ELEG240- Spring, 2005
Homework 5
Due 3/22, noon

For the circular current ring shown below, for the current element shown,
what is dA(1,0,9)? Hint: you cannot assume r=r’ for this problem. Hint 2:
write the answer in Cartesian coordinates, that is, actually give me dA(X,y,z)
in terms of X, y, z, R and ¢,.

(r.6,4)

X
ANSWER:
From the text,

dA:(/‘_OI)ﬁ_
4" r'

For an arc of a circle,

|dl|= Rd, .

To get the direction of dl, use Cartesian coordinates:

di=Rd¢g(__a +__a),



and to get the blanks in the equation, think about what happens at various
angles ¢.. For zero angle, dl points in the y-direction. For 90 degrees angle,

dl points in the —x direction. Thus,

dl=rdg.(-singa +cosga, ),

Rdg.(—sing,a, +cosga,)

'

4 r

Now, we must find r’. Use Cartesian coordinates to get the length between
the point at space we are measuring the field at and the current element:

r':\/(x—xc)2 +(y-y)+z%,
X, =Rcosg¢,,

Y. =Rsing,, so

r':\/()c—Rcos¢c)2 +(y—Rsing )’ +z* , and

dA = (,Uo[) Rdg.(-singa +cosga)

47" J(x—Rcosg.)’ +(y—Rsing, )} +2*

Now, find A. Hint: do you have to find A everywhere to know what it is
everywhere? Hint 2: after using this hint, convert r’ back to spherical
coordinates and then approximate r>>R. Hint 3: you will need
(I-x)""=1+x/2.

ANSWER:

No, we don’t have to find it everywhere, since by symmetry it will be the
same at any ¢, or anywhere around the z-axis. So, we can find it on the y-z
plane, setting x=0. Then,

r'=\R cos’ g, +(y—Rsing,)’ +2* =R’ cos’ , +y* ~2)Rsing, + R’ sin’ §, + =’

= JR?+y* —2yRsing, +z*
If we are on the y-z plane, then

Y +z> =r*, and



y=rsin@. Plugging in,

,»':\/R2 +7> —2Rrsin@sing, .

Approximating that r>>R, we have that

= \/rz —2Rrsinfsing, =r[1- 2R Gin Osin #,1"?. Plugging this into dA,
r

dA — (,Uo[) Rd¢ (—sing.a_+cos ¢Cay) _

ar r1-"=sinfsing "’
r

b

1 . . .
(&)Rdg/ﬁc (—sing,a +cosga, )1 2R sin@sing, |
4rr ' r
which by the binomial expansion [(1—x)"? =1+ x/2] is approximately
dA = ('U—OI)Rdgzﬁc (—singa_+cosga )1+ £ sin@sing,].
drr ' r
Now,

A= IdA I(’uO “——)Rd¢,(-singa, +cosga, )[1+£sm6’s1n¢]

Note that for this integral, terms with just sing, or cos¢, will go to zero

because those functions go through their full cycle over 27 . Eliminating
those terms,

A= J('uO “——)Rd¢,(—sing,a, +cosg.a, )[—sm951n¢]

. . I .
Furthermore, note that since sing, cos¢, = Esm 2¢., the term with

sin ¢, cos ¢, will integrate to zero also. Thus the integral simplifies to

4, IR sin Ha

A= j(”o ) Rag (~singa )X sinOsing ] = (-
r drr

)jdq}sm é..

This integral is easily solved yielding



_ 14,IR* sin Oa,

2 .
i )”:_,uOIR s1n(9a

A=
( 4r*

X

4rzr

Now, we found this on the y-z plane. Note that on that plane, —a, =a,.

Thus, generally,

_ 1,IR? sin & a

A 4° ¢

Note that the field has the same dependence on @ as for the short current
dipole, that is the EM radiation is primarily broadcast perpendicular to the z-

axis.



