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Abstract—Multiple—-input multiple-output (MIMO) beam-
forming (MBF) can greatly increase the signal gain and reduce
the effects of multipath fading for cell-edge users. The objective of
this work is to investigate the impact of co-channel unequal-power
MIMO interferers on an MBF desired receiver under realistic
propagation conditions, including path-loss and Rayleigh fading.
Two major contributions are made in this work: i) for the
co-channel interference term in the signal-to-interference ratio
(SIR) expressions, a closed-form expression of the probability
density function (PDF) is derived; ii) for the desired signal term,
a simple approximation is proposed. Moreover, closed-form PDF
expressions for the SIRs are obtained for some special cases.
Simulation results verify the validity of the theoretical analyses.

Index Terms—Co-channel interferer, MIMO beamforming,
path-loss, probability density function, signal-to-interference
ratio.

1. INTRODUCTION

O-CHANNEL interference (CCI) has a tremendous im-
C pact on cellular-like systems, especially when the goal
is to use the same frequency in every cell. Multiple-input mul-
tiple-output (MIMO) based spatial diversity techniques are ex-
tensively adopted for cell-edge (or sector-edge) users to combat
fading and CCI. However, when multiple-antenna techniques
are incorporated, the interference scenario becomes more com-
plicated [1]. Hence, the research related to the impact of CCI on
spatial diversity has gained much attention in recent years.
Commonly used spatial diversity techniques can be classified
into two categories, receive diversity and transmit diversity.
Receive diversity techniques include maximal ratio combining

Manuscript received March 03, 2011; revised April 26, 2011; accepted April
27, 2011. Date of publication May 19, 2011; date of current version July 13,
2011. The associate editor coordinating the review of this manuscript and ap-
proving it for publication was Prof. Xiang-Gen Xia. The authors acknowledge
the support from NSFC (61072069), RCUK for the UK-China Science Bridges
Project: R&D on (B)4 G Wireless Mobile Communications, the Fundamental
Research Funds for the Central Universities (72101855), the Important National
Science & Technology Specific Projects (2011ZX03003-001-04), the Special
Grade of China Postdoctoral Science Foundation funded project (200902588),
the State Key Laboratory of Integrated Services Networks (ISN090105) and the
111 project (No. B08038).

Y. Li and H. Zhang are with the State Key Laboratory of Integrated Services
Networks, Xidian University, Xi’an, Shaanxi, 710071, China (e-mail: yzhli @xi-
dian.edu.cn; hlzhang @xidian.edu.cn).

L. Zhang is with the Alcatel-Lucent Shanghai Bell Co., Ltd., Shanghai,
201206, China (e-mail: Lu.c.Zhang @alcatel-sbell.com.cn).

L. Cimini is with the Department of Electrical and Computer Engineering,
University of Delaware, Newark, DE 19716 USA (e-mail: cimini @ece.udel.
edu).

Digital Object Identifier 10.1109/TSP.2011.2155654

(MRC) and optimal combining (OC) [2], which are imple-
mented for single-input multiple-output (SIMO) systems.
Transmit diversity consists of space-time block coding (STBC)
[3], [4], maximal ratio transmission (MRT) and MIMO beam-
forming (MBF) [5]. STBC is an open-loop MIMO scheme;
MBF or MRT, on the other hand, utilizes the channel state
information (CSI) available at the transmitter to achieve the
optimum transmission. It should be noted that MRT can be only
applied in multiple-input single output (MISO) environments;
80, it is often considered as a special case of MBF.

Analyzing the statistical distribution of the postpro-
cessing signal-to-interference ratio (SIR) or signal-to-interfer-
ence-plus-noise ratio (SINR) is very useful in investigating
the performance of cellular-like MIMO systems. For SIMO,
the SIR/SINR distribution of MRC with CCI is discussed in
[6]-[11]; while the performance of OC with CCI is investi-
gated in [9]-[11]. For a noise-limited system, MRC is well
known to be the optimal combining technique in the sense
of maximizing the postprocessing signal-to-noise ratio. In an
interference-limited environment, OC performs optimally in
terms of maximizing the SINR, but is much more complicated
than MRC because it requires information about the CCI that
might not be available at the receiver [10]. Thus, in practical
systems, MRC is usually adopted instead of OC even in an
interference-limited environment.

The performance analysis of transmit diversity techniques
is much more complicated than receive diversity systems. The
distribution of the postprocessing SINR for STBC with CCI was
first derived in [12] and compared with other MIMO schemes,
such as MRC, cyclic delay diversity, and MRT. However, in
[12], it is assumed that all the base stations (BS) adopt the same
MIMO mode; further, the statistical distribution is derived
when equal transmit power is assumed for all interfering BSs
and when the wireless channels are modeled as i.i.d. complex
Gaussian random variables (RVs) with zero mean and unit
variance (i.e., pure Rayleigh fading). The impact of interfering
single-antenna and STBC transmissions on a desired STBC
receiver is studied in [13]; however, only a simulation-based
approach is used. In [14], with the channels modeled as pure
Rayleigh fading, the closed-form probability density functions
(PDF) of the postprocessing SIR was derived for STBC trans-
mission when all the interfering BSs use either the same or a
different MIMO mode.

