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WDQW FODVVHV�
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EHFDXVH OHWWHUV RI WKH SODLQWH[W DOSKDEHW DUH

PDSSHG LQWR XQLTXH OHWWHUV�
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EHFDXVH OHWWHUV RI WKH SODLQWH[W DOSKDEHW DUH

PDSSHG LQWR OHWWHUV RI WKH FLSKHUWH[W VSDFH GH�

SHQGLQJ RQ WKHLU SRVLWLRQ RQ WKH WH[W�

675($0 &,3+(56� VR FDOOHG EHFDXVH D NH\

VWUHDP LV JHQHUDWHG DQG XVHG WR HQFU\SW D SODLQ�

WH[W�
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7KH NH\VSDFH LV WKH VHW RI SHUPXWDWLRQV RQ
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7KLV LV D VXEVWLWXWLRQ FLSKHU ZLWK SHUPXWDWLRQ
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*LYHQ WKH HQFU\SWHG PHVVDJH
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:H KDYH �� SRVVLEOH NH\V� 7KHUHIRUH ZH FDQ

HDVLO\ XVH H[KDXVWLYH VHDUFK DQG WU\ DOO SRVVLEOH

NH\V�

7KH SHUPXWDWLRQ LV
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DQG WKH RULJLQDO SODLQWH[W PHVVDJH LV

L FDPH L VDZ L FRQTXHUHG

7KH &($6$5� &,3+(5 VXFFXPEV HDVLO\ WR

&LSKHUWH[W�2QO\ DWWDFNV�
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&LSKHUWH[W�2QO\� 7KH RSSRQHQW SRVVHVVHV D

VWULQJ RI FLSKHUWH[W \�

.QRZQ 3ODLQWH[W� 7KH RSSRQHQW SRVVHVVHV

D VWULQJ RI SODLQWH[W [� DQG WKH FRUUHVSRQGLQJ

FLSKHUWH[W VWULQJ \�

&KRVHQ 3ODLQWH[W� 7KH RSSRQHQW KDV RE�

WDLQHG WHPSRUDU\ DFFHVV WR WKH HQFU\SWLRQ PD�

FKLQHU\� +H FDQ FKRRVH D SODLQWH[W VWULQJ [ DQG

FRQVWUXFW WKH FRUUHVSRQGLQJ FLSKHUWH[W VWULQJ

\�

&KRVHQ &LSKHUWH[W� 7KH RSSRQHQW KDV RE�

WDLQHG WHPSRUDU\ DFFHVV WR WKH GHFU\SWLRQ PD�

FKLQHU\� +H FDQ FKRRVH D FLSKHUWH[W VWULQJ

\ DQG FRQVWUXFW WKH FRUUHVSRQGLQJ SODLQWH[W

VWULQJ [�
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7\SHV RI 6HFXULW\

7KHUH DUH WZR IXQGDPHQWDOO\ GLmHUHQW ZD\V FL�

SKHUV PD\ EH VHFXUH�

8QFRQGLWLRQDO 6HFXULW\� 1R PDWWHU KRZ PXFK

FRPSXWHU SRZHU LV DYDLODEOH� WKH FLSKHU FDQQRW

EH EURNHQ

&RPSXWDWLRQDO 6HFXULW\� 0D\ PHDQ RQH RI

WZR WKLQJV�

�� *LYHQ OLPLWHG FRPSXWLQJ UHVRXUFHV �H�J��

WLPH QHHGHG IRU FDOFXODWLRQV LV JUHDWHU WKDQ

DJH RI XQLYHUVH�� WKH FLSKHU FDQQRW EH EUR�

NHQ�

�� 3URYLGH HYLGHQFH RI FRPSXWDWLRQDO VHFXULW\

E\ UHGXFLQJ WKH VHFXULW\ RI WKH FU\SWRV\V�

WHP WR VRPH ZHOO�VWXGLHG SUREOHP WKRXJKW

WR EH GLpFXOW �H�J�� IDFWRULQJ�� 6XFK V\V�

WHPV DUH FDOOHG SURYDEO\ VHFXUH�
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,Q PRVW ODQJXDJHV OHWWHUV RFFXU LQ WH[WV ZLWK

