0B,

ot

&1 Hy

VxE=—§§
ot
a a, 4,
0 0 0
OX oy oz
0

T cos(1000t - 27 ,/¢,2) O

B, __0 (T cos(L000t - 27/, z))ély

&1 H
a a, a,
B, a 9 9
ot OX oy Oz
cos(1000t - 27./¢, 2) 0 0
+Rcos(1000t + 274/¢, 2)
0B, 0 |cos(l000t-27\/e,2) |,
~1__ - a
ot OZ| + R cos(1000t + 2 \/571 )|’
PBr _ 27z, sin(1000t - 2747, 2)a,

ot
+27./&, -Rsin(1000t + 27/, 2)4,

z=0

ot

o8,

ot

0z
T -27,/e, sin(1000t — 277 2)4,



Example Problem

51’/10

Br _ 27z sin(1000t - 27,7, 2)4,

ot
+27&, -Rsin(L000t + 27,/¢, )4,

i —27,[¢, Sin(1000t — 277 /&, 2)4,
427 e, - Rsin(L000t + 274z, 2)4,

/& A
= +277 -~ cos(1000t — 277 /& 2)a
oA

o Reos(1000t + 27\, 7)4,

dt

z=0

VxE —@
ot

6&2’llo

08, _

ot
B, = [T - 27sin(1000t - 27,/z,2)4,dt

/%

T.-27
1000

T - 27sin(1000t — 27,2, 7)3,

) =

cos(1000t - 27.4/¢, 2)4,



Example Problem

- OB
811/'!0 82’/’!0 VXE:_E
E, = cos(1000t — 27 /&, 2)d,
+Rcos(1000t + 274/¢, 2)d, E, =T cos(1000t - 27./e, 2)a,

— &
B =+2ﬂ-\/TC031000t—2ﬂ g z)a 3. =T \/g _ A
1 T00g °° Ja2d, | B, =T 27 X 22 cos(1000t ~27z, 2)3,

Ja .
+27- 1000 R cos(L000t + 274/, 2)4,

z=0



Example Problem

- OB
811/'!0 82’/’!0 VXE:_E
E, = cos(1000t — 27 /&, 2)d,
+Rcos(1000t + 274/¢, 2)d, E, =T cos(1000t - 27./e, 2)a,

- &
H =+2n~\/70031000t—2n g z)a 1. =T \/g _ A
1 T00g S Jed, | A, =T 2 X 22 cos(1000t ~27%, 2)3,

Ja .
—2r- 1000 R cos(L000t + 274/, )4,

z=0



Example Problem

- OB
811/'!0 82’/’!0 VXE:_E
E, = cos(1000t — 27 /&, 2)d,
+Rcos(1000t + 274/¢, 2)d, E, =T cos(1000t - 27./e, 2)a,

- &
H =+27Z°\/TCOS].OOOt—27T g z)a 1. =T \/g _ A
1 T00g S Jed, | A, =T 2 X 22 cos(1000t ~27%, 2)3,

Jo A
—27-—~ L Rcos(1000t +27./¢, 2)a
77000 T o0 e 2)4,

APPLY BC at Z=0to H

2 \/;1 cos(1000t)a, - 2 \/;1 Rcos(1000t)a, =T G l\éi) cos(1000t)a,

11, 1000 4, 1000 m
[

z=0



Example Problem

- OB
811/'!0 82’/’!0 VXE:_E
E, = cos(1000t — 27 /&, 2)d,
+Rcos(1000t + 274/¢, 2)d, E, =T cos(1000t - 27./e, 2)a,

- &
H =+27Z°\/TCOS].OOOt—27T g z)a 1. =T \/g _ A
1 T00g S Jed, | A, =T 2 X 22 cos(1000t ~27%, 2)3,

/o A
—27-—~ L Rcos(1000t +27./¢, 2)a
71000 " e ),

APPLY BC at Z=0to H
|
J& —JaR=4/e,T
|

z=0



Example Problem

‘91’ :uo
E, = cos(1000t — 27 /&, 2)d,
+Rcos(1000t + 274/¢, 2)d,

H, =+27- 1\é§) cos(1000t — 27 \/le)éy

Jo A
—27-—~ L Rcos(1000t +27./¢, 2)a
77000 T o0 e 2)4,

- 0B

gZ’lLlO VXE: E

E, =T cos(1000t - 27./e, 2)a,

H,=T 27 1\5)20 cos(L000t - 274/, 2)4,

APPLY BCat Z=0to E

cos(1000t)a, — Rcos(1000t)a, =T cos(1000t)a,

z=0



Example Problem

- OB
811/'!0 82’/’!0 VXE:_E
E, = cos(1000t — 27 /&, 2)d,
+Rcos(1000t + 274/¢, 2)d, E, =T cos(1000t - 27./e, 2)a,