For the cases where the desired BS employs MBF or MRT,
which are the focus in this paper, some work has been done in
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determining or estimating the statistical distribution of the post-
processing SIR/SINR. For MBF transmission with CCI, all the
existing work (e.g., see representative work in [15]-[21]) use the
terminology MIMO-MRC to represent MBF and assume that
each co-channel interfering signal is from a single transmit an-
tenna. In [15], closed-form expressions for the PDF and cumula-
tive distribution function (CDF) of the postprocessing SINR are
obtained when a (2-Tx, M-Rx) or (/N-Tx, 2-Rx) antenna con-
figuration is adopted in the desired link, and assuming all the
single-antenna interferers use equal transmit power. The work
in [16]-[18] derived the CDF (equivalently, outage probability)
and/or PDF of the postprocessing SIR/SINR when an (N-Tx,
M -Rx) antenna configuration is adopted in the desired link for
unequal-power interferers. Using the same model for the desired
and interfering links as in [16]-[18], the work in [19]-[21] an-
alyzed the distribution of the postprocessing SINR with imper-
fect channel estimation.

When MBF is in used in the desired link, for the cases
where each interfering BS performs single-antenna transmis-
sion and each interfering BS adopts MBF/MRT to perform
multi-antenna transmission, the same statistical distribution of
the postprocessing SIR results. However, it will be shown in
this paper that, if each interfering BS adopts STBC, open-loop
spatial multiplexing (OLSM), or closed-loop spatial multi-
plexing (CLSM), the resulting statistical distribution of the
postprocessing SIR will be distinct from the case in which each
interfering BS adopts MBF/MRT/SIMO; but, for these cases,
no work has been done previously.

In this paper, in order to provide a comprehensive investi-
gation of the impact of each possible co-channel MIMO mode
on an MBF receiver, taking into account the effects of both
path-loss and Rayleigh fading, we derive the distributions of
the postprocessing SIRs (noise is neglected here since we are
considering an interference-limited environment) for MBF with
different co-channel MIMO modes and possibly unequal-power
interferers. In particular, closed-form PDF expressions for the
interference terms in the postprocessing SIRs are provided.
The validity of the theoretical analyses is verified by simulation
results.

The system model and notations are described in Section II.
The postprocessing SIR expressions are derived in Section III.
Then, we present the PDF of the SIR in Section IV. Simula-
tion results and conclusions are provided in Sections V and VI,
respectively.

II. SYSTEM MODEL AND NOTATIONS

A typical interference-limited system using MBF in the de-
sired link with K co-channel interfering BSs is considered in
this paper. Without loss of generality, six widely applied MIMO
modes: STBC, OLSM, CLSM, MRT, MBEF, and SIMO are con-
sidered for the co-channel interfering BSs. Each transmitter and
the desired receiver are assumed to be equipped with N and
M antennas, respectively. The channel between the kth (k =
0,1,..., K) BS and the desired receiver is denoted by

H, = [hk,ji]MxN )
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..., N) represents the in-
stantaneous channel coefficient between the jth receiving an-
tenna at the desired user and the +th transmitting antenna at the
kth BS. The index & = 0 indicates the desired BS. Note that,
when SIMO (i.e., N = 1) is used for the kth interfering BS, the
channel matrix between the interfering BS and the desired re-
ceiver becomes an M x 1 vector. Here, we use the first column
of H;, to denote it.

The channel coefficients {hy j;} include the effects of path-
loss and quasi-static flat Rayleigh fading. Under these assump-
tions, since the distances from the antennas of a co-located array
to the antennas of another co-located array can be considered
equal, for any given k, the coefficients {h_j; } have the same
mean channel gain yu;. It is assumed that the system is located
in arich scattering environment and the antennas are sufficiently
separated; so, the channels {hk7 ji} can be modeled as indepen-
dent, complex Gaussian RVs with zero mean and variance . It
should be noted that both the effects of path-loss and Rayleigh
fading are included in p1.. Moreover, the transmit power of each
antenna at the kth BS is denoted as P. For simplicity, we in-
clude the transmit powers in the channel power gains; so, we
consider an equivalent system in which i) the channels {hy, ;; }
are independent, complex Gaussian RVs with zero mean and
variance P, and ii) each antenna at each BS uses unit power.
Here, Py i is the average received power at one receive antenna
(of the desired user) from one transmit antenna (of the kth BS).
Since path-loss and transmit power may be distinct for different
BSs, P;p; may not be equal to Pju; (1 # j).

Since we consider an interference-limited environment, the
effect of noise will be neglected in the subsequent analysis. We
assume that full CSI of the desired link (i.e., Hy) is available at
the desired BS. We also assume that the network is de-central-
ized, i.e., no knowledge of the interferers can be utilized by the
desired receiver and the transmissions of the different BSs are
independent. This can be considered as a “worst-case” scenario.