GLmHUHQW IUHTXHQFLHV�

(�J�� LQ (QJOLVK ( LV E\ IDU WKH PRVW FRPPRQ

OHWWHU�

:H KDYH WDEOHV RI VLQJOH� GRXEOH� DQG WULSOH

OHWWHU IUHTXHQFLHV GHULYHG IURP QRYHOV� QHZV�

SDSHUV� HWF�

)UHTXHQFLHV DUH GLmHUHQW IRU GLmHUHQW ODQJXDJHV

6LQJOH )UHTXHQF\ 'RXEOH 7ULSOH
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&U\SWDQDO\VLV RI $pQH &LSKHUV

:H FRQVLGHU &LSKHUWH[W�2QO\ DWWDFNV�

&RQVLGHU WKH FLSKHUWH[W
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0DNLQJ D JXHVV

,Q HDFK JXHVV ZH FKRRVH WZR SRWHQWLDO FDQGL�

GDWH OHWWHUV

7KH PRVW IUHTXHQWO\ RFFXUULQJ OHWWHUV �LQ GH�

FUHDVLQJ RUGHU RI RFFXUUHQFH� DUH 5�'�(�+�.�

%DVHG RQ WKH IUHTXHQF\ RI RFFXUUHQFH RI WKH

OHWWHUV ZH ZLOO PDNH D JXHVV DQG WKHQ ?WU\ WR

VKRZ WKDW RXU JXHVV PDNHV VHQVH��

8VLQJ RXU JXHVV ZH ZLOO FRPSXWH YDOXHV D� E DQG

FRQnUP WKDW (N�[�  D[�E PRG �� LV FRUUHFW�

IRU DOO OHWWHUV [�

7KLV LQYROYHV VROYLQJ D OLQHDU V\VWHP FRQVLVWLQJ

RI WZR FRQJUXHQFHV ZLWK WZR XQNQRZQV �WKH

XQNQRZQV DUH D� E��

�



&U\SWDQDO\VLV RI $pQH &LSKHUV

�VW JXHVV� 5 � H DQG ' � W� L�H�� (N����  

�� (N���  ��� ZKHUH (N�[�  D[� E PRG ���

,W IROORZV WKDW �D� E  �� PRG �����D� E  

� PRG ��� 6ROYLQJ WKH V\VWHP ZH JHW D  

�� E ��� ZKLFK LV LOOHJDO VLQFH JFG������ ! ��

�QG JXHVV� 5 � H DQG ( � W� 3URFHHGLQJ DV

EHIRUH WKLV JLYHV D  �� ZKLFK LV DJDLQ LOOHJDO

EHFDXVH JFG������� ! ��

�UG JXHVV� 5 � H DQG + � W� 3URFHHGLQJ

DV EHIRUH ZH REWDLQ D  �� E  �� 7KH HQ�

FU\SWLRQ IXQFWLRQ LV (N�[�  �[� � PRG ���

7KH GHFU\SWLRQ RSHUDWLRQ LV HDVLO\ VHHQ WR EH

'N�\�  �\ b �� PRG ��� ,I ZH SHUIRUP WKH

GHFU\SWLRQ RSHUDWLRQ 'N�\�  �\ b �� PRG ��
RQ WKH FLSKHUWH[W ZH REWDLQ WKH SODLQWH[W� DO�

JRULWKPV DUH TXLWH JHQHUDO GHnQLWLRQV RI DULWK�

PHWLF SURFHVVHV�
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&U\SWDQDO\VLV RI 6XEVWLWXWLRQ &LSKHUV

:H FRQVLGHU &LSKHUWH[W�2QO\ DWWDFNV�

:H WDEXODWH WKH IUHTXHQF\ RI WKH �� OHWWHUV LQ
WKH FLSKHUWH[W� :H GR WKH VDPH IRU GLJUDPV
DQG WULJUDPV�

:H JXHVV WKDW WKH PRVW IUHTXHQWO\ RFFXULQJ
OHWWHU LV H�

:H XVH WULDO�DQG�HUURU H[KDXVWLYH DQDO\VLV�

:H ORRN QH[W DW GLJUDPV DQG WULJUDPV DQG
PDNH D JXHVV ZKLFK LV FRQVLVWHQW ZLWK RXU SUH�
YLRXV FKRLFHV�

,Q HDFK VWHS ZH YHULI\ LI RXU JXHVV LV ?FRQVLV�
WHQW� DQG ZKHWKHU RU QRW LW OHDGV WR PHDQLQJIXO
SODLQWH[W�

$OWKRXJK WKHUH DUH ��� SRVVLEOH SHUPXWDWLRQV
RI WKH �� OHWWHUV� WKLV IUHTXHQF\ DQDO\VLV OHDGV
HDVLO\ WR FRQFOXVLRQ HYHQ LQ SODLQWH[WV RI OHQJWK
DV OLWWOH DV ��� FKDUDFWHUV�
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7KH &UDIW RI &U\SWDQDO\VLV

:H ZLOO VKRZ KRZ WR GHFU\SW WKH WH[W

WR
RXU IULHQG IURP 3DULV H[DPLQHG KLV HPSW\ JODVV

ZLWK VXUSULVH� DV LI HYDSRUDWLRQ KDG WDNHQ SODFH

ZKLOH KH ZDVQ
W ORRNLQJ L SRXUHG VRPH PRUH

ZLQH DQG KH VHWWOHG EDFN LQ KLV FKDLU IDFH WLOWHG

XS WRZDUGV WKH VXQ
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%DVHG RQ WKH IUHTXHQF\ WDEOH ZH FRQMHFWXUH

WKDW = � H�

2WKHU FKDUDFWHUV RFFXULQJ PRUH WKDQ WHQ WLPHV

DUH &�'�)� -�0�5� < �

:H H[SHFW WKDW WKH\ PD\ GHFU\SW WR �D VXEVHW�

RI W� D� R� L� Q� V� K� U�

1H[W ZH ORRN DW GLJUDPV RI WKH IRUP b= DQG

=b� %\ WDEXODWLRQ ZH nQG WKDW '= DQG =:

RFFXU IRXU WLPHV HDFK� 1= DQG =8 WKUHH WLPHV

HDFK�

%\ ORRNLQJ DW GLJUDP WDEOHV DQG VLQFH =: RF�

FXUV IRXU WLPHV� EXW := QRW DW DOO� DQG : RF�

FXUV OHVV WKDQ DQ\ RWKHU FKDUDFWHUV ZH JXHVV

: � G�

6LQFH '= RFFXUV IRXU WLPHV DQG =' RFFXUV

WZLFH ZH FRXOG JXHVV WKDW ' � U� V� W EXW LV QRW

FOHDU ZKLFK RQH�
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$VVXPLQJ = � H : � G ZH ORRN EDFN DW WKH

FLSKHUWH[W DQG QRWLFH WKDW =5: DQG 5=: RF�

FXU QHDU WKH EHJLQQLQJ DQG 5: ODWHU RQ LQ WKH

FLSKHUWH[W�

6LQFH 5: RFFXUV IUHTXHQWO\ DQG QG LV D FRP�

PRQ GLJUDP ZH JXHVV 5 � Q�

$W WKLV SRLQW ZH KDYH FRPSOHWHG WKH WRS SLF�

WXUH�

6LQFH 1= LV D FRPPRQ GLJUDP ZKLOH =1 LV QRW

DQRWKHU JXHVV ZH PDNH LV 1 � K

$VVXPLQJ WKLV LV FRUUHFW WKHQ VHJPHQW QHbQGKH

VXJJHVWV WKDW & � D

$W WKLV SRLQW ZH KDYH FRPSOHWHG WKH ERWWRP

SLFWXUH�
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1RZ FRQVLGHU 0� WKH VHFRQG PRVW FRPPRQ FL�

SKHUOHWWHU� 7KH FRUUHVSRQGHQFH .10 � QKb
VXJJHVWV WKDW Kb EHJLQV D ZRUG� 6R� SUREDEO\�
0 LV D YRZHO� L�H�� 0 � L� R�

6LQFH DL LV PXFK PRUH OLNHO\ WKDQ DR WKH FLSKHU�

WH[W GLJUDP &0 VXJJHVWV 0 � L�

$W WKLV SRLQW ZH KDYH FRPSOHWHG WKH WRS SLF�

WXUH�

:KLFK OHWWHU LV HQFU\SWHG WR R" 6LQFH R LV D

FRPPRQ OHWWHU ZH JXHVV LW PXVW EH RQH RI

'�)� -� < � 7R DYRLG ODUJH VWULQJV RI YRZHOV LW

DSSHDUV WKDW < � R LV WKH EHVW FKRLFH�

2I WKH UHPDLQLQJ OHWWHUV ZH FRQMHFWXUH '�)� - �
U� V� W� :H JXHVV ) � U DQG - � W�

$W WKLV SRLQW ZH KDYH FRPSOHWHG WKH ERWWRP

SLFWXUH�
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,QYHQWHG E\ 6LU )UDQFLV %HDXIRUW LV WKH SUHFXU�

VRU WR WKH 9LJHQHUH FLSKHU�

$UUDQJH WKH (QJOLVK DOSKDEHW RQ D �� d ��
VTXDUH�

7KH NH\ LV GHULYHG IURP D QDPH� SODFH� SRHP�

HWF� DQG DJUHHG E\ ERWK XVHUV� DQG DSSOLHG DV

IROORZV�

)LQG WKH nUVW OHWWHU RI WKH PHVVDJH WH[W LQ WKH

VLGH FROXPQ�

)URP WKH OHWWHU� WUDFH KRUL]RQWDOO\ DFURVV WKH

WDEOH XQWLO nQGLQJ WKH nUVW OHWWHU RI WKH NH\�

$W WKH WRS RI WKH FROXPQ nQG WKH FLSKHUWH[W

OHWWHU�

5HYHUVH WKHVH VWHSV IRU GHFU\SWLRQ�
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7KH NH\VSDFH FRQVLVWV RI WKH Q d Q LQYHUWLEOH

PDWULFHV� ,I N LV DQ QdQ LQYHUWLEOH PDWUL[ WKHQ

(N�[�  [N� 'N�\�  \Nb��

3(5087$7,21 &,3+(56�

)RU D JLYHQ SHUPXWDWLRQ } OHW N}L�M  � LI }�L�  

M� DQG N}L�M  �� RWKHUZLVH� 7KLV LV D +LOO FLSKHU

ZLWK PDWUL[ N}  �N}L�M��

9,*(1(5( &,3+(56�

/HW N  �N�� N�� � � � � NQ� EH DQ Q�HOHPHQW YHFWRU�

7KHQ

(N�[�  [� N� 'N�\�  \ b N�
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&U\SWDQDO\VLV RI 9LJHQHUH &LSKHUV

