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3XEOLF YV 1RQSXEOLF 8QOLNH 3ULYDWH NH\ FU\S�

WRJUDSK\� WKHUH LV QR QHHG WR VKDUH NH\V� ,Q�

VWHDG� WKHUH LV D SXEOLF ?SKRQH QXPEHU� DYDLO�

DEOH WR DQ\ SRWHQWLDO XVHU DQG D SULYDWH NH\�
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3XEOLF .H\ &U\SWRJUDSK\ �3.&� LV EDVHG RQ

WKH LGHD RI D WUDSGRRU IXQFWLRQ I � ; � < �
L�H��

s I LV RQH�WR�RQH�

s I LV HDV\ WR FRPSXWH�

s I LV SXEOLF�

s Ib� LV GLpFXOW WR FRPSXWH�

s Ib� EHFRPHV HDV\ WR FRPSXWH LI D WUDSGRRU
LV NQRZQ�

7KXV� DOWKRXJK LQ FRQYHQWLRQDO FU\SWRJUDSK\

WKH SULRU H[FKDQJH RI NH\V LV QHFHVVDU\� WKLV LV

QRW VR LQ SXEOLF NH\ FU\SWRJUDSK\�

�



7KH LGHD RI 3.& ZDV nUVW SURSRVHG E\ 'LpH

DQG +HOOPDQ LQ ����� +HUH DUH VRPH LPSRUWDQW

3.&V WKDW ZH ZLOO VWXG\�

s 56$

s 5DELQ

s 0HUNOH�+HOOPDQ

s 0F(OLHFH

s (O*DPDO

s (OOLSWLF &XUYH

�
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Q�S�T� 'HnQH Q  ST ZKHUH S DQG T DUH ODUJH

SULPHV�

G�H� JFG�H� ��Q��  � DQG HG u � �PRG��Q��

0� 0 LV WKH QXPEHU UHSUHVHQWLQJ WKH PHVVDJH

WR EH HQFU\SWHG�

&� & LV WKH QXPEHU UHSUHVHQWLQJ WKH ?&\SKHU�

WH[W� �L�H�� WKH HQFU\SWHG WH[W��

3XEOLF ,QIRUPDWLRQ� Q� H�

3ULYDWH ,QIRUPDWLRQ� G�

�
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$Q LQWHJHU Q ! � LV SULPH LI � DQG Q DUH LWV RQO\
GLYLVRUV�

(XFOLG� 7KHUH DUH LQnQLWHO\ PDQ\ SULPHV�

,I S� � S� � c c c � SQ DUH WKH nUVW Q SULPHV WKHQ
DQ\ SULPH GLYLVRU RI WKH LQWHJHU � � S�S� c c c SQ
PXVW EH ODUJHU WKDQ SQ�

7KH QXPEHU }�Q� RI SULPHV x Q LV DV\PSWRWL�
FDOO\ HTXDO WR Q

OQQ� 0RUH JHQHUDOO\�

'LULFKOHW�+DGDPDUG�GH OD 9DOOHuH 3RXVVLQ�

,I JFG�D� E�  � WKHQ WKH QXPEHU }D�E�Q� RI
SULPHV S x Q RI WKH IRUP S  DN� E LV DV\PS�
WRWLFDOO\ HTXDO WR �

��D�
Q
OQQ�

%HUWUDQG
V 3RVWXODWH )RU DQ\ LQWHJHU WKHUH

LV DOZD\V D SULPH EHWZHHQ Q � � DQG �Q� $
EHDXWLIXO HOHPHQWDU\ SURRI LV GXH WR (UG�RV�

2SHQ SUREOHP RI +DUG\ DQG :ULJKW� ,V

WKHUH D SULPH EHWZHHQ Q� DQG �Q����"

�



,QWHUHVWLQJ 3UREOHPV ZLWK 3ULPHV

8ODP
V 3UREOHP� 6WDUW ZLWK � DQG ZULWH FRQ�

VHFXWLYH LQWHJHUV LQ D FRXQWHUFORFNZLVH VSLUDO�

��� �� �� �� �� �� �� �� �� ��
�� �� �� �� �� �� �� �� �� ��
�� �� �� �� �� �� �� �� �� ��
�� �� �� �� �� �� �� �� �� ��
�� �� �� � � � �� �� �� ��
�� �� �� � � � �� �� �� ��
�� �� �� � � � �� �� �� ��
�� �� �� �� �� �� �� �� �� ��
�� �� �� �� �� �� �� �� �� ��
�� �� �� �� �� �� �� �� �� ��

3ULPHV VHHP WR OLQH XS LQ GLDJRQDOV� &DQ \RX

SURYH RU GLVSURYH WKLV" 'R H[SHULPHQWV�

:KDW LV UDWLR RI SULPHV RI WKH IRUP Q��Q���"

+RZ DERXW Q� � Q���" 'LpFXOW SUREOHPV�

1R VLQJOH YDULDEOH SRO\QRPLDO ZLWK LQWHJHU FR�

HpFLHQWV FDQ JHQHUDWH DOO WKH SULPHV� �5HODWHG

WR +LOEHUW
V WHQWK SUREOHP��

�
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��Q� LV WKH QXPEHU RI QRQ�QHJDWLYH LQWHJHUV