Notations: The superscripts *, T', and H denote complex
conjugate, transpose and conjugate transpose, respectively. F[]
denotes statistical expectation; Iy is the N x N identity ma-
trix; ||al| denotes the norm of a complex valued vector a, i.e.,
llal]] = Vafa; C™*" denotes the vector space of all m xn com-
plex matrices; A (j,:) and A(:,7) denote the jth row and the ith
column of matrix A, respectively; CN (11, a?) denotes the cir-
cularly symmetric complex Gaussian distribution with mean p
and variance o%; and I'(-) denotes the gamma function.

III. POSTPROCESSING SIR

In this section, for the case where the desired link adopts
MBEF, we derive and analyze expressions for the postprocessing
SIR considering the special case where all the interfering BSs
adopt the same MIMO mode. Based on the analyses in this sec-
tion, the six typical MIMO modes can be effectively classified
into two categories of interfering MIMO modes. Then, with the
help of this classification, the subsequent derivation for the SIR
distribution can be greatly simplified.

In the desired link, which adopts MBF (assuming Hy, as de-
fined in (1), is perfectly known at the desired BS), s is precoded
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by a vector wo € CV*! before transmission. At the desired re-
ceiver, the baseband received vectorr € CM*1, can be modeled
as

K
r = Howoso + Z Hywysy, )
k=1

where wj, and s, are the precoding matrix (or vector) and the
transmitted symbol(s), respectively, for the kth interfering BS.
The sizes and natures of wj and s; depend on the specific
MIMO mode used in the kth interfering BS, which will be ex-
plained in what follows.

A. Desired User Has One Receive Antenna

When the desired user has only one receive antenna (i.e.,
M = 1), as a special case of MBF, MRT [5] is adopted at the
desired BS. In this scenario, Hg reduces to a 1 x N vector and
the precoding vector for the desired link is defined as

VNHE
W) = ———. 3
"= ©)

For simplicity, we assume E[|so|?] = 1, although this assump-
tion can be easily relaxed. Using (2) and (3), the average re-
ceived power of the desired signal sy can be computed as

N
[Howol” = N - [Ho||> = N - > |ho1il*- (4)
1=1

Next, we analyze the average interfering power and obtain the
SIR expressions for different MIMO modes used in the inter-
fering links.

1) Interfering Links Use STBC or OLSM: When all the in-
terfering BSs adopt STBC or OLSM, no precoding is used in
the interfering links, i.e., wy = Iy. sg, which consists of NV
independent symbols of the form

Sk = [8115- -5 80n] )

is sent simultaneously from the kth interfering BS. By assuming
E[|sr,i|?] = 1(i = 1,..., N) and exploiting the independence
of {h,1:}, the average interference power corrupting s¢ can be
computed as

K K N K
S Hewel? = SIHAE =SS i ©
k=1 k=1

i=1 k=1

where Hy, € C'*¥ is defined by (1) with M = 1 and hy, 1; ~
C./\/ (0, Pk ;j,k).

2) Interfering Links Use CLSM: When all the interfering BSs
adopt CLSM, s, with the same definition as (5), is precoded
before being sent simultaneously from the kth interfering BS.
Assuming that the CSI of the kth intra-cell link is available at the
kth interfering BS, the precoding unitary matrix w;, € CNV*V
is obtained through a singular value decomposition (SVD) of
the kth intra-cell channel matrix. By integrating the precoding
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block into the kth CCI channel, we can establish an equivalent
model for the channel vector between the kth interfering BS and
the desired receiver which has the form

hy, £ Hywy = [Hiwi (5, 1), Hewi (L N)] (D)

Therefore, the average interfering power can be evaluated as

N

K K _ K
S IHwel? = Ihel? =0 [Hewe(50)]*. (®)
k=1 k=1

i=1 k=1

Because wy, is an SVD-generated unitary matrix and indepen-
dent of Hy, {H;wy(:,%)} are still independent RVs with distri-
bution CN (0, Py pux). By comparing Hywy(:, ) with by 1; in
(6), which also follows CN (0, Py ), we find that (8) and (6)
have the same distribution.

3) Interfering Links Use MBF or MRT: When MBF or MRT
is used by the interfering BSs, s; reduces to a scalar, si. In
other words, the N transmit antennas are used to send the same
symbol during one symbol period. In the case of MBF, the pre-
coding unitary vector w, € CN*! is constructed from the
unitary singular vector, vy 1, which corresponds to the max-
imum singular value of the kth intra-cell channel matrix, G. To
satisfy the same transmit power constraint as for other MIMO
modes, we define

Wi = \/va,l with ||Vk.’1||2 =1. (9)
In the case of MRT, the precoding unitary vector is

- Ve s gy,

W =
gkl

(10)

where g, = (k1) ,gk7N]T is the kth intra-cell channel
vector. Note that, the intra-cell link precoding vectors for MBF
and MRT have the same norm /N, which means (9) and (10)
have the same functionality when they act as the precoding
vectors. Hence, MBF and MRT have the same performance
when they are used in the interfering BSs. Using the notation in
(9) and the assumption of E[|si|?] = 1, the average power of
the interference on sy can be written as

K K K
Z Hywi|> =N - Z Hivi > =N Z lhi? (1)
k=1 k=1 k=1

where Ehll 2 Hw;, represents the equivalent channel be-
tween the kth interfering BS and the desired receiver. Since vy, 1
(inter-cell link precoding vector) is unitary and independent of
H, (inter-cell link channel vector), hy, 11 is also distributed as
C./\/ (0, Pk /Lk).