- &
H =+27Z°\/TCOS].OOOt—27T g z)a 1. =T \/g _ A
1 T00g S Jed, | A, =T 2 X 22 cos(1000t ~27%, 2)3,

—2r7- 1\(@) R cos(L000t + 274/, )4,
APPLY BC atZ=0to E

1+R=T

z=0



Example Problem

V(C‘Z T
1_R_

SOLVE




TIME HARMONIC EM FIELDS

E(x,Y,2,t)=E,(X,Y,2z)cos(wt +¢(X, Y, 7))

Time varying Maxwell’s equations work for fields
with any time dependency. However, in
engineering we often restrict the time
dependency to sinusoidally varying signals.
Why?



TIME HARMONIC EM FIELDS

E(x,Y,2,t)=E_(X,V,2) cos(at +@(X, Y, 2))

Time varying Maxwell’s equations work for fields
with any time dependency. However, in
engineering we often restrict the time
dependency to sinusoidally varying signals.
Why?

Assume all sources have a sinusoidal time dependence
and all materials properties are linear. Since Maxwell’s
equations are also linear WE ARE GUARENTEED that all

electric and magnetic fields must also have the same
sinusoidal time dependence. Only true for sinusoids!



TIME HARMONIC EM FIELDS

For sinusoidal (or time harmonic) sources we can mathematically
write them the following way:

Euler’s Formula

el = cos(wt) + jsin(wt)
E(X,Y,2,t)=E,(X,V,2) cos(at + $(X, Y, 2))
E(x, y,2,t) = Re[E. (x, y, 7)-e#0¥ glet]
~ | | }
Let E(x,y,2)=E_ (x,Y,z)-e*y?
E(X,Y,2,t) = Re[E(x, y, 2) ]




TIME HARMONIC EM FIELDS

For sinusoidal (or time harmonic) sources we can mathematically
write them the following way:

E(Xa Y, Z) — EO (X, Y, Z) - ej¢(X,y,Z)
E(x,Y,2,t) =Re[E(x, y,2)e/"]

E(x, y,Z) Is acomplex function of space (phasor)
called the time-harmonic electric field. All field values

and sources can be represented by their time-harmonic
form.



TIME HARMONIC EM FIELDS

This can be done for all of the field and source variables

E(x,V,z,t)=Re[E(X,y,z)e!]
D(x,y,z,t)=Re[D(x,y,z)el™]
H(x,y,z,t)=Re[H (x,y,2)e!]
B(x,y,z,t) = Re[B(X,V,z)e!™
J(x,y,z,t)=Re[J (X, y,2)e™]

Joot 7

p(x,y,2,t) =Re[p(x,y, z)e""




TIME HARMONIC EM FIELDS

Lets see If you understand what a phasor represents

At some point in space you are given that the phasor for
the electric field is given by:

E(0L-1) =(1- j)a, +44, +7]a,
You are also told that you are fields are varying at 1.0 GHz

What does the electric field look like in time?



At some point in space you are given that the phasor for
the electric field is given by:

E(0L-1) =(1- j)a, +44, +7ja,
You are also told that you are fields are varying at 1.0 GHz
What does the electric field look like In time?



At some point in space you are given that the phasor for
the electric field is given by:

E(0L-1) =(1- j)a, +44, +7ja,
You are also told that you are fields are varying at 1.0 GHz

What does the electric field look like in time?

E(0,1,-1,t) = 1% +12 cos(27 -10°t + tan ™ (_Tl))éx
1+ /4% cos(27-10°t + tan (%))éy

+4/7% cos(27-10°t + tan (%))éz



PROPERTIES OF TIME HARMONIC FIELDS

Ime derivative:

;[Re[ﬁ(x, y,2)e!*]]= jo[Re[E(x,y,2)e)"]
Time Integration:

[[Re[E(x,y,z)e'"]dt = L Re[E(x, y,2)ei]
Jo



TIME HARMONIC MAXWELL'S EQUATIONS

TIME DOMAIN FREQUENCY DOMAIN
V><I§:—§§
ot
N N D7970777
Vi - 8_D+ 3 » ......
ot
V-ﬁz;p
V- é = P