:H FRQVLGHU &LSKHUWH[W�2QO\ DWWDFNV�

)LUVW ZH FRQVLGHU WZR WHFKQLTXHV WR FRPSXWH

WKH EORFN VL]H P�

.DVLVNL
V 2EVHUYDWLRQ� 7ZR LGHQWLFDO SLHFHV

RI SODLQWH[W ZLOO EH HQFU\SWHG WR WKH VDPH FL�

SKHUWH[W ZKHQHYHU WKHLU RFFXUUHQFH RI SODLQ�

WH[W LV [ SRVLWLRQV DSDUW� ZKHUH [ � PRG P�

.DVLVNL
V 7HVW� 6HDUFK WKH FLSKHUWH[W IRU SDLUV

RI LGHQWLFDO VWULQJV RI OHQJWK DW OHDVW ��

5HFRUG GLVWDQFHV EHWZHHQ WKH VWDUWLQJ SRVL�

WLRQV RI WKH WZR VHJPHQWV�

,I ZH UHFRUG VHYHUDO VXFK GLVWDQFHV G�� G�� � � �

WKHQ ZH FDQ FRQMHFWXUH WKDW PMJFG�G�� G�� � � ���
��



)ULHGPDQ
V 7HVW XVHV ,QGH[ RI &RLQFLGHQFH�

/HW ,F�[�  SUREDELOLW\ WKDW WZR UDQGRP HOH�

PHQWV RI WKH Q�OHWWHU VWULQJ [ DUH LGHQWLFDO�

/HW I�� I�� � � � � I�� EH WKH � RI RFFXUUHQFH RI

$�%� � � � � =� UHVSHFWLYHO\ LQ WKH FLSKHUWH[W�
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1RZ UHFDOO WKH IUHTXHQF\ WDEOH

6LQJOH )UHTXHQF\
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)URP WKLV WDEOH ZH FDQ JHW WKH H[SHFWHG YDOXH

RI ,F�[�� S�L LV WKH SUREDELOLW\ WKDW LQ WKH VWULQJ

[ ERWK HOHPHQWV FKRVHQ DW UDQGRP DUH HTXDO

WR WKH L�WK OHWWHU�

+HUH� SL EH WKH H[SHFWHG SUREDELOLW\ RI RFFXU�

UHQFH RI WKH L�WK OHWWHU LQ WKH (QJOLVK ODQJXDJH�

1RZ (QJOLVK WH[W DQG UDQGRP VWULQJV GLmHU�

&LSKHUWH[W (QJOLVK 7H[W 5DQGRP 6WULQJ

,F�[� LQ
3��

L � S
�
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)RUPXOD ��� ����� �����

)ULHGPDQ
V 0HWKRG� *XHVV P� 3DUWLWLRQ WKH

FLSKHUWH[W \ LQWR P FROXPQV \��\�� � � � �\P HDFK

RI OHQJWK Q P�

,I RXU JXHVV P LV WKH FRUUHFW EORFN VL]H WKHQ

,F�\L� } ������ ZKLOH LI P LV QRW FRUUHFW WKHQ

,F�\L� } ������
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([DPSOH

&RQVLGHU WKH FLSKHUWH[W REWDLQHG IURP 9LJHQHUH

FLSKHU�

:H ZLOO DQDO\]H WKLV FLSKHUWH[W� 2XU PHWKRG

ZLOO EH WKH IROORZLQJ�

�� :H ZLOO PDNH D JXHVV IRU WKH EORFN VL]H DQG

VXEVHTXHQWO\ XVH� �D� .DVLVNL
V PHWKRG� DQG

�E� )ULHGPDQ
V PHWKRG WR FRPSXWHP� %RWK
PHWKRGV ZLOO JLYH WKH VDPH YDOXH IRU WKH

EORFN VL]H�

�� $VVXPLQJ QRZ WKDW P LV NQRZQ ZH ZLOO XVH

IUHTXHQF\ DQDO\VLV DQG WKH PXWXDO LQGH[ RI

FRLQFLGHQFH WR GHFLSKHU WKH WH[W�
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.DVLVNL
V 0HWKRG� 7KH FLSKHU WH[W VWULQJ &+5

RFFXUV LQ IRXU SODFHV LQ FLSKHUWH[W DQG DW WKH

SRVLWLRQV�

��������������

7KH GLVWDQFHV IURP WKH nUVW RFFXUUHQFH DUH

������������

6LQFH JFG�������������  � RXU JXHVV IRU WKH

EORFN VL]H LV ��

)ULHGPDQ
V 0HWKRG� :H FRPSXWH WKH LQGH[

RI FRLQFLGHQFH IRU WKH JLYHQ FLSKHUWH[W�

)RU HDFK JXHVV P� ZH KDYH EORFNV RI VL]H Q P�

6R ZH KDYH EORFN VL]H � DV WKH EHVW JXHVV�
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$VVXPH ZH NQRZ WKH EORFN VL]H P

0XWXDO LQGH[ RI FRLQFLGHQFH� 0,F�[� [�� LV
WKH SUREDELOLW\ WKDW D UDQGRP HOHPHQW RI [ LV
LGHQWLFDO WR D UDQGRP HOHPHQW RI [��

/HW I�� I�� � � � � I��� I
�
�� I

�
�� � � � � I

�
�� EH WKH IUHTXHQF\

RI RFFXUUHQFH RI $�%� � � � � =� UHVSHFWLYHO\ LQ WKH
VWULQJV [� [�� 6R ZH KDYH WKH IRUPXOD�
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6LQFH ZH NQRZ P ZH FDQ SDUWLWLRQ WKH FLSKHU�

WH[W \ LQWR P EORFNV \�� � � � � \P�

$VVXPLQJ .  �N�� N�� � � � � NP� LV WKH NH\ EHLQJ
XVHG ZH FDQ HVWLPDWH 0,F�\L�\M��

7DNH D UDQGRP FKDUDFWHU LQ \L DQG D UDQGRP
FKDUDFWHU LQ \M� 7KH SUREDELOLW\ WKDW ERWK

FKDUDFWHUV DUH $ LV SbNLSbNM� 7KH SUREDELOLW\
WKDW ERWK FKDUDFWHUV DUH % LV S�bNLS�bNM� HWF�

+HQFH�
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SKSK�NLbNM�

1RWH WKDW WKH PXWXDO FRLQFLGHQFH GHSHQGV RQ
WKH UHODWLYH VKLIW NL b NM� 0RUHRYHU� WKH PX�
WXDO FRLQFLGHQFH RI WKH UHODWLYH VKLIW NL b NM LV
WKH VDPH ZLWK WKH PXWXDO FRLQFLGHQFH RI WKH
UHODWLYH VKLIW NM b NL�

5HODWLYH 6KLIW ([SHFWHG YDOXH RI 0,F
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1H[W ZH WDEXODWH WKH UHODWLYH VKLIWV EHWZHHQ �

DQG ���

7KH PXWXDO FRLQFLGHQFHV YDU\ IURP ����� WR

����� LI WKH UHODWLYH VKLIW LV QRQ]HUR

7KH PXWXDO FRLQFLGHQFH LV ����� LI WKH UHODWLYH

VKLIW LV ��

7KLV REVHUYDWLRQ LV EHLQJ XVHG WR IRUPXODWH D

OLNHO\ JXHVV IRU WKH VKLIW C NL b NM�

1RZ n[ \L� /HW \�M � \
�
M � \
�
M � � � � EH WKH UHVXOW RI

HQFU\SWLQJ \M E\ H�� H�� H�� � � ��

7DEXODWH WKH PXWXDO LQGLFHV 0,F�\L�\
J
L ��

:KHQ J  C WKH PXWXDO LQGH[ RI FRLQFLGHQFH

VKRXOG EH ������

:KHQ J � C WKH PXWXDO LQGH[ RI FRLQFLGHQFH

VKRXOG EH EHWZHHQ ����� DQG ������
��



7DEXODWH� E\ FRPSXWHU� WKH ��� YDOXHV

0,F�\L� \
J
M �� � x L � M x ��� x J x ��

)RU HDFK �L� M� ORRN DW WKH YDOXHV RI 0,F�\L� \
J
M �

ZKLFK DUH FORVH WR ������ ,I WKH YDOXH LV XQLTXH
ZH FRQMHFWXUH LW LV WKH YDOXH RI WKH UHODWLYH

VKLIW�

6L[ VXFK SRWHQWLDO YDOXHV DUH ER[HG LQ WKH WDEOH�

3DLU 5HODWLYH 6KLIW

����� �
����� ��
����� ��
����� �
����� ��
����� ��

7KH UHVXOWLQJ HTXDWLRQV DUH

N� b N�  � N� b N�  ��
N� b N�  �� N� b N�  �
N� b N�  �� N� b N�  ��

7KH NH\ LV �N�� N����� N���� N����� N������
IRU VRPH N� x ��� ZKLFK LV D F\FOLF VKLIW RI

$5(9.� 7KH NH\ LV HDVLO\ IRXQG� -$1(7 �

��



7KH DOPRQG WUHH ZDV LQ WHQWDWLYH EORVVRP�

7KH GD\V ZHUH ORQJHU RIWHQ HQGLQJ ZLWK PDJ�

QLnFHQW HYHQLQJV RI FRUUXJDWHG SLQN VNLHV� 7KH

KXQWLQJ VHDVRQ ZDV RYHU ���

��



&U\SWDQDO\VLV RI +LOO &LSKHUV

:H FRQVLGHU .QRZQ 3ODLQWH[W DWWDFNV� )LUVW�

DVVXPH ZH NQRZ WKH ?EORFN� VL]H Q�

$VVXPH ZH KDYH Q SODLQWH[W�FLSKHUWH[W SDLUV

�;�� <��� �;�� <��� � � � � �;Q� <Q��

,I N LV WKH XQNQRZQ Qd Q PDWUL[ WKHQ

