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Maxwell's Equation’s are:
Q@ VXxE=—jwB=—jwuH
Q@ VxH=J+ jwD=J+jweE
Q@ V.D=g
Q V.B=0
How can we solve them? They are
@ Partial differential equations.
@ Coupled.
@ Vector valued.
@ Second order.
@ Solving for the fields directly from Maxwell’s Equations is

extremely difficult.

@ Therefore, we introduce a vector potential A which makes
the solution simpler.

@ In the quantum electrodynamic theory, this A is the primary
variable of interest.



Auxiliary Potential Functions

Maxwell's equations :

VXE =—jou - M V-D=p,
VxH = jweE +J V-B=p,
For static fields with M =0
VXE=0 V.-D=p,
VxH=J V-B=0
For electrostatic fields:
VXE =0 V-D=p,
Vectoridentity : VXV =0
Let £E=-V¢ ¢ . electric scalar potential

V(eE)=-V-(eVg)=p,



Auxihiary Potential Functions

If £1s a constant :

Vp= _Pe Poisson's equation
£

In free space:

p(7 -
R=|r—r
" 4re J J ‘ ‘
For magnetostatic fields :
VxH=J V-B=(
Vectoridentity: V-(Vxa)=0
Let B=VxA4 A : magnetic vector potential
g=2_-lvyi o> Vx(lezI] J
HoH H



Auxiliary Potential Functions

To uniquely determine 4: V- 4=0 <= Gauge condition
[f 4 1s aconstant:
Vx(VxA)= 1)
VX(VxA)=V(V-A)-V?A=ul

Vid=— ;J Vector Poisson’s equation
J (7
(r” d V

R=|i -7

[n free space: A(7) = ‘u ”J-



Auxiliary Potential Functions

General case
VXE=—jouH —M
VxH = jweE +J

Field due to J :
VXE, =—jouH,
VxH,=joweE, +J
V-D,=p,
V-B, =0

Totalfield: E=E +E,

V.
V.
Field due to M :
VXE =—jwuH,
VxH, =jweE,
V'Dm:
V'BF'HZPHF
Dzl—)(-r-l_[)m
B=B +B

- M



Auxiliary Potential Functions

Consider the case of electric source:

—

Since V-B, =0 B, =VxA

_ B
H, =2¢

=iV><E = VXE,=—jauH,=-jaV x4
HoH

VX(E, + jwd) =0

From vectoridentity : VX (-V¢@,) =0
E +jod=-V¢, =  E =-V¢ —jwA

~ [ _ L L
VXH, =V><(VxAsza)gE(,+J=ja)£(—V¢{,—jcaA)+J
H

V(V-A)-V°A=—jousVe, +k*A+ 1



Auxiliary Potential Functions
VA+k*A=—uJ +V(V - A+ jousp,)

Choose V- A+ jouep, =0 = V>A+k*A= —1]
N B

Lorentz gauge condition




Auxiliary Potential Functions

Consider the case of magnetic source :

V.h =0 = D =-VxF = E =—LVxF
E

VxXH, = jweE, =—joVXF = Vx(H, +joF)=0
Hm + ja)ﬁ = —V@ = Hm ==V ‘;ﬁm o ja)ﬁ

m

VXE :Vx(—leF’J: —jouH, -M
£

m)_ﬂZ
VX(VXF)=—jouevVe, +k°F +eM

m

V(V-F)-V*’F=—jouevVe, +k°F +eM

=—jau(=joF =V ¢



Auxiliary Potential Functions
VF+k’F=-eM +V(V-F + joueo,)

Choose V- F=—jauep, == V24’ =—gl]

o

Gauge condition

2—

VF+k°F =—eM
E ——Llvxr
E

H =—joF ——L—v(V.F)
WULE




Auxiliary Potential Functions

Summary:

— .

Given: J M

Solve: V2A+k*A=—ul
VF+k*F =—eM

Calculate :

E=E +E,=—jod——L V(V-4)——VxF
WUE £

— .

H=H,+H, :iVxﬁ—ja)ﬁ—LV(V-F)
u wUE



Auxiliary Potential Functions

Direct approach:
VX(VXE,)=—jaouVxH,=kE, — joul
V(V-E,)-V*E, =k E,- jauJ
V2E +k°E, = jaud — ,1 V(V-J)
j we
Vx(VxH,6 )=—jweVxE, =k°H, + joeM
V(V-H, -V°H, =k"H, + joecM
V'H, +k*H, =-jweM ———V(V-M)
J U

Compare two approaches.



Setting Up the Solution

We will concentrate on solving for the field due to a z-directed
current, so our equation becomes

Scalar Wave Equation

V2A; + k?°A; = —ud;

To solve this equation we note that it is
@ Linear, and
@ Spatially invariant.

How can we use this?



Since the equation is linear, if

VeAz +k°Az1 = —pdz
VeAz + Kk°Azp = —pd

then

V2 (aAz1 + bAz) + k% (aAz1 + bAz) = —ji(adz1 + bdzo)

@ This linearity also applies to infinite sums and integrals.