4) Interfering Links Use SIMO: Note that, when SIMO and
MRT are used for the interfering BSs and desired BS, H;, and
si reduce to the scalars hy 11 and sy, respectively. Moreover,
to satisfy the same transmit power constraint as for the other
MIMO modes, we define

wi, = VN 12)
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as a normalized power factor. Similar to other MIMO modes,
we assume E[|s|?] = 1. Hence, the average power of the in-
terference on sg is

K K
SO Hewi? =N b
k=1 k=1

Since hy, 11 follows the distribution CA/(0, Py ), (13) and (11)
have the same distribution.

Based on the above analysis, we divide the six co-channel
MIMO modes into the following two categories when MRT is
used in the desired link:

e Category I: STBC, OLSM, and CLSM;

e Category II: MBF, MRT, and SIMO.

We conclude that the SIRs of the same category have the same
statistical distribution. In other words, the same category has the
same effect on the desired received signal. Therefore, we can
obtain the SIR of the received signal at the desired receiver as

13)

N 2
> 1ho il
=1

i

1 K 2
N2 2 kil
1=1k=1

YMRT, I = (14)

™=

for Category I; and
N
3 1o il®

C 09

> |hea1l®

K2
IMRT, 11 =
k=1

for Category II. For simplicity, we rewrite (14) and (15) as

N 2
> ho,1il
=1

YMRT = . (16)

N2-4 K
= 2 o il

i=1 k=1
where ¢ (¢ = 1 for Category I or ¢ = 2 for Category II)
is an index representing the category of the MIMO mode of
the interference; hg,1; and hy 1; are independent and follow
CN (0, Popg) and CN (0, Py pr. ), respectively.

Since hg,1; ~ CN(0, Pypo), it is easy to show that the nu-

merator X 2 Zf\;l |ho,1i |? in (16) follows a central chi-square
distribution with PDF

zN~Texp {;m}
(Popo)
x(r) = (17
@) = R TN
Similarly, we can show that gy ; = |he 1;|?(k = 1,..., K;i =
1,...,N) is an exponential distributed RV with PDF
1 —Ykyi
Jur: (ki =—eXp{ — } (18)
s () Prepur, (Prtix)

Moreover, the numerator and the denominator in (16) are obvi-
ously independent. So, once the distribution of the denominator
is determined, the PDF of the SIR can be obtained by using the
independence feature.
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B. SIR Expression for General N and M

Here, we consider general N and M (min{N, M} > 2). As-
sume that the channel matrix Hg € CM*¥ is perfectly known
at the desired BS. To obtain the precoding unitary vector for
MBEF, the desired BS implements an SVD on Hy; thus,

H, = UyD,V¥ (19)

where Uy € CMXM and Vi € CV XV are the left and right uni-
tary matrices, respectively; Dy € CM*¥ is a rectangular diag-
onal matrix with min{ N, M} non-negative real singular values
do,1;- - > do,min{N,ar}- Without loss of generality, we assume
do1 > do2 > -+ > domin{N,M}—1 = do,min{N,r}- Specifi-
cally, for the largest singular value dy 1, the corresponding left
and right singular vectors are denoted by ug; € CM*! and
vl e CY*N| respectively.

At the desired transmitter, s is precoded by the beamforming
vector wg = VN vo,1, and then transmitted. At the desired
receiver, the received signal is multiplied by ug ; to recover sg.
Hence, the postprocessing received signal at the desired user is

K
ué{lr = ué{lHowoso + Z ungkwksk
k=1

K

= \/Ndo’l So + Z uoH’lHkaSk. (20)
k=1

Then, we obtain the average desired signal power in the post-

processing received signal as

N -|doa)?. Q1

Similar to Section III-A (MRT in the desired link), by com-
puting and comparing the average interfering power for different
interfering MIMO modes, the six co-channel MIMO modes can
also be classified into two categories when MBF is used in the
desired link. As a result, the following postprocessing SIR ex-
pression can be obtained:

|do,1|”

N2—-1¢ K

=D DD ’7%11'
=1 k=1

YMBF = 5 22)

where Ek,li (depends on ug 1, Hy and wy) is i.i.d. complex
Gaussian distributed and follows CN (0, Pipir). Obviously,
ki = |hpwl?(k = 1,...,K;i = 1,...,N) follows an
exponential distribution with the same PDF in (18).