<L  ;LN� IRU DOO L ���� � � � � Q�

,I ;  >;��;�� � � � �;Q@� DQG <  ><�� <�� � � � � <Q@

DUH WKH FRUUHVSRQGLQJ URZ PDWULFHV WKHQ <  

;N DQG KHQFH N  ;b�< �

,I ; LV QRW LQYHUWLEOH WKHQ ZH PXVW ORRN IRU

DQRWKHU VHW RI SODLQWH[W�FLSKHUWH[WV�

,I Q LV QRW NQRZQ WKHQ ZH FRXOG VLPSO\ WU\ E\

H[KDXVWLYH VHDUFK Q ���� � � � XQWLO WKH FRUUHFW

YDOXH LV IRXQG�

��



675($0 &,3+(56

,Q DGGLWLRQ WR WKH SODLQWH[W� FLSKHUWH[W DQG NH\

VSDFHV� VWUHDP FLSKHUV DUH HQGRZHG ZLWK D NH\

VWUHDP DOSKDEHW / DQG D NH\ VWUHDP JHQHUDWRU

)  II�� I�� � � �J� ZKHUH
IL � . d 3Lb�� /

$ NH\ VWUHDP C�� C�� � � � LV JHQHUDWHG DQG XVHG

WR HQFU\SW D SODLQWH[W [  [�[� c c c DFFRUGLQJ
WR WKH UXOH�

(C��[��(C��[�� c c c �
ZKHUH

CL  IL�N� [�� � � � � [Lb���

DQG N � .�

)RU HDFK C � / WKH HQFU\SWLRQ DQG GHFU\SWLRQ

IXQFWLRQV (C�'C VDWLVI\ 'C�(C�S�  S� IRU DOO

S � 3 �

��



:H FDQ WKLQN RI EORFN FLSKHUV DV VSHFLDO FDVHV

RI VWUHDP FLSKHUV ZKHUH WKH NH\ VWUHDP LV FRQ�

VWDQW�

$ VWUHDP FLSKHU LV V\QFKURQRXV LI WKH NH\VWUHDP

LV LQGHSHQGHQW RI WKH SODLQWH[W� L�H� NH\VWUHDP

LV JHQHUDWHG RQO\ DV D IXQFWLRQ RI WKH NH\ �N LV

FDOOHG WKH ?VHHG���

$ VWUHDP FLSKHU LV SHULRGLF ZLWK SHULRG G LI

CL�G  CL� IRU DOO L y ��

7KH 9LJHQHUH FLSKHU ZLWK NH\ZRUG OHQJWK P LV

D SHULRGLF VWUHDP FLSKHU ZLWK NH\ZRUG OHQJWK

P�

6WUHDP FLSKHUV RIWHQ GHVFULEHG LQ ELQDU\ ���

DOSKDEHWV� H�J�� (C�[�  [� C PRG ��'C�[�  

[� C PRG ��

��



:H FDQ JHQHUDWH D V\QFKURQRXV NH\VWUHDP YLD

D OLQHDU UHFXUUHQFH UHODWLRQ RI GHJUHH P�

CL�P  
Pb�;

