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Models of Network Formation

Original network

Artificial network Artificial network

Artificial networkArtificial network

Fundamental theoretical and 
practical questions
• What are the fundamental 

processes that form a network?
• How to predict its future 

structure?
• Why should networks have 

property X?
• Will my algorithm/heuristic work 

on networks created by similar 
processes?

Artificial network

Is it similar to the original network?
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Rich-get-richer effect

Herbert Simon
1916-2001

Analyzed the power laws in economic data, suggested explanation of 
wealth distribution: return of investment is proportional to the amount 
invested, i.e., wealthy people will get more and more.

Derek Price
1922-1983

Studied information  science; in particular, citation networks; his main 
assumption was about newly appearing papers that cite old papers with 
probability proportional to the number of citations those old papers have 
 the model is similar to Simon’s model.

Price (1976). "A general theory of bibliometric and other cumulative advantage processes"

Simon (1976). “On a class of skew distribution functions"
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Price’s model

New

c on the average

The crucial central 
assumption of Price’s 
model is that a newly 
appearing paper cites 
previous ones chosen at 
random with probability 
proportional to the 
number of citations those 
previous papers already 
have.
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constant to get some citations for “free”

degree of node i
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constant to get some citations for “free”

degree of node i
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constant to get some citations for “free”

nodes with in-deg q

degree of node i
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constant to get some citations for “free”

nodes with in-deg q

were with in-deg q-1 were with in-deg q and left that set

Use properties of gamma 
and beta functions

were previously with in-deg q



Introduction to Network Science 8

Newman “Networks, An Introduction”
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Preferential Attachment (Barabasi-Albert)

http://probaperception.blogspot.com
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Non-linear Preferential Attachment
Q: What if the probability of attachment is not linear in the degree of node?

Krapivsky, P. L., Redner, S., and Leyvraz, F., Connectivity of growing random networks, Phys. Rev. Lett. 
Jeong, H., Néda, Z., and Barabási, A.-L., Measuring preferential attachment in evolving networks, Europhys. Lett.

(see Slide 3 for ak = k)

were with deg k-1 were with deg k and left

Master equation for pk(n)

edges added at each step

new vertices of deg k
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No power-law tail!
(see handout with Taylor ser exp)

Homework (10/27/20):Jeong, Néda, Barabási Measuring preferential attachment in evolving 
networks, Europhys. Lett.
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Vertex Copying Models

New
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i gets a new link Pr1 + Pr2

1/n is a probability to 
choose a node with 
connections to i
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Same as in Price’s model!
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Newman “Networks, An Introduction”
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Network Optimization Models
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Simplified model of operating the network



Ferrer i Cancho, Sole “Optimization in Complex Networks”Introduction to Network Science 18



N. Przulj. Graph theory analysis of protein-protein interactions
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Small Worlds and High Clustering Coefficient
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Simple Models with High Clustering Coefficient

Triangular lattice

One-dimensional line

Clustering coefficient depends on the number
of connected 1d line neighbors
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Small-World Model
High C, High Diam High C, Low Diam Low C, Low Diam

Randomly rerouted (or added) edges
with probability p (for each of the edges in circle)

Random models
have small clustering
coefficients

Circle models
are not “small-world”

Watts-Strogatz Model (1998)
- Given circle models with n nodes
- Go through all edges, remove each with probability p 

and then add new edge uniformly at random
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Small-World Model (without edge removal)
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Small-World Model (without edge removal)
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Homework (reviews by 5/6/2021): 

Watts and Strogatz “Collective dynamics of ‘small-world’ networks”, 
1998
Kleinberg “Small-world phenomenon: an algorithmic perspective”, 
2000
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a=0.4

c=0.15 d=0.3

b=0.15
a b
c d

…..

Initially

Choose 
quadrant b

Choose 
quadrant c

and so on

Final cell chosen, 
“drop” an edge 

here.

R-Mat Generator
by Chakrabarti, Zhang, Faloutsos

Presentation by C. Faloutsos at SIAM DM04
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R-Mat Generator
by Chakrabarti, Zhang, Faloutsos

Presentation by C. Faloutsos at SIAM DM04

c

Communities

Cross-community 
links

b

d

Linux 
guys

Windows 
guys

c

bCommunities 
within 

communities

a

d

RedHat

Mandrake



Introduction to Network Science 27

Kronecker Graphs

from paper Kronecker Graphs: An approach to modeling networks
by J. Leskovec, D. Chakrabarti, J. Kleinberg, C. Faloutsos, Z. Ghahramani

http://cs.stanford.edu/people/jure/pubs/kronecker-jmlr10.pdf
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from paper Kronecker Graphs: An approach to modeling networks
by J. Leskovec, D. Chakrabarti, J. Kleinberg, C. Faloutsos, Z. Ghahramani

http://cs.stanford.edu/people/jure/pubs/kronecker-jmlr10.pdf
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from paper Kronecker Graphs: An approach to modeling networks
by J. Leskovec, D. Chakrabarti, J. Kleinberg, C. Faloutsos, Z. Ghahramani

http://cs.stanford.edu/people/jure/pubs/kronecker-jmlr10.pdf
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from paper Kronecker Graphs: An approach to modeling networks
by J. Leskovec, D. Chakrabarti, J. Kleinberg, C. Faloutsos, Z. Ghahramani

http://cs.stanford.edu/people/jure/pubs/kronecker-jmlr10.pdf
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Exponential Random Graphs Model

Instead of analyzing one network with fixed parameters, it is useful to consider ensembles of 
networks that are similar to the original.

graphs with n nodes
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J. Willard Gibbs
1839-1903
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Practice
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