SinceHy = UODOV{)LI is arandom matrix with i.i.d. complex
Gaussian entries, it is isotropically random (i.e., spherically sym-
metric). This implies Uy, Dy and V| are independent of each
other [22]. Note that, the numerator and the denominator in (22)
correspond to do 1(Dyg) and ug 1(Uy), respectively. Addition-
ally, using the independence of Hy and Hj, we conclude that
the numerator and the denominator are mutually independent.

Next, we derive the PDFs of |dg1|? (for min{N, M} > 2),
the denominators, and the corresponding SIRs when MBF is
adopted for the desired link. Furthermore, it should be noted
that the denominators in (16) and (22) have the same statistical
distribution. Hence, the PDF of the denominator in (22) can also
be used to determine the SIR distribution for MRT in the desired
link.
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IV. SIR DISTRIBUTION

A. Distribution of |do 1|?

The distribution of |dp 1|?> can be obtained by evaluating
the distribution of the largest eigenvalue of the Wishart matrix
HYH, € CV*Y. (Note that HY Hy and HoH{! have identical
eigenvalues; so, without loss of generality, we use HOH H, as
the example here.) Using (19), we get the following eigenvalue
decomposition of HE Hy:

HgH(] = Vodiag(|d0,1|2, ey |d0,min{N,]M}|27 0, ceey O)V(I){
(23)

Clearly, the largest eigenvalue A is |do1 2. Let t =

min{N, M} and » = max{N, M}; the PDF of A, is [23]

1
\) =
Famax (A) T, (t—i)\(r — i)!

t (t4r)i+26®

m=r—t

where c; ,,, the coefficient of e , can be evaluated using
symbolic computation software [23]. Due to the unavailability
of closed-form expressions for ¢; ., , a usable expression for (24)
cannot be obtained. Therefore, we need to make some reason-
able approximations to the distribution of |dg 1 |2 (i.e., Amax)-

Using the same classification of the interfering MIMO modes,
the postprocessing SIR when STBC is used for the desired link
with K q“‘(q = 1, 2) category interferers can be written as [14]

Cime AT A>0 (24)

—'i)\/\m,

1 )
YSTBC =~ 7 * N—1 I

T 2 O ki
i=1 k=1

(25)

where x( follows a chi-square distribution with degree 2N M,
and {y;}(k = 1,...,K; i = 1,...,N?79) are independent
exponential RVs with PDF f,, (yx,i) = ﬁ exp { (;z/;k) .
By comparing (22) with (25), we can see that the distributions of
the denominators (co-channel interference terms) in the SIRs for
MBF and STBC are the same. The numerators (desired signal
terms) are different, however. In the case of STBC, the numer-
ator xo follows a chi-square distribution with degree 2N M,
which corresponds to the diversity gain N M that the desired re-
ceived signal can obtain. For an (N-Tx, M-Rx) MIMO channel,
MBF can also achieve the maximum spatial diversity gain of
order NM [24]-[26]. Hence, for an (N-Tx, M-Rx) antenna
configuration, both STBC and MBF are equivalent to a receive
diversity system with N M receive antennas. This is an impor-
tant similarity. Since a receive diversity system with N M re-
ceive antennas using MRC achieves diversity order N M, the
distribution for the desired signal term of MRC (the sum of
N M square moduli of independent channel coefficients) is chi-
square. Hence, it is reasonable to approximate the distribution
of Anax (desired signal term for MBF) as a chi-square RV with
degree 2N M. The validity of this approximation will be justi-
fied by Monte Carlo simulations in Section V.

Besides this similarity, we also need to consider the differ-
ences between these two MIMO schemes. Although STBC and
MBEF can achieve the same diversity gain, MBF cannot utilize
the full channel energy to transmit the signal. By implementing
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SVD (transmit precoding) at the transmitter and shaping at the
receiver, an (N-Tx, M-Rx) MIMO channel can be converted
into min{N, M} independent channels. Different from other
closed-loop MIMO schemes (e.g., CLSM), MBF can only uti-
lize the channel with the largest gain (corresponding to Ap.x)
to transmit the signals. Hence, the channel power provided by
MIMO cannot be fully utilized by MBF. Rather, part of the
channel power is inevitably consumed by channels with gains
corresponding to the smaller eigenvalues.

Therefore, a reasonable approximate statistical model for
Amax Must take the loss of channel power into account. Because
the power of every decoupled channel is proportional to its
corresponding eigenvalue in the Wishart matrix, we define the
percentage of energy achieved by the channel with gain /Apax
as

E [Amax]

- min{N,M} (26)
Ai

Bl X

i=1

where {\;}(: = 1,...,min{N, M}) are the nonzero eigen-
values of the Wishart matrix HE Hy. Using (1), (19), and (23),
the denominator in (26) is

min{N,M}
E| Y A| =E[tr {HH}]
=1
M N
=E >3 |hoil?
j=1i=1
=NM - Popo (27)

where tr{-} denotes the trace of a matrix. Here, we use the fact
that {ho ;;}(j = 1,...,M; ¢ = 1,...,N) are i.i.d. complex
Gaussian RVs and E[|ho ;i|?] = Popo-

The numerator in (26) requires the expectation of Ay ax. Al-
though (24) can be used, it is difficult. An alternative approach
is to use some empirical formulas; specifically, as shown in [27],
we can use the following expression to evaluate the mean of the
largest eigenvalue of the Wishart matrix for an (/V-Tx, M-Rx)
antenna configuration

i

- Popo, NM < 250. (28)

N+M
E[/\max]zNM< + >

NM+1

When M = 1 (MRT in the desired link), from (26), (27),
and (28), ¢ = 1. This means that all of the channel energy is
concentrated in one channel, and no energy is lost. Also note that
(28) is symmetric in N and M, and the mean of A, depends
on N + M and NM.

Based on the above analysis, we propose an approximate dis-
tribution for the largest eigenvalue \.,.x. Using the fact that
MBEF can achieve the maximum diversity gain N M, and, with
the aid of the introduction of {, we model the largest eigen-
value of the Wishart matrix H Hy as a chi-square distributed
RV (with degree 2NV M) multiplied by the coefficient (. The re-
sulting PDF is

)\N]Mfl

(N M) (CPopo) ™™

Frmax () = “Tm, A > 0. (29)
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Note that, although (29) is derived for min{/N, M} > 2 which
corresponds to MBF in the desired link, it agrees with (17) for
M =1 (i.e.,, ¢ = 1) which corresponds to MRT in the desired
link.

B. Distribution of Denominator in SIR

By comparing (16) and (22), we see that the corresponding
denominators have the same distribution. Without loss of gener-
ality, the notations in (16) are used in the following derivations.
We rewrite the denominator (excluding the coefficient N2~7) of
(16) as

N2~7 K N279 K
YES Y el =3 > i GO
i=1 k=1 i=1 k=1
in which y; = |hk,1i|2 follows a chi-square distribu-

tion with degree 2 (i.e.,

its PDF s fy, . (ys.) i exp { s
ap (I = 1,...,KN?79) as independent zero-mean com-
plex Gaussian RVs with variances Py (k = [52= ), where
{ﬁ] means “rounding ﬁ to the next largest integer”.
Then, we can rewrite y; ; as

exponential distribution) and
“Yk.i

. Denote

2
Yki = |0 (k—1)N2api] (D
where £ = 1,....K; 1 = LN?71 Let ¢ =
[@1, ...,k Nn2-q]T and denote the K N2~9 x K N2~ identity

matrix as Iy n2—¢. Because the identity matrix Iz n2—¢ is a
semi-positive definite Hermitian matrix, and « is a zero-mean
. 2—4q
complex Gaussian random vector, Zf\il Z,{;l |hk71i|2 =

N—*q K H H .
Dicy Pope1Yki= a'a = a’Igy2-.a is a central
quadratlc form in complex Gaussian RVs [28]. Further, denote
. . 2— 2— .
the covariance matrix of & as R € CEN" "*KN""" which can
be written as (32), shown at the bottom of the page. Because
R is a semi-positive definite real symmetric matrix, there exists
. . 2— 2— .
a real symmetric matrix Q € CKEN""*KEN""" for which

QQ = R. We can easily obtain (33) at the bottom of the page.
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where k =1,...,K;4i = 1,..., N?>~9. Without loss of gener-
ality, denote M,, (M,, < K N*77) as the total number of distinct
positive eigenvalues and v, as the multiplicity of A, (m =
1,...,M,). For central quadratic forms in complex Gaussian
RVs, the moment generating function (MGF) of Y can be ex-
pressed as [28]

By (s) = !

E[esy] = ]\,[p
IT (1= shp)vm

m=1

(35)

Denote fy (y) as the PDF of Y, which is the inverse Laplace
transform of ®y-(s). Since the value of Y is definitely non-neg-
ative, we derive fy (y) for y > 0. By utilizing the Laplace in-
version theorem, Jordan’s lemma, and the residue theorem [29],
we get

Ty (v)

MP
- Z fm(y)

M,
— ) Res [fby(s)e_sy./ Ai] . y>0 (36)

where f,, (1) is the residue of ®y-(s)e ™Y at the pole - 5. - Then,
we calculate f,,,(y) (m = 1,..., M,) as follows:
1
fonly) =Res [ws)esa |
1 dvm—l
~T(u, 1
1 VUm
[‘I’” ‘”’( “5.) |
UV —1
I o
F(’Um) € Z UV —1
Trm =0
X (=)' T g () (37)

where Ci = m denotes the number of ways of selecting
i elements from ¢ elements; C; 1fors = 0Oand ¢t > 0.