M �

FMCL�M PRG ��

ZKHUH ZH VWDUW ZLWK N�� N�� � � � NP� VHW CL  NL�

IRU L x P� DQG F�� F�� � � � � FPb� DUH SUHGHWHU�
PLQHG FRQVWDQWV�

([DPSOH� $VVXPH P  � DQG WKH NH\VWUHDP

LV JHQHUDWHG YLD CL��  CL� CL�� PRG �� ZKHUH

L y ��

.H\VWUHDP LQLWLDOL]HG ZLWK DQ\ QRQ]HUR VWULQJ�

H�J� VWDUWLQJ ZLWK ��������� ZH REWDLQ WKH

VWUHDP�

������������������������������ � � �

��



$Q DSSHDOLQJ DVSHFW RI NH\VWUHDP JHQHUDWLRQ

LV WKDW LW FDQ EH SURGXFHG HpFLHQWO\ LQ KDUG�

ZDUH XVLQJ D /LQHDU )HHGEDFN 6KLIW 5HJLVWHU

�/)65��

+

k_1 k_2 k_3 k_m

)ROORZLQJ RSHUDWLRQV SHUIRUPHG DW HDFK WLPH

XQLW�

N� LV WDSSHG DV WKH QH[W NH\VWUHDP ELW

N�� N�� � � � � NP ZRXOG HDFK EH VKLIWHG RQH VWDJH

WR WKH OHIW�

WKH QHZ YDOXH NP ZRXOG EH FRPSXWHG WR EH

Pb�;

M �

FMNM���

ZKHUH WKH FM
V DUH FRQVWDQWV � RU � VSHFLnHG

E\ WKH UHJLVWHU�

��



([DPSOH RI /)65

&RQVLGHU WKH NH\ N  � DQG WKH SODLQWH[W�

UHQGH]YRX]

3ODLQWH[W LV FRQYHUWHG WR LQWHJHUV�

7KH NH\VWUHDP VWDUWV ZLWK NH\ �� DQG JHQ�

HUDWHG ZLWK WKH DXWRNH\ FLSKHU ZKLFK VKLIWV

WKH SODLQWH[W FKDUDFWHUV E\ RQH SRVLWLRQ DQG

FLSKHUWH[W LV REWDLQHG E\ DGGLQJ WKH FROXPQV

PRGXOR ���

C�  N� CL  [Lb�
(C�[�  [� C PRG ���'C�\�  \ b C PRG ��

:H KDYH WKH IROORZLQJ HQFU\SWLRQ

SODLQ� U H Q G H ] Y R X V
NH\V� �� � �� � � �� �� �� �� ��

� �� � �� � � �� �� �� ��

FLSKHU� �� �� �� �� � � �� �� � ��
= 9 5 4 + ' 8 - , 0

)RU GHFU\SWLRQ ZH UHYHUVH WKH SUHYLRXV VWHSV�

��



&U\SWDQDO\VLV RI /)65�:H FRQVLGHU .QRZQ

3ODLQWH[W� DWWDFNV�

&LSKHUWH[W LV WKH VXP PRGXOR � RI SODLQWH[W

DQG WKH NH\VWUHDP�

CL�P  
Pb�;

M �

FMCL�M PRG ��

ZKLFK LV D OLQHDU HTXDWLRQ LQ P XQNQRZQV� ,Q

PDWUL[ IRUP LW FDQ EH ZULWWHQ DV �CP��� � � � � C�P�  

�F�� � � � � FPb��

�
%%%#

C� C� � � � CP
C� C� � � � CP��
��� ��� ��� ���
CP CP�� � � � C�Pb�

�
&&&$

ZKLFK LPSOLHV WKDW �F�� � � � � FPb��  

�CP��� � � � � C�P�

�
%%%#

C� C� � � � CP
C� C� � � � CP��
��� ��� ��� ���
CP CP�� � � � C�Pb�

�
&&&$

b�

7KXV IRU D JLYHQ EORFN VL]H P LI WKH VWUHDP LV DW
OHDVW �P ELWV ORQJ ZH FDQ ?EUHDN� WKH VWUHDP

FLSKHU HDVLO\� SURYLGHG WKH PDWUL[ LV LQYHUWLEOH�

��


