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$ IXQGDPHQWDO TXHVWLRQ LV ZKHWKHU DQ HTXDWLRQ
ZLWK LQWHJHU FRHpFLHQWV

)�[�� � � � � [Q�  � ���

KDV LQWHJHU VROXWLRQV� ) LV D SRO\QRPLDO LQ YDUL�
DEOHV [�� � � � � [Q ZLWK LQWHJHU FRHpFLHQWV�

�� 'RHV ��� KDYH VROXWLRQV LQ WKH LQWHJHUV"

�� 'RHV ��� KDYH VROXWLRQV LQ WKH UDWLRQDOV"

�� 'RHV ��� KDYH LQnQLWHO\ PDQ\ VROXWLRQV LQ
WKH LQWHJHUV"

�� 'RHV ��� KDYH LQnQLWHO\ PDQ\ VROXWLRQV LQ
WKH UDWLRQDOV"

$ WZR YDULDEOH HTXDWLRQ )�[� \�  � IRUPV D
FXUYH LQ WKH SODQH� 6R ZH DUH VHHNLQJ JHRPHWULF�
DULWKPHWLF PHWKRGV WR nQG VROXWLRQV�

�



/,1($5 (48$7,216

D[� E\  F� D� E� F � =

ax+by=c

s ,Q WKH LQWHJHUV LW KDV D VROXWLRQ LI DQG RQO\
LI JFG�D� E�MF� LQ ZKLFK FDVH LW KDV LQnQLWHO\
PDQ\ VROXWLRQV�

s ,Q WKH UDWLRQDOV LW KDV LQnQLWHO\ PDQ\ VROX�
WLRQV�
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s �[��\  �� KDV D VROXWLRQ LQ WKH LQWHJHUV�
1DPHO\� [  �� \  �� ,W DOVR KDV VROXWLRQV
LQ WKH UDWLRQDOV� )RU HDFK UDWLRQDO YDOXH RI

[ WKH FRUUHVSRQGLQJ YDOXH RI \ LV ��b�[� �

s �[b�\  �� KDV QR VROXWLRQ LQ WKH LQWHJHUV�
EHFDXVH JFG�����  � � M��� %XW LW KDV

VROXWLRQV LQ WKH UDWLRQDOV�

s 3\WKDJRUHDQ WULSOHV �;�<�=� DUH WULSOHV RI
LQWHJHUV VDWLVI\LQJ ;� � < �  =�� (�J��
�������� 7KLV LV HTXLYDOHQW WR VROYLQJ [��
\�  � LQ WKH UDWLRQDOV� 7KH VROXWLRQV DUH
[  �bW�
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s )RU Q y �� ;Q�< Q  =Q KDV QR VROXWLRQ LQ

WKH LQWHJHUV �)HUPDW
V FRQMHFWXUH�� 7KLV LV

HTXLYDOHQW WR VD\LQJ WKDW [Q� \Q  � KDV
QR VROXWLRQ LQ WKH UDWLRQDOV� IRU Q y ��
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9DULDEOH�WUDQVIRUPDWLRQ �URWDWLRQ� WUDQVIRUPV

WKLV WR WKH IDPLOLDU HTXDWLRQ RI HOOLSVH RU K\�

SHUEROD �F G H ��� 7DNH WKH LQWHUVHFWLRQ

RI WKH FRQLF ZLWK D UDWLRQDO OLQH� $UH WKH SRLQWV

RI LQWHUVHFWLRQ UDWLRQDOV"

P

Q

,I \RX VROYH WKH V\VWHP RI D FRQLF HTXDWLRQ

DQG DQ HTXDWLRQ RI D OLQH \RX FRPH XS ZLWK

D TXDGUDWLF WKDW KDV WZR VROXWLRQV� 0RUHRYHU�

LI RQH VROXWLRQ LV UDWLRQDO VR LV WKH RWKHU �WKLV

LV HDV\ WR VHH EHFDXVH WKH GLVFULPLQDQW RI WKH

TXDGUDWLF LV D UDWLRQDO��
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,I ZH NQRZ D UDWLRQDO SRLQW� VD\ 2� KHUH LV KRZ
ZH JHW DOO RI WKHP� )RU DQ\ SRLQW 3 GUDZ WKH
VWUDLJKW OLQH 23 DQG nQG LWV LQWHUVHFWLRQ 3 �
ZLWK /� 7KHQ 3 LV UDWLRQDO � 3 � LV UDWLRQDO

O
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Rational Line

4XHVWLRQ� +RZ GR ZH WHVW IRU D UDWLRQDO SRLQW"

&RQYHUW LW LQWR D ?KRPRJHQHRXV� HTXDWLRQ�

8VLQJ WKH SURMHFWLYH WUDQVIRUPDWLRQ [  ;
= � \  

<
= LW EHFRPHV HTXLYDOHQW WR

D;� � E< �  F=� ���

7KHRUHP �/HJHQGUH�� 7KHUH LV DQ LQWHJHU P
GHSHQGLQJ RQ D� E� F VXFK WKDW HTXDWLRQ ��� KDV
D QRQWULYLDO VROXWLRQ LQ WKH LQWHJHUV LI DQG RQO\

LI D;� � E< � u F=� PRG P KDV D VROXWLRQ LQ
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([DPSOH� :H FDQ UHSURGXFH WKLV PHWKRG RQ
D FLUFOH & � [��\�  �� &RQVLGHU D SRLQW �[� \�
PRYLQJ RQ D FLUFOH� 7DNH WKH OLQH / FRQQHFWLQJ
����� WR �[� \�� 6D\ LW LQWHUVHFWV \�D[LV DW ��� W��
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7KH HTXDWLRQ RI WKH OLQH LV / � \  W�� � [��
6LQFH WKH SRLQW OLHV LQ / DQG LQ & ZH KDYH �b
[�  \�  W��� � [��� ZKLFK JLYHV WKH IDPLOLDU
SDUDPHWULF HTXDWLRQV
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0RUHRYHU� W LV UDWLRQDO � ERWK [� \ DUH UDWLR�
QDOV� ZKLFK RI FRXUVH JLYHV \RX DOO WKH UDWLRQDO
SRLQWV�
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7KLV LV DQ HTXDWLRQ RI WKH IRUP

D\�� E[�� F[�\�G[\�� H[\� I[� J\�K �

ZLWK UDWLRQDO FRHpFLHQWV� :HLUVWUDVV KDV VKRZQ

WKDW XVLQJ DSSURSULDWH �H�J�� SURMHFWLYH� WUDQV�

IRUPDWLRQV �SRVVLEO\ FKDQJLQJ WKH FRHpFLHQWV�

LW EHFRPHV HTXLYDOHQW WR D:HLUVWUDVV 1RUPDO

)RUP�

\�  [� � D[� � E[� F

$VVXPLQJ LWV URRWV DUH DOO GLVWLQFW LW LV FDOOHG

DQ (OOLSWLF &XUYH� 7KH SRO\QRPLDO I�[�  
[��D[��E[�F KDV HLWKHU RQH UHDO �DQG KHQFH
WZR FRPSOH[� RU WKUHH UHDO URRWV�

One Real Root Three Real Roots
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)RU DQ HOOLSWLF FXUYH \�  [� � D[� � E[ � F

GHnQH )�[� \�  \�b I�[�� $ VLQJXODULW\ RI WKH

HOOLSWLF FXUYH LV D SRLQW �[�� \�� VXFK WKDW
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WLHV RFFXU ZKHQ �\  bI ��[�  �� %XW \  �

LI DQG RQO\ LI I�[�  �� +HQFH� VLQJXODULWLHV

RFFXU DW [� ZKHQ I�[��  I ��[��  �� L�H�� [�
LV D FRPPRQ URRW RI I� I �� ZKLFK DOVR PHDQV I
KDV D GRXEOH URRW �DW [���

,W IROORZV WKDW

\�  I�[� KDV VLQJXODULW\� I KDV GRXEOH URRW
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7KLV JLYHV WZR SRVVLEOH SLFWXUHV IRU WKH VLQJX�

ODULWLHV� \�  [��[��� DQG \�  [��

Double Root Triple Root

6LQJXODU FXELFV DUH HDV\ WR DQDO\]H EHFDXVH

WKH\ EHKDYH OLNH FRQLFV�

?'UDZ WKH D[LV RI V\PPHWU\ DQG SURMHFW UDWLR�

QDO SRLQWV��

,W LV XVXDO WR DVVXPH WKH HOOLSWLF FXUYH KDV QR

VLQJXODULWLHV�
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,I DQ HOOLSWLF FXUYH LV \�  I�[�� ZLWK I�[�  

[� � D[� � E[� F WKHQ I�[� KDV WKH IRUP

I�[�  �[b o��[� � p[� q�

,W IROORZV WKDW

&ODLP� ,I WZR URRWV RI DQ HOOLSWLF FXUYH DUH

UDWLRQDO VR LV WKH WKLUG�

P
Q P*Q

0RUH JHQHUDOO\� LI 3�4 DUH UDWLRQDO SRLQWV RQ

WKH HOOLSWLF FXUYH VR LV WKH SRLQW 3 e4 GHSLFWHG
LQ WKH SLFWXUH� 7KLV RSHUDWLRQ LV QRW \HW D

JURXS �EHFDXVH LW LV QRW DVVRFLDWLYH�� EXW FDQ

EH PDGH LQWR RQH E\ DGGLQJ DQ H[WUD SRLQW 2�
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%\ DGGLQJ D UDWLRQDO SRLQW 2 DW LQnQLW\ ZH FDQ

PDNH WKLV RSHUDWLRQ IRUP D JURXS�
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1RWLFH WKDW ZKHQ 3  4 WKHQ ZH GUDZ WKH OLQH

WDQJHQW WR WKH HOOLSWLF FXUYH DW 3 DQG IRUP WKH

SRLQW 3 � 3 H[DFWO\ DV EHIRUH�

7KH SURRI WKDW LW LV D JURXS LV H[SODLQHG LQ WKH

QH[W SLFWXUH �H[FHSW IRU DVVRFLDWLYLW\ ZKLFK LV

PRUH FRPSOLFDWHG��
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7KLV WXUQV RXW WR EH DQ DEHOLDQ JURXS DQG WKH

RSHUDWLRQ � LV LQGHSHQGHQW RI WKH SRLQW 2 ZH

FKRRVH�

1RZ ZH FDQ DOVR DQVZHU RXU RULJLQDO TXHVWLRQ�

7KHRUHP �0RUGHO�� 7KH JURXS RI UDWLRQDO

SRLQWV RI D QRQVLQJXODU HOOLSWLF FXUYH LV nQLWHO\

JHQHUDWHG�

P

Q
P*Q

P+Q

Reflection on x-axis

,Q SUDFWLFH ZH GHWHUPLQH WKH SRLQW 2 XVLQJ D

ELW RI SURMHFWLYH *HRPHWU\� :H DVVXPH 2 LV

D SRLQW DW LQnQLW\ ZKLFK LV D UDWLRQDO SRLQW RI

WKH FXELF� 7KXV ZH FDQ HYHQ GHULYH H[SOLFLW

IRUPXODV IRU WKH JURXS RSHUDWLRQ�
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:H FDQ GHULYH DQ H[SOLFLW IRUPXOD IRU WKH SRLQW

3��3� LQ WHUPV RI WKH SRLQWV 3�  �[�� \�� DQG

3�  �[�� \��� &RQVLGHU WKH HOOLSWLF FXUYH \�  

[��D[��E[�F DQG SXW 3�e3�  �[�� \��� 3��
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$VVXPH �[�� \�� � �[�� \��� (TXDWLRQ RI OLQH

WKURXJK 3�� 3� LV \  y[� Y� ZKHUH y  \�b\�
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DQG Y  \� b y[�  \� b y[�� 6XEVWLWXWLQJ ZH
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,I ZH PXOWLSO\ RXW DQG HTXDWH WHUPV ZH FDQ
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'LmHUHQW IRUPXOD QHHGHG ZKHQ 3�  3�� :H

nQG WKH WDQJHQW WR WKH HOOLSWLF FXUYH DW 3�
�ZKLFK LV DOVR WKH VORSH y RI WKH WDQJHQW DW

3�� E\ LPSOLFLW GLmHUHQWLDWLRQ RI \�  I�[��
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2SHQ 3UREOHP� 1R DOJRULWKP LV NQRZQ IRU

GHWHUPLQLQJ ZKHWKHU RU QRW D FXELF KDV D UD�

WLRQDO SRLQW�
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/HW (�D� E� EH WKH DEHOLDQ JURXS RI UDWLRQDO
SRLQWV RI WKH HOOLSWLF FXUYH

\�  I�[�  [� � D[� E�

:H VDZ EHIRUH WKDW WKH FXUYH KDV QR VLQJXODU

SRLQWV Lm I�[� KDV QR GRXEOH URRWV�

+DYLQJ GRXEOH URRWV LV HTXLYDOHQW WR I�[�  
I ��[�  �� L�H�
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,W IROORZV WKDW [�  bD �� %XW DOVR [��D[��
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$OPRVW HYHU\WKLQJ VDLG EHIRUH ZRUNV RYHU nQLWH
nHOGV�

*LYHQ D SULPH S� DQ HOOLSWLF FXUYH RYHU =S LV
D FRQJUXHQFH \� u [� � D[� EPRG S WRJHWKHU
ZLWK D VSHFLDO SRLQW 2 DW LQnQLW\ VXFK WKDW WKH
?QRQ�VLQJXODULW\� FRQGLWLRQ �D����E� �u � PRG
S LV VDWLVnHG�

*LYHQ SRLQWV 3 �[�� \��� 3�  �[�� \�� RQ WKH
HOOLSWLF FXUYH ZH GHnQH
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:H DOVR GHnQH �[�� \�� � �[��b\��  2 DQG
3� � 2  2 � 3�  3�� 7KLV LV DQ DEHOLDQ
JURXS� GHQRWHG (S�D� E��

7KLV VDPH LGHD ZRUNV RYHU *)�SQ� DV ZHOO�
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/HW S EH D SULPH ! �

s +DVVH� S��b�S S � M(S�D� E�M � S����
S
S

s 6FKRRI� 7KHUH LV DQ HpFLHQW 2�ORJ� S� DO�

JRULWKP IRU FRPSXWLQJ M(S�D� E�M�

s :DWHUKRXVH� )RU DQ\ LQWHJHU VXFK WKDW

S��b �S S � Q � S��� �
S
S

WKHUH H[LVW D� E � S VXFK WKDW M(S�D� E�M  
Q� 0RUHRYHU� WKH RUGHUV RI WKH JURXSV RI

HOOLSWLF FXUYHV DUH XQLIRUPO\ GLVWULEXWHG LQ

WKLV LQWHUYDO�

s 7KHRUHP� (S�D� E�
| =Q� d =Q�� IRU VRPH

Q�� Q� VXFK WKDW Q�MQ� DQG Q�MSb ��
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([DPSOH
&RQVLGHU WKH HOOLSWLF FXUYH \�  [��[�� RYHU
=e
��� 7R GHWHUPLQH WKH SRLQWV RQ ( ZH ORRN DW
HDFK SRVVLEOH SRLQW RI =�� FRPSXWLQJ [��[��
DQG WKHQ WU\LQJ WR VROYH HTXDWLRQ \� u [��[�
� PRG ���

7KLV LQYROYHV FRPSXWLQJ VTXDUH URRWV PRGXOR
��� 7KHUH LV DQ H[SOLFLW IRUPXOD WR GR WKLV
EHFDXVH �� u � PRG �� ,Q IDFW WKH VTXDUH
URRWV RI D TXDGUDWLF UHVLGXH U DUH hU������ � u
U� PRG ��� 7R FRPSXWH ZH WDEXODWH�
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([DPSOH �&RQWLQXHG�

7KH HOOLSWLF FXUYH KDV �� SRLQWV �[� \� RQ LW

�LQFOXGLQJ WKH SRLQW DW LQnQLW\�� %HLQJ RI SULPH

RUGHU �� LW PXVW EH D F\FOLF JURXS LWVHOI� (�J��

WDNH WKH JHQHUDWRU o ������

3RZHUV RI o� H�J� ����� � ����� FDQ EH FRP�

SXWHG DV IROORZV� )LUVW FRPSXWH y�
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(O*DPDO LV DSSOLFDEOH WR WKH F\FOLF VXEJURXS

=Q� RI (S�D� E�� EXW LWV H[SDQVLRQ IDFWRU LV �
�YHUVXV � RYHU =S�� 0RUHRYHU� WKH SODLQWH[W

VSDFH FRQVLVWV RI WKH SRLQWV LQ (S�D� E� DQG QR
FRQYHQLHQW PHWKRG LV NQRZQ IRU JHQHUDWLQJ GH�

WHUPLQLVWLFDOO\ SRLQWV LQ (S�D� E��

7DNH DQ (OOLSWLF &XUYH (S ZKLFK FRQWDLQV D

F\FOLF VXEJURXS +  =Q� ZLWK LQWUDFWDEOH GLV�

FUHWH ORJDULWKP� 3ODLQWH[W VSDFH LV =e
Sd=e

S DQG

&LSKHUWH[W VSDFH LV (S d =e
S d =e

S�

0 HQH]HVb9DQVWRQH 6\VWHP �
3 XEOLF � o� p � (S

3 U LYDWH � D VXFK WKDW p  Do
( QFU \SWLRQ � &KRRVH 5DQGRP N � =Q�
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\�  No� �F�� F��  Np
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:H DUH JLYHQ DQ LQWHJHU Q WR EH WHVWHG IRU

SULPDOLW\ DQG D JURXS * v �=Q�N� IRU VRPH N�

)RU [ � * GHnQH M[M*  RUGHU RI [ LQ *�

$VVXPSWLRQ� 7KHUH LV D VHW 6* RI LQWHJHUV

VXFK WKDW

� [ � *�M[M* � 6*�� Q LV SULPH

3ULPDOLW\ 7HVWLQJ� � [ � *�M[M* � 6*�"

:H FDQ WHVW M[M*  P DV IROORZV�

M[M*  P � [P  H 	 � �SULPH SMP��[
P
S � H��

7KXV WHVWLQJ SULPDOLW\ IRU Q UHGXFHV WR IDF�

WRUL]DWLRQ RI P � 6*� 8VXDOO\ ZH NQRZ SULPH

IDFWRUV RI HDFK P � 6*�

*URXSV (Q�D� E� RI HOOLSWLF FXUYHV DUH XVHG IRU

SULPDOLW\ WHVWLQJ DQG IDFWRULQJ Q�
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