OHVV WKDQ Q ZKLFK DUH UHODWLYHO\ SULPH WR Q�

Q ��Q� Q ��Q� Q ��Q�
� � �� � �� ��
� � �� �� �� �
� � �� � �� ��
� � �� �� �� ��
� � �� � �� ��
� � �� � �� �
� � �� � �� ��
� � �� �� �� ��
� � �� � �� ��

6RPH ,PSRUWDQW 9DOXHV RI ��Q��

Q ��Q�  &RQGLWLRQV

S Sb � S SULPH

SQ SQ b SQb� S SULPH
V c W ��V� c ��W� JFG�V� W�  �
S c T �Sb �� c �T b �� S� T SULPH

�
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([DPSOH �� ,W LV HDV\ WR JHQHUDWH H VXFK WKDW

JFG�H� ��Q��  �� VLQFH

MIH � Q � JFG�H� ��Q��  �JM ����Q��

([DPSOH �� S  ���� T  ���� Q  ������

7KHQ ��Q�  �Sb ���T b ��  �����  ������
6R DQ\ LQWHJHU QRW GLYLVLEOH E\ ����� FDQ EH

XVHG DV D SXEOLF NH\� :H FDQ FKRRVH H  �����

8VLQJ WKH (XFOLGHDQ DOJRULWKP ZH HDVLO\ FRP�

SXWH Hb� PRG �����  �����

([DPSOH �� S  �� T  �� Q  ��� &DQ FKRRVH

H  ��� /HW WKH PHVVDJH EH 0  ��� +RZ GR

ZH FRPSXWH ���� PRG ��"

:H ZLOO UHYLHZ VHYHUDO FRQFHSWV IURP 1XPEHU

7KHRU\�

�
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56$ (QFU\SWLRQ� 0 � (�0� � 0H u & PRG

Q

56$ 'HFU\SWLRQ� & � '�&� � &G u 0 PRG

Q�

:KHQ DQG :K\ LW :RUNV� 5HFDOO WKDW ��Q�  

�S b ���T b ��� )RU 56$ WR ZRUN 0 � Q�

JFG�H� �S b ���T b ���  �� S DQG T DUH SULPH

DQG GH u ��PRG�Sb ���T b ����

56$ ZRUNV EHFDXVH� &G u �0H�G u 0HG u
0��N�Sb���Tb���PRGQ�

$VVXPH WKDW JFG�0� T�  JFG�0�S�  �� 7KHQ

E\ )HUPDW
V /LWWOH 7KHRUHP�

&G u 0�0Sb��N�Tb�� u 0���N�Sb�� u 0�PRGS�

&G u 0�0Tb��N�Sb�� u 0���N�Tb�� u 0�PRGT�

7KHUHIRUH &G u 0�PRGQ��

�



5HSUHVHQWDWLRQV RI 1XPEHUV

5HSUHVHQWDWLRQV LQ EDVH E�

Q PRG E  DNE
N� DNb�ENb� � c c c� D� PRG E

 D�
EQEF PRG E  DNE

Nb� � DNb�ENb� � c c c� D�
 D�
���

EQ
EL
FPRG E  DL

8VLQJ WKLV IDFW ZH FDQ ZULWH DQ DOJRULWKP IRU

FKDQJLQJ WKH UHSUHVHQWDWLRQ RI D QXPEHU LQWR

DQ\ EDVH�

3 U RFHGXU H EDVH E H[SDQVLRQ �Q� E�
T � Q
N � �
ZKLOH T � �

DN � T PRG E
T � ETEF
N � N��

HQGZKLOH
U HWXU Q �DNb� c c c D�D��E

��
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$GGLWLRQ RI WZR N�ELW QXPEHUV FDQ EH GRQH LQ