@ Suppose the V symbol differentiates with respect to r, and
that ¢ is a parameter.

@ Suppose that for ¢ < ¢ < (y

V29 (r.¢) + k?g (r.¢) = s(r.Q).



If this is the case then suppose

qv
V2A; + k°A; = 1 Jz(C)s(r, ¢) d¢
CL

we could then conclude that

Cu

Az(r) = p c Jz(€)g(r. ¢) d¢

@ This is called the principle of superposition.
@ The function g is called a Green’s function.

@ The role of ( is generally taken by r/, the location of the
source.



The Implication of Spatial Invariance

Because free space is invariant, if
V2A,(r) 4+ k%A (r) = —ud,(r)
then, if I’ is any fixed location in space,

VAL (r — ) + kK2A,(r —r') = —pud,(r —r)

@ Notice that spatial invariance is a less common occurrence
than linearity.

@ Maxwell's equations in free space have been shown linear
with centuries of experimental evidence.

@ Spatial invariance, on the other hand, does not exist in a
waveguide!



The Delta Function in Multiple Dimensions

It helps to define a

Three-Dimensional Delta Function

o(r) = a(x)i(y)é(2)

SO that

/ / f r)dx dy dz = f(0)

Similarly, if we let ' = x"ux + y'u, + Z'uz, we have

Shifted Three-Dimensional Delta Function

o(r—r)=456x—-x")o(y —y)o(z—- 2




Green’s Function

The equation we wish to solve is

The Helmholtz Equation

V2A, + kA, = —iud,

Now, we can write an

Impulsive Formulation of the Current

Jz(r) = // Jz(r)o(r—r)dVv

This expression envisions the current as a superposition of
shifted and weighted impulsive currents.



Green’s Function

Suppose we can find a

Green’s Function

VEg(r) + k*g(r) = —d(r)

which solves the problem for a single impulse at the origin.
Then, because of linearity and spatial invariance, the solution to
the Helmholtz equation is written as a




Finding the Green’s Function

Consider the equation
v2g(r) + k2g(r) = —o(r)

By symmetry, g(r) is only a function of distance from the origin;
that is

g(r) =9(r)
where r is the radial coordinate in spherical coordinates. The
equation thus reduces to

1d (299 o, _
r2dr( dr)+kg_ o)



Finding the Green’s Function

Away from the origin, this reduces to

d 2dg 2.
dr( dr>+rkg_0
2

,d°g dg 2. _
r W+2fd +fkg = 0
d2g dg S
dz(fg) 2 _
372 +k“(rg) = O

Therefore, for constants C, and C_ we have



Finding the Green’s Function

It should be immediately obvious that
C_=0

Why? How do we find C.? We
@ Plug back into the original differential equation, and

@ Integrate over a small sphere of radius ¢ (S;) including the
origin. (Why do we do this?)

Thus,

lim _/S[/V2gdv+k2/s[/gdv—/S[/d(r)dv_




Finding the Green’s Function

We examine this term by term.

—Iim///é(r)dV: _
e—0
Se
€ w2’

e—fkf" :
Iim/// dV = Iim///re‘fk‘"sined@dﬁdrzo
e—0 r e—0
S, O 0 O

Finally, note that




Finding the Green’s Function

Therefore
Iim// Vgnghm// V-VgdV
e—0 e—0
. er ke ok ik
= |imo/ Vg-dS = IimO// [—urcﬂ @ e |.u,singdode
€E— €E—r €

= —47C_ lim [jk(fe —ke 1 e fke} = —4nC,

e—0

So finally we have
_47TC_|_ — —1



The Green’s Function and the Magic Formula

We thus have

The Scalar Green’s Function

e—jkr e—jk|r|
9(r) = 4rr of g(r) = 47|r|
Therefore,
, g JKIr—r'|
g(r—r) = 47|r — 1|

The magnetic potential is thus given by the

Magic Formula




The Solution to Maxwell’'s Equations




The Solution to Maxwell’'s Equations

If we have magnetic sources

—]k‘r r‘

F(r)-—_”jM(r ‘ ‘ dv

V2F+k°F =—eM
1

E =——VxF
£

.

H =—joF ——L-V(V.F)
WUE




The Solution to Maxwell’'s Equations

If we have magnetic sources

—]k‘r r‘

F(r)-—_”jM(r ‘ ‘ dv

V2F+k°F =—eM
1

E =——VxF
£

.