TIME HARMONIC MAXWELL'S EQUATIONS

S S

E(x,y,z,t) = Re[E(x,y,z)eI"]
D(x,y,z,t) = Re[D(x,V,z)e!]
H(x,y,z,t) = Re[H (x,y,z)e!"]
B(x,y,z,t) = Re[B(x, y,z)e "]
J(x,y,z,t) =Re[J (x,y,z)e!]
p(x.y,2,) =Re[5(x,y,2)e']




TIME HARMONIC MAXWELL'S EQUATIONS

VXE:_%? VXRe(Eejaﬁ):_gRe(éejwt)
el e

ot

i en{



TIME HARMONIC MAXWELL'S EQUATIONS

VXEZ—%—? VXRG(Eejwt)z—%Re(éejwt)
VX Re(éejwt): —gRe@ ej“)t)
o) £ )

\
vl <E )= 5.2 0]



TIME HARMONIC MAXWELL'S EQUATIONS

VXE: aa? VXRe(Eejaﬁ):_gRe(éejwt)
SN N CEIE)
\

[ E ) el et



TIME HARMONIC MAXWELL'S EQUATIONS

VXE: 8@? VXRG(Eejwt)z—%Re(éejwt)

Re((VxE)eJ”t) —Re(B %(ejwt)j
¥
%((Vxé)eji)_%(é ja)ej“’t)

(Vx E )ej”t - B joe!



TIME HARMONIC MAXWELL'S EQUATIONS

- 0B

VXE = VxRe(Eej”t):_gRe(gejwt)

ot ot
(Vxékﬁ :_ﬁ.ja)e'wt
4
V X E :—ja)g



TIME HARMONIC MAXWELL'S EQUATIONS

VXE:—a—B VxRe(Eeja’t):—gRe(@eWt)
ot ot
V xH =%—?+5 =) VxRe(H~ ej“)t):%Re(ISej”t)+ Re(jej“t)
V-D=p v-Re(De’ )=Re(5e)
CBop  verelBe)-rien)

E(x,y,z,t)=Re[E(x,V,z)e "]
D(x,y,z,t) = Re[D(x,y,z)e!"]
H(x,y,z,t)=Re[H(X,y,z)e!
B(x,y,z,t) =Re[B(x,y,z)e'"]
J(x,y,z,t)=Re[J (X, y,2)e!™]
5(x,y,2,t) =Re[p(x, y,z)e'™]

| -



TIME HARMONIC MAXWELL'S EQUATIONS

Vxﬁz—z—? V x Re(Eej“")z—%Re(éej”‘)
VxH =§+J —_— VxRe(I:I ej”‘)zgRe(ﬁej"")Jr Re(jej“’t)
D=p VRe([Sej“’t): Re(,Be"“’t)

V- Re(l§ el )= Re(5, e

Employing the derivative property results in the following set of equations:
VxE =— jo B
Vxﬁ:jw6+3
V-D=p
V-B=p,




TIME HARMONIC MAXWELL'S EQUATIONS

TIME DOMAIN

FREQUENCY DOMAIN



TIME HARMONIC EM FIELDS

BOUNDARY CONDITIONS AND CONSTITUTIVE PROPERTIES

The constitutive properties and boundary conditions are very similar

for the time harmonic form:
General Boundary Conditions

L _ fix(E,—E,)=0
Constitutive Properties -2
~ = x(H,—-H,) =
D=¢E A-(B,-5) = A
B = i-(B,-B,)=0
3 oE PEC Boundary Conditions
N x Ez =0
N x I—~I2 = :]~S
4 IS2 = Ps
A-B,=0




POWER and ENERGY

- oH
eql) VxE=—u——-
(eql) h—

- OE = - - - -
(eq2) VXH=6‘E+GE+ =Jd,+J.+J,

take H - (eql) - E - (eq2)




POWER and ENERGY

- oH
eql) VxE=—u—-
(eql) Vx h—

- OE = - - - -
(eq2) VXH=6‘E+GE+ =Jd,+J.+J,
take H -(eql) - E-(eq2)

(eq3) H-VXE—E-VXI—T=—|3|-y%—|;|—l§-(5d+3c+3i)



POWER and ENERGY

- oH
eql) VxE=—-u—-
(eql) e

- 6E = - - - -
(eq2) VxH:gE+aE+Ji=Jd+ I,

take H-(eql)-E-(eq2)

(eq3) H-VxE—E-VxI:l=—I:I-y%—|;l—ﬁ-(jd+jc+3i)

Using the vector identity V-(AxB)=B-(VxA)—A-(VxB)
- oH - ¢E

eqd) V-(ExH)=-H -y—-E-e—-E-(J_+J.
(¢qd) V-(ExH)=-H u 5 -E-eT2-E-(J.+7)