WLPH 2�N��

���������
��������

���������

0XOWLSOLFDWLRQ RI WZR N�ELW QXPEHUV FDQ EH

GRQH LQ WLPH 2�N���

����
���

����
����
����

������

%RWK DUH ZHOO�NQRZQ DOJRULWKPV� 2I FRXUVH

WKHUH DUH ?IDVWHU� DOJRULWKPV �VHH .QXWK
V� ?$UW

RI &RPSXWHU 3URJUDPPLQJ���

([SRQHQWLDWLRQ RI WZR N�ELW QXPEHUV FDQ EH

GRQH LQ WLPH 2�N���

��



([DPSOH� S �� T  �� Q ���

&DQ FKRRVH H  ��� /HW WKH PHVVDJH EH 0  

��� 7R FRPSXWH ���� PRG ���

)LUVW ZULWH ������  �������� 7KHQ FDOFXODWH

0��  0�c����c����c����c��

 �0�c����c����c����0
 ��0�c����c����0��0
 ��0���0��0

7KH IRUPDO DOJRULWKP LV DV IROORZV� &RPSXWH

WKH ELQDU\ UHSUHVHQWDWLRQ RI H 
3Nb�

L � HL�
L� ZKHUH

N  GORJ�H DQG SHUIRUP WKH IROORZLQJ DOJR�

ULWKP�

3 U RFHGXU H H[SRQHQWLDWLRQ �[� H� Q�
] � �
IRU L N b � GRZQWR � GR

] � ]� PRG Q
LI HL  � WKHQ ] � ] c [ PRG Q

U HWXU Q [H PRG Q

��
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7KLV LV VLPLODU WR D EXUJODU REVHUYLQJ KRZ ORQJ

LW WDNHV IRU VRPHRQH WR WXUQ WKH GLDO RI D VDIH�

,W LV DSSOLFDEOH WR RWKHU FU\SWRV\VWHPV DV ZHOO�

$ FU\SWDQDO\VW FDQ FRPSXWH D SULYDWH NH\ E\

NHHSLQJ WUDFN RI KRZ ORQJ LW WDNHV WKH FRP�

SXWHU WR GHFLSKHU PHVVDJHV� 7KH H[SRQHQW LV

FRPSXWHG ELW�E\�ELW VWDUWLQJ ZLWK WKH ORZ�HQG

ELW�

)RU D JLYHQ FLSKHUWH[W LW LV SRVVLEOH WR WLPH

KRZ ORQJ LW WDNHV WR SHUIRUP PRGXODU H[SR�

QHQWLDWLRQ� :H FDQ WKHUHIRUH GHWHUPLQH XQ�

NQRZQ ELWV E\ H[SORLWLQJ WLPLQJ GLmHUHQFHV LQ

UHVSRQVHV� �7KLV DWWDFN ZDV LPSOHPHQWHG E\

.RHKHU LQ ������

7KH SUREOHP LV HOLPLQDWHG E\ XVLQJ DQ\ RI WKH

IROORZLQJ UHPHGLHV� �D� FRQVWDQW H[SRQHQWLD�

WLRQ WLPH� �E� UDQGRP GHOD\� RU �F� EOLQGLQJ E\

PXOWLSO\LQJ WKH FLSKHUWH[W ZLWK UDQGRP QXP�

EHU SULRU WR H[SRQHQWLDWLRQ�

��
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)LQGLQJ WKH JFG�D� E� ZLWKRXW WKH IDFWRUL]DWLRQ
RI D DQG E XVHV WKH (XFOLGHDQ $OJRULWKP� :LWK�
RXW ORVV RI JHQHUDOLW\ DVVXPH D ! E�

/HPPD� /HW D ET� U ZKHUH D� E� T DQG U � E
DUH LQWHJHUV� 7KHQ JFG�D� E�  JFG�E� U��

3URRI� *LYHQ D ET�U ZKHUH D� E� � T DQG U � E
DUH LQWHJHUV� /HW G EH DQ\ QXPEHU VXFK WKDW
GMD DQG GME� 7KHQ LW IROORZV WKDW GM�D b ET��
6LQFH �DbET�  U WKHQ GMU� 7KXV DQ\ GLYLVRU RI
D DQG E DOVR GLYLGHV U� 7KLV LPSOLHV JFG�D� E�  
JFG�E� U�� 6LQFH U  DbET ZH KDYH U  D PRG E�
:H LWHUDWH �U�  D� U�  E� U�  U� T�  T��

U�  T�U� � U� � � U� � U�
U�  T�U� � U� � � U� � U�
c c c
UL  TL��UL�� � UL�� � � UL�� � UL��

:H GHnQH JFG�[���  [� 1RWH WKDW WKH VH�
TXHQFH U� ! U� ! c c c ! UQ LV GHFUHDVLQJ� +HQFH
WKHUH H[LVWV D WHUP UQ VXFK WKDW UQ��  � DQG
JFG�UQ���  UQ� 7KHUHIRUH JFG�D� E�  UQ�

��



/HW IQ EH WKH Q�WK )LERQDFFL QXPEHU� 5HFDOO�
I�  I�  �� IQ  IQb� � IQb�� 6ROYLQJ WKLV
GLmHUHQFH HTXDWLRQ �E\ JXHVVLQJ WKDW IQ  5Q�
IRU VRPH 5� ZH REWDLQ IQ  ����

S
�� ��Q�

%HDXW\ DQG WKH *ROGHQ 0HDQ�
7KH UHFWDQJOH LV ?DHVWKHWLFDOO\ PRVW SOHDVLQJ�
ZKHQ FXWWLQJ D VTXDUH WKH UHPDLQLQJ SRUWLRQ
LV FRQJUXHQW WR WKH RULJLQDO UHFWDQJOH� �&RQ�
VWUXFWLRQ RI WKH 3DUWKHQRQ XVHV WKLV SULQFLSOH��

D

E

Db E

7KH ELJ UHFWDQJOH KDV GLPHQVLRQV Dd E�
7KH VPDOO UHFWDQJOH KDV GLPHQVLRQV Ed �Db E��
&RQJUXHQFH PHDQV WKH\ DUH VLPLODU� L�H��

5 � 
D

E
 

E

Db E
� 5  

�

�b5
�

6ROYLQJ IRU 5 ZH REWDLQ 5�  5�� DQG KHQFH
5  ���

S
�� ��

��



:H VKRZ E\ LQGXFWLRQ UQbL y IL� ,QLWLDO VWHS

L  � LV HDV\� $QG

UQb�L���  TQbLUQbL� UQ��bL

y UQbL� UQ��bL
y IL� ILb�  IL��

,W IROORZV WKDW D U� y IQ DQG Q 2�ORJ D��

3 U RFHGXU HJFG�D� E� SRVLWLYH LQWHJHUV�
[ � D�
\ � E�
ZKLOH \ � � GR

U � [ PRG \
[ � \

\ � U
HQG ZKLOH
U HWXU Q [

7KHRUHP� ,I D DQG E DUH SRVLWLYH LQWHJHUV�

WKHQ WKHUH H[LVWV LQWHJHUV V DQG W VXFK WKDW

JFG�D� E�  VD� EW� 0RUHRYHU� V� W FDQ EH FRP�

SXWHG LQ WLPH ORJDULWKPLF LQ WKH LQSXW�

��



([DPSOH� �  JFG�������

�� PRG �� u � � �  ��b �����
�� PRG � u � � �  ��b ����
� PRG � u � � �  �b ����
� PRG � u � � �  �b ����
� PRG � u � � �  �b ����

5HYHUVLQJ WKH VWHSV ZH KDYH

�  ��b �����
�  ��b ����
�  ��b ��� ���b ������
�  �����b �����
�  �b ����
�  ���b ������b ��� ������b ������
�  b������ �����
�  �b ����
�  ������b ������b ��� �b������ ������
�  ������b �����
�  �b ����
�  �b������ ������b ��� �������b ������
�  b������� �����
7KLV FDQ EH XVHG WR FRPSXWH PRGXODU LQYHUVHV�

H�J� ��b� PRG ��  ��
��
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7KH HQFU\SWHG PHVVDJH FDQ EH GHFU\SWHG LI WKH

GHFU\SWLRQ NH\ LV NQRZQ�

2QH DSSURDFK WR DWWDFNLQJ 56$ LV WR WU\ WR

IDFWRU Q�

,I WKDW ZHUH SRVVLEOH WKHQ RQH FRXOG FRPSXWH

S� T VXFK WKDW Q ST�

6LQFH H LV SXEOLF ZH FDQ VROYH WKH OLQHDU FRQ�

JUXHQFH

H[ u � PRG �Sb ���T b ��
WR FRPSXWH WKH LQYHUVH RI H PRGXOR Q� ZKLFK

LV HTXDO WR WKH GHFU\SWLRQ H[SRQHQW G�

+RZHYHU� IDFWRULQJ LV QRW DQ HDV\ SUREOHP WR

VROYH�

��
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)LQG D QXPEHU [ WKDW OHDYHV D UHPDLQGHU RI �

ZKHQ GLYLGHG E\ �� � ZKHQ GLYLGHG E\ � DQG �

ZKHQ GLYLGHG E\ �� 0HDQV� nQG [ VXFK WKDW [ u
� PRG �� [ u � PRG � DQG [ u � PRG �� 7KH
VROXWLRQ WR WKLV SUREOHP LV� [ u �� PRG ����
+RZ LV WKLV VROXWLRQ IRXQG"

7KHRUHP� /HW P��P�� � � � �PQ EH SDLUZLVH UHO�

DWLYHO\ SULPH SRVLWLYH LQWHJHUV� 7KH V\VWHP�

[ u D� PRG P�
[ u D� PRG P�

���
[ u DQ PRG PQ

KDV D XQLTXH VROXWLRQ PRGXORP P�P� � � �PQ�

3URRI� /HW P  P�P� c c cPQ DQG 0N  
P
PN
�

)RU HDFK YDOXH0N nQG LWV LQYHUVH \N PRGXORPN

�L�H�� 0N\N u � PRG PN�� 7KHQ [  D�0�\� �

D�0�\� � c c c � DQ0Q\Q� 7KLV FRPSOHWHV WKH

SURRI�

��



)RU Q ST� WKH PDSSLQJ =e
Q � =e

S d=e
T � [ PRG

Q � �[PRG S� [ PRG T� LV RQH�WR�RQH� 6LQFH�

M=e
QM  ��Q�  ��S� c ��T�  M=e

S M c M=e
T M LW LV DOVR

RQWR�

7KH &KLQHVH UHPDLQGHU WKHRUHP SURYLGHV IRU

VROYLQJ FRQJUXHQFHV ZLWK FRPSRVLWH PRGXOXV

E\ LQYHUWLQJ WKH DERYH PDSSLQJ� +HUH LV KRZ

LW ZRUNV�

6XSSRVH ZH KDYH D SDLU �D�� D�� � =e
Sd=e

T � &RQ�

VLGHU E�  Tb� PRG S DQG E�  Sb� PRG T� 3XW

D D�E�T� D�E�S DQG REVHUYH WKDW

D  D�E�T� D�E�S u D� PRG S
D  D�E�T� D�E�S u D� PRG T

([DPSOH� 6ROYH [ u � PRG �� [ u � PRG ���
:H FRPSXWH �b� PRG ��  � DQG ��b� PRG
�  �� 6R D  � c � c �� � � c � c �  ��� u
�� PRG �� LV WKH VROXWLRQ RI WKH WZR FRQJUX�

HQFHV VLPXOWDQHRXVO\�

��



=Q� WKH VHW RI LQWHJHUV � x D � Q LV DQ DGGLWLYH
JURXS PRGXOR Q�

=e
Q� WKH VHW RI LQWHJHUV � x D � Q ZKLFK DUH
SULPH WR Q LV D PXOWLSOLFDWLYH JURXS PRGXOR Q�

([DPSOH� *URXS WDEOHV RI �=���� DQG �=
e
�� c��

�=���� � � � � � �
� � � � � � �
� � � � � � �
� � � � � � �
� � � � � � �
� � � � � � �
� � � � � � �

�=e
�� c� � �
� � �
� � �

)HUPDW
V /LWWOH 7KHRUHP� ,I S LV SULPH DQG
S � MD WKHQ DSb� u � PRG S�

D D� PRG �

� ��  �� u � PRG �
� ��  ��� u � PRG �
� ��  ����� u � PRG �
� ��  ������� u � PRG �

��



3URRI� /HW D EH VXFK WKDW S � MD� /LVW DOO WKH
HOHPHQWV RI =e

S�

[� [� c c c [Sb�
D � D c [� D c [� c c c D c [Sb�

[�[� c c c[Sb�  �D[���D[�� c c c �D[Sb��
 DSb��[�[� c c c[Sb��

7KH JURXS =e
S LV F\FOLF� LQ WKH VHQVH WKDW WKHUH

LV D JHQHUDWRU J VXFK WKDW =e
S  IJ�� J�� � � � � JSb�J�

7KLV IDFW ZDV nUVW SURYHG E\ *DXVV ZKR DOVR

SURYHG VRPHWKLQJ PRUH JHQHUDO�

)RU DOO P� =e
P LV F\FOLF LI DQG RQO\ LI P LV RI WKH

IRUP ������ SN��SN� ZKHUH S LV DQ RGG SULPH

DQG N LV D SRVLWLYH LQWHJHU�

7KH RUGHU RI DQ HOHPHQW D � =e
S LV WKH VPDOOHVW

L � � VXFK WKDW DL  ��
��



/DJUDQJH
V 7KHRUHP� ,I + LV D VXEJURXS RI

WKH JURXS * WKHQ M+M GLYLGHV M*M�

3URRI� 'HnQH WKH HTXLYDOHQFH UHODWLRQ RQ HO�

HPHQWV RI WKH JURXS *�

D } E � DEb� � +

7KH HTXLYDOHQFH FODVVHV DUH HDVLO\ VKRZQ WR EH

WKH FRVHWV +D  IKD � K � +J� 7KH\ DOO KDYH
WKH VDPH VL]H� QDPHO\ M+M� ,W IROORZV WKDW M+M
GLYLGHV M*M�

)RU D JHQHUDWRU J RI =e
S� WKH HOHPHQW JN KDV

RUGHU Sb�
JFG�Sb��N�� 0RUHRYHU

JN JHQHUDWHV =e
S � JFG�Sb �� N�  ��

7KH JURXS =e
S KDV ��Sb �� JHQHUDWRUV�

(XOHU
V 7KHRUHP� ,I D LV DQ LQWHJHU ZKLFK LV

SULPH WR Q� WKHQ D��Q� u � PRG Q�

��



7RWLHQW )XQFWLRQ $WWDFN RQ 56$

,V WKHUH DQ ?HpFLHQW� DOJRULWKP ZKLFK JLYHQ Q
�D SURGXFW RI WZR SULPHV� DV LQSXW ZLOO FRP�

SXWH ��Q�"

$VVXPH VXFK DQ DOJRULWKP Q � ��Q� H[LVWV�

:H FDQ SURYH Q � � b ��Q�  S � T� 7KLV LV
EHFDXVH

��Q�  �Sb ���T b ��
 ST b Sb T��
 Qb Sb T��

,W IROORZV WKDW ��Q�  �S b ���Q S b ��  Q b
Q Sb S�� DQG FRQVHTXHQWO\

S� b �Q��b ��Q��S� Q �

%\ VROYLQJ WKLV TXDGUDWLF ZH REWDLQ

S 
Q��b ��Q�h

T
�Q��b ��Q��� b �Q
�

7KXV� DVVXPLQJ DQ ?HpFLHQW� DOJRULWKP Q �
��Q� H[LVWV� WKHUH LV DQ ?HpFLHQW� DOJRULWKP
IRU IDFWRULQJ Q�

��



&+26(1 &,3+(57(;7 $77$&.