Denote B as QI n>-«Q, which is a semi-positive definite Moreover, plrm) (Am) is the 72 order derivative of ¢(A,, ), and
Hermitian matrix. Since B = QI n2-.Q = R, the eigenvalue  ¢(A\rm) is specified as
decomposition of B is equal to the eigenvalue decomposition 1, M, =
of R. That is to say, the K N2~ eigenvalues of B are M, N Vn
=4 (2e) e o
Ak—1)N2-a4i = Prjik (34) i
R = [aa ]—dlag{Pl,ul ..... Pllu,l,Pgll,Q,...,PQ[LQ,...,PKNK,...,PKMK}, (32)
N2-4q sa;le terms N2—4¢ sa‘r;e terms N2-q sa‘r;e terms
Q= dlag{ \/P1/L1 ..... \/Pl/l,17\/P2M27.. \/PQILLZ ..... \/PK,IJ,K7...,\/PK/1,]S}. (33)

NZ2—4 same terms

N2—49 same terms

-~ -~

N2—49 same terms
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Using the logarithmic derivative [28] to evaluate the derivatives
of ¢(A,), we have

¢(Tm)()‘m) =

where GU)()\,,) (m = 1,..., M) isequal to 1 whenr,, = 0,
and is equal to O when r,,, > 1 and M,, = 1; when ,,, > 1 and
M, > 1, itis given as

G (Am)d(Am) (39)

rm 1 =1
ZC m_lg( _I_T/”)(/\m)zc:/m,lg(r;”_l_rgl)()\m)><---,
=0 mZo "
(40)
In (40), g(t)()\m) (m=1,...,M,) is further specified as
oA U, X At+1 AL
ILESEEDS Wi 1)
n=1

n#m

By combining (37)—(41), the closed-form expression for the
PDF of Y is given as

el = 3] Z ) S o
Y \Y —m:1 (_)\m)umr(vm)r - U —1

" (_y)vm_1—rmG(Tm)()\m)} (42)

C. SIR Distributions

1) Interfering Links Use Category I MIMO Modes: For the
general scenarios where K > 1 and Pyp; # Pjpjfore # j
with ¢, j € {1 ..... , K}, obviously, ¢ = 1, M,, = K and v}, =

N(k=1,...,M, ) Then, the PDF of the postprocessing SIR,
v = {_ g (7 > 0), is given as [30]
N
o= [ (4 5 lolay
N/ fX fY( )ydy. (43)

Due to the complicated mathematical form for fy (y)(42), a
closed-form expression for (43) is not easy to obtain. In practice,
numerical computations can be used to evaluate it. But in some
specific cases, fy (y) can be simplified and/or a closed-form ex-
pression of (43) can be obtained.
* Special Case I: When the number of transmitting antennas
for the interfering BSs, N, is equal to 2, then using (38)
and (40)-(42), we get

K (_ 7k K
fY(y):Z{(Pkuk IT (e0)?

k=1 j=1
7k J?ék
(44)
where g, = % K > 1and Pju; # Pjp;j for

i # jwithi,j e {1,...,K}.
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* Special Case II: (i) The number of interfering BSs, K, is
equal to 1 or (ii)) K > 1 with Pypy - -+ = Pk ug; clearly,

M, = 1and \; = Pyp; with multiplicity v; = NK.
Then, using (38) and (40)—(42), we get
(y)VE " texp (%}ff)
fY (y) = NK ’ (45)
(Prp)NET(NK)
and, using (29) and (43), f,(v) is given as
1
f'y(V) (N pw0
Py
NM-1
F(NM + NK) <W)
Pruy (46)

’ NM+NK -~
IN(NM)I'(NK) <1+ >

(<N£2:t2)

2) Interfering Links Use Category I MIMO Modes: For the
general scenarios where K > 1 and Pyjp; # Pjpjforie # j

withi,j € {1,....K}, ¢ = 2, M, = K, \y = Pruy and
vy = 1(k = 1,...,M,). Then, using (38) and (40)-(42), we
get
K Pzgk P
k Mk
(1 47
frw) Zjl Py JI;[ Prpy — Pip; @7

J#k

Denote the CDF of the postprocessing SIR, v = % (v >0),a
F,(r) = Pr{y < r}. Then

Fy(r)= Pr{é <r} :Pr{Y> %}

_ /0 @) / )y,

T

(48)

Because X 2 |do1|? is also a central quadratic form in i.i.d.
complex Gaussian RVs with zero mean and variance Py, for
X, M, =1and \y = (Popo with v,, = NM. From (35), we
get the MGF of X as

1

(I)X(S) = E[esx] = (1 —sx CPOHO)N]\['

(49)

K
Furthermore, we denote  []
=Lk !
the fact that fooo fv (y)dy = 1, we can easily obtain Ei‘:l & =
1. Then, using (47), (48) becomes
Y
pl— dydx
( P kﬂk) Y

re= [ e | +°°i &
TPkuk>dx

ex
Je * Prpn
:v) fx(z)dz

:/0+00fY Zf" <
_ ika [eXP <—7,piﬂk x)] '

Py pir

PP, &k by utilizing

K +o00 1
= &c/ exp (-
Z 0 T Py g

(50)
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By replacing (49) with s = —5+—, the CDF of the postpro-