H =—joF ——L-V(V.F)
WUE




Far Field Approximation

I Observation point
R=y(=X)+(=y) +G=2) 4 (x,y,2)

.~ /

Source point (X’,y’,Z’) 4

' 12 12 12
— \
r —\/x +y +Zz NV

v

R=(x—x)+(y—y) +(z-2

= \/(x2 + 242 = (X + Y7+ 2 =2 + '+ 2Z)

= \/r2 —r"? =2rr' cos(\P)

12 '
:r\/l—r _ 2r'cos(YY)

2
r r



Far Field Approximation

A

Observation point
. N2 _ N2 —z")?
R—\/(x X))y +(=y) +(z Z/)/,’ (X,y,Z)

Y4
. 5 9 o " 7/
Source point (X i’/,l*)_\f Re
\ Tr= \/x2 + y2 +z°

\
rr:\/xl2+yr2+zrz \ LIJ

‘-
/ -

J

2 '
R:r\/l—r ~ 2r'cos(Y)
r r

In the far field >>1’

12 /
R:r\/l—rz ~ 2r'cos(YY)

r r

12 ' 14 12 2
. 1_r2_2r cos(‘P)+r4+4r coi (\P)_W
2r 2r 8r 8r

zr(l—wjzr—r'cos(‘{’)
r



Far-Field Approximation (1)

4 _ ﬂ J. J. J.j(;f) E___I,.-_.'{-H d‘l;! F . i J..”.Mr“;;) E'_JM dl;;
47 == R 47 R

In the far-field zone:

7 g
I Jr*“ +7° =21’ cosy =r—r’cosy

= r—u,-r



We can use this approximation to R in the exponent, but need
not in the denominator. Why? This gives rise to the

Far Field Magnetic Vector Potential

A e_jkr J efk u,-r’ o AT
(r) = 47r r /] ()
Note:

@ The integrand is a function of only # and ¢, not r. This
allows us to talk about antenna patterns.

@ The radial dependence is a

e Decay at the rate r—' (Why?), and |
e Wave travel in the radial direction (e /¥")



Far-Field Approximation (1)

Lo a Pe o

In the far-field zone:

—,fff

dv’

7 7
= J}“” +7r°=2rr'cosy =r—r'cosy

— jk(r—r"cosy)

o [P e [ e

E 7 r_ jki’ cosy
= M ik N - ”ch-” a1
47 -
r & — ik T 3 k I ’
F = e] L= jj_.-m d



We can write the expression from the previous slide as

A R F(rN(0
(r)_4ﬂ p (0, 0) = uf(r)N(9,9)
Now
H(r) = iv x A =1f(r)V x N(0,¢)+ N(0,¢) x VI(r)
and

V xN(0,¢) x r ' + O(r 2)

Since we are ignoring terms that decay faster than r—1,

H(r) = N(6,¢) x VI(r)



_ jkre—jkr e~ Jkr
- W 4}7rr2
jke K
~ — = —JKI(r
Hr 4rr JKH(r)ur

Thus we have




The Electric Field

The far electric field can be found with the same technique.

Recall
E(r) = —jw [A( ) + ;2VV A(r )]
= o {HONG.0) + 1599 - 1NE. 0|
Now

V- [f(r)N(, 0)]

VE(r)-N(0. ) + f(r)V - N(0, ¢)
Vi(r)-N(6,¢)
= —jkf(r)u, - N(6. ¢)

Q2

because
@ V-Nxr', and
@ We showed it two slides ago.



The Electric Field

VV - [f(r)N(8, o)} —JkV [T(r)N:(0, 0)]
—JK[(r)VN:(0, &) + N (0, 6)VI(r)]
—JkNr (6, ¢)V1(r)

—K2u, F(r)N; (0, )
(6

e & I &

—k2u,u, - F(r)N(6, ¢)
Therefore
. | 1 |
() = e { NG 0) + 5V [N )] |

= —jw [A(r) — usu,- A(r)]



Relationship Between Far Electric and Magnetic Field

Notice that




Far Field Summary

Far Field Vector Potential
2 e—jkr // IN ~jKUE A\
= r T dVv
A(r) yp— J( )e’ d

Far Fields

E(r) = —Jjw[A(r) —urur - A(r)]
1
H — —Uur EI‘
() U (r)
H. =0
E;. = O . l | W_E@.j_j(ﬂii[
=< E, = —jod, T=74 T Ty
B, - o4 Hﬂjxé:_ﬂ’%
b n



Far-Field Approximation (3)
For E. and H,

f H ~ U ﬁ E ~= U
s I, =—jol, y B, =nH, =—jank,
| H,=—joF, | E, ~—nH, = jonF,

Total fields:
E =0
E. == Jod = o = jo(d, +1110)
L, = Jod & jonl, = jold, -0t )



Far-Field Approximation (4)

H =0
HH o j_m ‘4&:‘ o J'F(L}F:’-} = j_m{ ’4r.-*:' - "?E’:’ )
] i
0] 10)]
- H, ~-1= 4, - joF, =—<=(4, +nF,)
n 7
E =0 H =0
ke , ke ™ L
By EE L H - (y 9
drr drr .7
jhe I, y —jkr [
- L —nN Jke r .
i Ay ( i) -I.? f:.-J} H@ . (ER\,H i § )

drr i