56$ LV YXOQHUDEOH WR FKRVHQ FLSKHUWH[W DWWDFNV

DV WKH IROORZLQJ DUJXPHQW LQGLFDWHV�

7KH IROORZLQJ DWWDFN LQGLFDWHV WKDW 56$ LV QRW

JRRG IRU VLJQLQJ�

$VVXPH D FU\SWDQDO\VW OLVWHQLQJ WR FRPPXQLFD�

WLRQ UHDGV D FLSKHUWH[W & DQG ZDQWV WR UHFRYHU

0 VXFK WKDW 0  &G PRG Q�

&U\SWDQDO\VW FKRRVHV D UDQGRP U � Q DQG XVHV

WKH SXEOLF NH\ WR FRPSXWH

[  UH PRG Q� \  [& PRG Q� W  Ub� PRG Q

DQG JHWV \ VLJQHG ZLWK WKH SULYDWH NH\ G� L�H�

X \G PRG Q� &U\SWDQDO\VW FDQ QRZ FRPSXWH

WX u Ub��[&�G u Ub�[G&G u Ub�U0 u 0 PRG Q

$ UHPHG\ ZH ZLOO GLVFXVV ODWHU LV WR XVH KDVKLQJ�

��



56$�%,7 $77$&.6

$VVXPH Q  ST DQG Q LV RGG�

56$ ELW DWWDFNV ?WDUJHW� VSHFLnF ELWV RI 56$

RXWSXW� H�J� WKH OHDVW VLJQLnFDQW ELW�

.QRZOHGJH RI WKH OHDVW VLJQLnFDQW ELW RI DQ

56$ HQFU\SWHG PHVVDJH LV HTXLYDOHQW WR ?OR�

FDWLQJ� WKH PHVVDJH LQ D FHUWDLQ VXELQWHUYDO RI

>�� Q@� 0RUH SUHFLVHO\�

:H GHnQH� 3DULW\�0H PRG Q�  ORZ RUGHU ELW

RI 0 � L�H� � LI 0 LV HYHQ� DQG �� RWKHUZLVH�

+DOI�0H PRG Q�  � LI � x 0 � Q �� DQG ��

LI Q � x 0 � Q� L�H�� +DOI�0H PRG Q�  � �
�0 � Q� +HQFH�

+DOI�0H PRG Q�  3DULW\���0�H PRG Q�
3DULW\�0H PRG Q�  +DOI��0 ��H PRG Q�

��



7KHQ ZH KDYH�

+DOI�0H PRG Q�  � � 0 � >�� Q��
+DOI���0�H PRG Q�  � � 0 � >�� Q�� > >Q�� �Q� �
+DOI���0�H PRG Q�  � � 0 � >�� Q�� > >Q�� �Q� �

> >Q�� �Q� � > >�Q� � �Q� �
%\ XVLQJ ELQDU\ VHDUFK ZH FDQ ORFDWH SUHFLVHO\

WKH YDOXH RI 0�

7KLV PHDQV LI WKHUH LV DQ HpFLHQW DOJRULWKP

IRU FRPSXWLQJ WKH ORZ RUGHU 56$�ELW �L�H�� WKH

3DULW\ IXQFWLRQ� WKHQ WKHUH LV DQ HpFLHQW DO�

JRULWKP IRU FRPSXWLQJ WKH RULJLQDO PHVVDJH�

7KXV WKH ORZ RUGHU 56$ ELW LV DV VHFXUH DV

56$�

��
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&RPSXWLQJ WKH -DFREL V\PERO GRHV QRW UHTXLUH

WKH IDFWRUL]DWLRQ RI Q� $ ?(XFOLGHDQ VW\OH� DO�
JRULWKP ZLOO EH GLVFXVVHG LQ WKH VHTXHO� $V�

VXPH P�Q DUH RGG� 7KHQ ZH KDYH WKH IROORZLQJ
SURSHUWLHV�
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'HnQLWLRQ� D LV D TXDGUDWLF UHVLGXH PRGXOR S

�GHQRWHG D � 45S� LI DQG RQO\ LI � E � =e
S�D u

E� PRG S��

,PSRUWDQW� )RU D � =e
S� D � 45S �

t
D
S

u
 ��

�� $VVXPH D u E� PRG S� IRU E � =e
S� 7KHQ

D
Sb�
� u �E��Sb�� u ESb� u � PRG S�

�� 7DNH D JHQHUDWRU J RI =e
S� ,W IROORZV WKDW

D  JL� IRU VRPH L� $VVXPH
t
D
S

u
 �� 7KHUH�

IRUH D
Sb�
� u � PRG S DQG KHQFH D

Sb�
� u J

L�Sb��
� u

� PRG S� ,W IROORZV �S b ��ML�Sb��� � +HQFH L LV

HYHQ DQG D � 45S�

7KLV KDV VLJQLnFDQW DSSOLFDWLRQV IRU SULPDOLW\

WHVWLQJ�

��



7HVW IRU 3VHXGR�3ULPHV

,QSXW� Q

3LFN UDQGRP D � >�� Q@
&RPSXWH J � JFG�D� Q�

,I J � � WKHQ Q LV FRPSRVLWH

,I J  � WKHQ FRPSXWH H � DQb� PRG Q

,I H � � WKHQ Q IDLOV WKH WHVW

,I H � WKHQ Q SDVVHV WKH WHVW

:KDW LV WKH SUREDELOLW\ WKDW D FRPSRVLWH QXP�

EHU SDVVHV WKH WHVW" ,W VHHPV WKDW E\ UHSHDWLQJ

WKH WHVW \RX LQFUHDVH \RXU FKDQFHV IRU D FRUUHFW

DQVZHU�

8QIRUWXQDWHO\ WKHUH DUH FRPSRVLWH QXPEHUV WKDW

SDVV WKH WHVW IRU DOO ?EDVHV� WR ZKLFK WKH\ DUH

UHODWLYHO\ SULPH �WKHVH DUH NQRZQ DV &DUPLFKDHO

QXPEHUV� DQG WKHUH DUH LQnQLWHO\ PDQ\ RI WKHP��

��



352%$%,/,67,& 35,0$/,7< 7(676

1R SRO\QRPLDO WLPH DOJRULWKP LV NQRZQ IRU SUL�

PDOLW\ WHVWLQJ� 7KH SUREOHP LV NQRZQ WR EH LQ

13 ? FRb13 �

,Q SUREDELOLVWLF SULPDOLW\ WHVWV ZH FRQVWUXFW D

VHTXHQFH I3Q v =e
Q � Q y �J RI VHWV VXFK WKDW

�D� 3Q  �� LI Q LV SULPH� �E� LW LV HDV\ WR FKHFN
PHPEHUVKLS LQ 3Q� DQG �F� 3U>[ � =e

Q � [ ��
3Q@ x F� IRU VRPH FRQVWDQW F � � LQGHSHQGHQW

RI Q�

,QSXW� Q
�� &KRRVH UDQGRP � x D x Q
�D� LI D �� 3Q 2XWSXW 35,0(
�E� LI D � 3Q 2XWSXW &20326,7(

7KHRUHP� ,I DOJRULWKP RXWSXWV &20326,7(

WKHQ Q LV LQGHHG FRPSRVLWH� 0RUHRYHU� LI Q LV

FRPSRVLWH WKHQ 3U>2XWSXW LV 35,0(@ x F�

6LQFH F � �� ZH FDQ UHGXFH WKH HUURU E\ LW�

HUDWLQJ WKH WHVW D VXpFLHQWO\ ODUJH QXPEHU RI

WLPHV�

��



62/29$<�675$66(1 7(67

,QSXW� Q �RGG�
�� &KRRVH UDQGRP � x D x Q

�D� LI
t
D
Q

u
u D

Qb�
� PRG Q 2XWSXW 35,0(

�E� LI
t
D
Q

u
�u D

Qb�
� PRG Q 2XWSXW &20326,7(

7KHRUHP� �6RORYD\�6WUDVVHQ� ,I DOJRULWKP RXW�

SXWV &20326,7( WKHQ Q LV LQGHHG FRPSRVLWH�

/HW 3Q  ID � =e
Q �

t
D
Q

u
�u D

Qb�
� PRG QJ� :H

SURYH 3U>=e
QQ3Q@ x �

� ,QGHHG� nUVW RI DOO REVHUYH

WKH DERYH VHW LV D VXEJURXS RI =e
Q� %\ /DQ�

JUDQJH
V 7KHRUHP LQ JURXS WKHRU\ WKH FODLP

ZLOO IROORZ LI ZH SURYH WKDW LW LV D SURSHU VXE�

JURXS� L�H�� ID � =e
Q �

t
D
Q

u
u D

Qb�
� PRG QJ � =e

Q�

:�O�R�J� DVVXPH Q  ST� 7DNH X �� 45S� %\

&KLQHVH UHPDLQGHU WKHRUHP WKHUH LV DQ D � =e
Q

VXFK WKDW D u X PRG S� D u � PRG T� +HQFH�t
D
Q

u
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,QSXW� Q �RGG�
�� &KRRVH UDQGRP � x D x Q