. g (rPrpr)’
cessing SIR is
- ¢
Sk
NOEDS jgyd (51)
=1 (1 ¢ Popo )
T Pp
By differentiating (51), we get the PDF of the SIR as
. Pyt NM-—1
Pepe \ (VM) (cPouﬂ)
f’Y(fY):ka CP,U, : P NM+1 ,7>0
k=1 e (1 + Pos 7)
(52)
* Special Case: i) the number of interfering BSs, K, is equal
tolorii) K > 1with Pypy --- = Pgpg, clearly, M, =1

and A\; = Pjpp with the multiplicity of v; = K. Then,
using (38) and (40)—(42), we get

K-1 —y
Yy exp( Prpy )
= 33
and, using (29) and (43), f,(~) is given as
NM-1
) I'(NM + K) <W>
B0~ G4

CPier 14y

oo ()

D)

V. SIMULATION RESULTS

In this section, the validity of the theoretical analyses is ver-
ified by comparing the analytically obtained PDFs/CDFs with
Monte Carlo simulations. All the BSs (including the desired BS)
are assumed to be equipped with N antennas and the desired re-
ceiver has M antennas. In the Monte Carlo simulations, STBC
and MBF/MRT are used to represent Category I and Category
II interferers, respectively. For the desired link, Py is set to
1. The notation K = 6 {1, 0.9, 0.8, 0.7, 0.6, 0.5} means that
there are K = 6 interfering BSs; the kth number within the
braces is the value of Py for the kth interfering BS. More-
over, in the legends, capitalized “I” and “II” are used to de-
note “Category I’ and “Category II"”” interfering MIMO modes,
respectively; “(A)” and “(S)” represents the “Analytical” and
“Monte-Carlo simulation” results, respectively.

First, we verify the validity of the PDF expressions, (42) and
(29), in Figs. 1-3. Note that, when an interfering BS has one
antenna (i.e., N = 1), only SIMO mode can be used. Hence,
for this case, only one-pair of PDF curves appear in Fig. 2.
From Figs. 1 and 2, we see that the analytical results of (42)
match the corresponding Monte Carlo simulation results per-
fectly. Although there is some mismatch between (29) and the
Monte Carlo results within a small SIR range, the deviation is
very small. Another important observation from Figs. 1 and 2 is
the remarkable distinction between the PDFs of Category I and
II interfering MIMO modes. This distinction results in different
impact of the two categories on the desired user.

From Figs. 4-6, we find that the analytical CDFs match the
corresponding simulation CDFs very well. Besides the cases of

Piu; # Pjuj (L #* j), the case of P;ju; = Pj,u,j (l #* ]) is
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Fig. 1. Validity of the PDF of the interference term in the SIR, (42), with
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Fig. 3. Validity of the PDF of the desired signal term in the SIR, (29).

verified in Fig. 4. A major observation from Figs. 4-6 is that
MIMO modes from different categories have different impact
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Fig. 6. Impact of the number of transmit antennas, [V, at the BSs.

on the desired user. Moreover, the CDF curves for the two cat-
egories under the same condition have a crossover at some SIR
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value. Beyond the crossover, the Category II MIMO schemes
have less impact on the desired link; below this crossover, Cat-
egory II has more impact on the desired link.

In Fig. 4, the antenna configuration is fixed and the impact
of the total equivalent interfering signal power at the desired
receiver is investigated. From the SIR expressions, it is easy
to see that the total equivalent interfering signal power is pro-
portional to Zle Py, ;. for both Category I and II interferers.
As expected, when Zle Py, increases, the performance of
the desired link degrades. In Fig. 5, the parameters of the inter-
fering signals (K and Py ) and N are fixed. The impact of the
number of receiving antennas, M, is evaluated. From (22), we
see that M only affects the desired received signal. Hence, when
M increases (i.e., the diversity gain /N M increases), the perfor-
mance of the desired link improves. The impact of the number of
transmit antennas at the BSs, NV, is shown in Fig. 6. Although N
affects both the desired received signal and interfering received
signal, the total equivalent interfering power does not change
with V. Therefore, an increase in /N improves the performance
of the desired MBF receiver.

Another focus in this section is the performance gap between
the two categories. In (22), the mean and variance of the
co-channel interference term for Category I are Zle Py,
and % Zle Py, respectively. For Category II interferers,
the parameters are Zszl Pruy and 2 Zle Pypy. The per-
formance gap between the two categories arises from the
difference in the variances. Hence, when N and Zi‘:l Py
are fixed (see Fig. 5), a change in the number of receive an-
tennas does not have a significant effect on the gap between the
two categories. In Fig. 4, an increase in Zle Py when N
is fixed will narrow the gap between the variances, hence, the
gap between the performance of the two categories decreases.
For the case in Fig. 6, the distinction between the variances be-
comes larger with an increase in /V; therefore, the performance
gap between the two categories increases.

VI. CONCLUSION

With a realistic channel model, including the effects of path-
loss and Rayleigh fading, the statistical distributions of the post-
processing SIRs for MBF with two categories of unequal-power
MIMO interferers are derived. The validity of the PDF expres-
sions is verified by Monte Carlo simulation results. Both the-
oretical analysis and simulation results show that the two cate-
gories have different impact on the desired MBF receiver. More-
over, the performance gap between the two categories is mainly
determined by the number of transmit antennas.
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