POWER and ENERGY

oH
eql) VXE=—py—
(eql) e

E - - L . -
(eg2) VxH—gE+aE+J =J, +J +J

Using the vector identity V-(AxB)=B-(VxA)-A-(VxB)

(eqd) V-(ExH)=—H. y%—T-E gaa—'f—E (3 +3)

(eq5) [[[v- (ExH)dv_—mH e H v mEg = v [[[E-ofav—[[[E-Tav



POWER and ENERGY

oH
eql) VxE=—py—

(eql) H

(eq2) VxH—gaa—ItE+aI§+j 7. 4343

(eqd) V-(ExH)=—H-. y%—'j—é g%—'f—E (3. +3)

(eqb) J_UV (ExH)dv_—_mH ,u dv _U_[Eg dv _[”E .oEdv — 'mE Jdv

Use dlvergence theorem

(eg6) ﬁExH ds_—myﬁ = dv- m g.0 dv maE Edv— ME J.dv



POWER and ENERGY (continued)

(eq6) ﬁ(ExH) dS—I—IIL[ILlH —+5E —+0E-E+E-ji)]dv:0

S oH o1
.99 91y
P 8t[ 4 }

=

cE-

ot ot| 2

—_  —

cE-E=0lE

(eq7) ﬁ(éxﬁ)-dHM[%By\Hr—




POWER and ENERGY (continued)

ear) FExr)-as [0S Sulb[ |+ 2| Sl |+ ol +E-Tav—o

What do the terms represent physically?




POWER and ENERGY (continued)

ear) FExr)-as [0S Sulb[ |+ 2| Sl |+ ol +E-Tav—o

P, =ﬁs(ﬁx H)-ds
W [[LG 10w | W[5 oEPTav
R =[[[[E-J]1dv=0, P, :”LG\E\Zdv=O

Stored magnetic power (W) Supplied power (W)

\8 0 \'
P+—W +—W,+P+P, =0

/! ot ot \

What is this term?

Stored electric power (W)




POWER and ENERGY (continued)
P, =ﬁs(ﬁx H)-ds

wm_m[;ﬂm]dv} w_JJ{ e
R=[[[[E-J]1dv=0, Py =[[[olE[dv=0

0 0 \'
P+—W +—W +P+P, =0
/ ot ot \

Stored electric power (W)

What is this term?

Dissipated power (W)

P, = power exiting the volume through radiation

S = E x H | W/m2 Poynting vector




POWER and ENERGY (continued)

P, =f] (ExH)-ds

wm_m[%ﬂw]dv} w,_JJ[ oo

R=[[[[E-J]dv=0, P,=][[olE[dv=0

_\ *Supplied power (W)

0 0 \

P=—W,+—W,+P +P,

1 1 / S 6t at
What is this term?
/ h

P, = power exiting the volume through radiation

S=ExH

W/m? Poynting vector



POWER and ENERGY: TIME HARMONIC

P, =ﬁs(ﬁx H~*)-dS
W | [} 10|, W [[]E; oE 1o

= [([GE 3 10v=0. B =[][ 0 av=C

Time average magnetic energy (J) Supplied complex power (W)

P.=J20(W_ -W,)+P +P,

Time average exiting power Time average -
g gp electric energy (J) DISSIpated real power (W)




CONTINUITY OF CURRENT LAW

5 S D .. 6. - )
Vxﬁz_@ V'(VXH):V[EH]:a[V-D]+v.3
?t vector identity V - (V x A) ~0

vxA=247 0
ot 0=—[V-D]+V-J
~ ot a,[[ ]+
V-D=p O:g[p]JFVJ
V-B=0 ot
v.j=_oP
ot

time harmonic




SUMMARY

Time Domalin

B Vi Vxﬁza— J

ot ot
V‘Eme

Frequency Domain

x(E,~E)=0 fAx(H,-H,;)=J;

~

A-(B,-D)=p, A-(B,—~B)=0 | A-(D,-D)=p, f-(B,~B)=0
Z,=R + X =(l+j)%
D=¢E D=¢E
I§:,uq §:ﬂ~
J =cE Jo=0oE

c

P, :ﬁs(ﬁx H)-ds
W [[{ 5 M PYav ], W ([T

P=[[[[E-J1dv=0, Py=[[[o]E dv=0

P, =fl(ExH")-ds

1~ 1 =
W (1105 A1 | i [ BT

~ ~

P :HL[ZE-Ji Jdv=0, P,=

Higaéﬂwzo
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