:ULWH Qb �  �NP� ZLWK P RGG

�D� ,I DP u � PRG Q RU � O � N�D�
OP u b� PRG Q�

WKHQ 2XWSXW 35,0(
�E� HOVH 2XWSXW &20326,7(

7KHRUHP� �0LOOHU�5DELQ� ,I DOJRULWKP RXWSXWV

&20326,7( WKHQ Q LV LQGHHG FRPSRVLWH�

$VVXPH Q LV SULPH� 7KHQ DQb� u D�
NP u � PRG

Q� L�H�� D�
NP b � u �D�Nb�P b ���D�Nb�P� �� u

� PRG Q� +HQFH� HLWKHU D�
Nb�P u � PRG Q RU

D�
Nb�P u b� PRG Q� &RQWLQXLQJ ZH REWDLQ

WKDW DP u � PRG Q RU � O � N�D�
OP u b� PRG

Q�� L�H�� WKH WHVW ZLOO RXWSXW Q LV 35,0(�

:H DOVR VWDWH ZLWKRXW SURRI�

7KHRUHP� ,I Q LV FRPSRVLWH WKHQ

3U>2XWSXW LV 35,0(@ x � ��
��



*(1(5$7,1* 56$ 35,0(6 �+HXULVWLF�

�� &KRRVH D N�ELW RGG LQWHJHU S DW UDQGRP�

�� 7HVW GLYLGH S E\ DOO VPDOO SULPHV� L�H�� OHVV

WKDQ RU HTXDO VRPH VPDOO SULPH�

�� ,I S SDVVHV WKH DERYH WHVW WKHQ DSSO\ WKH

0LOOHU�5DELQ WHVW IRU U GLmHUHQW ?EDVHV��

�� ,I S SDVVHV DOO WKHVH WHVWV WKHQ LW LV SULPH

ZLWK KLJK SUREDELOLW\ y �b �bU�

�� ,I S LV QRW SULPH WKHQ FKDQJH S WR S�� DQG

JR WR VWHS ��

��



&21*58(1&(6

&RQJUXHQFHV DUH OLNH HTXDWLRQV EXW ZLWK WKH

HTXDOLW\ VLJQ  UHSODFHG E\ WKH FRQJUXHQFH

VLJQ u� $ OLQHDU FRQJUXHQFH KDV WKH IRUP
D c [ u EPRG Q ���

ZKHUH [ LV WKH XQNQRZQ YDULDEOH�

&RQJUXHQFH ��� KDV D VROXWLRQ Lm JFG�D� Q�ME�
,I [� LV RQH VROXWLRQ WKHQ DQ\ RWKHU VROXWLRQ LV

[  [� �
LQ

JFG�D�Q�
� ZKHUH � x L � JFG�D� Q��

+LJKHU GHJUHH FRQJUXHQFHV FDQ DOVR EH VROYHG�

H�J��

[P u � PRG Q ���

6LPLODUO\ ZH FDQ GHWHUPLQH H[DFWO\ ZKHQ

[P u b� PRG Q ���

KDV D VROXWLRQ� (�J�� WR VROYH ��� DQG ��� WDNH

?GLVFUHWH ORJDULWKPV� RI ERWK VLGHV DQG UHGXFH

WR OLQHDU FRQJUXHQFHV�

��



'(&5<37,21 (;321(17 $77$&.

$VVXPH ZH KDYH DQ HpFLHQW DOJRULWKP $� ZKLFK

JLYHQ WKH HQFU\SWLRQ H[SRQHQW H RI 56$ DV LQ�

SXW LW RXWSXWV WKH GHFU\SWLRQ H[SRQHQW RI 56$�

:H XVH WKLV WR JLYH DQ HpFLHQW /DV 9HJDV DO�

JRULWKP IRU IDFWRULQJ Q�

�� &KRRVH D UDQGRP LQWHJHU � x Z x Qb� DQG
FRPSXWH ] � JFG�Z� Q�� ,I � � ] � Q WKHQ \RX

KDYH D SULPH IDFWRU� 4XLW DQG UHSRUW VXFFHVV�

3U>JFG�Z�Q�  �@  ��Q�
Q  ��b �S���b �T��

�� &RPSXWH G � $�H�� ZKLFK VDWLVnHV HG u
� PRG ��Q�� :ULWH HG b �  �VU ZKHUH U LV

RGG DQG FRPSXWH Y � ZU PRG ��Q�� &OHDUO\�

�VU u � PRG ��Q�� ZKLFK LPSOLHV Y�
V u Z�

VU u
Z� u � PRG Q� ,W IROORZV WKDW

�Y�
Vb�
����Y�

Vb�
��� c c c �Y����Yb�� u � PRG Q

��



�� 7KLV JLYHV ULVH WR WKH IROORZLQJ WHVW�
LI Y u � PRG Q TXLW �IDLOXUH�
ZKLOH Y �u � PRG Q GR

Y� � Y
Y u Y� PRG Q

LI Y� u b� PRG Q WKHQ TXLW �IDLOXUH�
HOVH FRPSXWH JFG�Y� � �� Q� �VXFFHVV�

�� ,I VXFFHVVIXO� DW WKH HQG RI WKH ZKLOH ORRS

ZH nQG D YDOXH Y� VXFK WKDW Y�� u � PRG Q� �u
� PRG Q� ,I Y� u b� PRG Q WKHQ WKH DOJRULWKP
IDLOV� 2WKHUZLVH ZH KDYH WKDW Y� VDWLVnHV

Y�� u � PRG Q� �u � PRG Q� Y� �u b� PRG Q�

ZKLFK RI FRXUVH FDQ EH XVHG WR IDFWRU Q�

7KHRUHP� 3U>VXFFHVV@ y �
��

3URRI� 7KH DOJRULWKP PD\ IDLO LQ RQH RI WKH

IROORZLQJ WZR ZD\V�

��� ZU u � PRG Q

���W Z�
WU u b� PRG Q�� x W x Vb ��

ZKLFK JLYHV ULVH WR V � � FRQJUXHQFHV� $Q\
VROXWLRQ RI WKH V\VWHP OHDGV WR IDLOXUH�

��



:ULWH Sb�  �LS�� Tb�  �MT�� %RWK S�� T� DUH

RGG� 7KHUHIRUH ZH KDYH WKDW

�L�MS�T�  ��Q�MHGb �  �VU�
ZKLFK LPSOLHV L� M x V DQG S�T�MU�

:H NQRZ WKDW [P u b� PRG Q KDV D VROXWLRQ�
{��P� � {��Sb ��� {��Tb ��� :H FDQ FRXQW WKH
VROXWLRQV E\ UHGXFLQJ WR D OLQHDU FRQJUXHQFH

P LQGH[�[� u LQGH[�b�� PRG ��Q�� 7KH VDPH

DSSOLHV WR FRQJUXHQFHV RI WKH IRUP [P u � PRG
Q ZKLFK DOZD\V KDYH VROXWLRQV�

� VROXWLRQV

�!!!!!!�
!!!!!!�

��� JFG�U� Sb ��JFG�U� T b ��
���W JFG��

WU� Sb ��JFG��WU� T b ���
LI W �PLQIL� MJ

���W ��
RWKHUZLVH

2EVHUYH WKDW

JFG�U� Sb ��  S�
JFG�U� T b ��  T�
JFG��WU� Sb ��  �PLQIW�LJS�
JFG��WU� T b ��  �PLQIW�MJT�

��



:LWKRXW ORVV RI JHQHUDOLW\ DVVXPH L x M� %\

WKH DERYH ZH KDYH

Q c 3U> IDLOXUH@ x S�T��
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7KLV SURYHV WKH WKHRUHP�
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