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Abstract

LDV systems are linear systems with parameters that varying according to a nonlinear
dynamical system. This paper examines the robust stability of such systems in the face of per-
turbations of the nonlinear system. Three classes of perturbation are examined; differentiable
functions, Lipschitz continuous functions and continuous functions. It is found that in the
first two cases the system remain stable. Whereas, if the perturbation are among continuous
functions, the closed-loop may not be asymptotically stable, but, instead, is asymptotically
bounded with the diameter of the residual set bounded by a function that is continuous in
the size of the perturbation. It is also shown that in the case of differential perturbations, the
resulting optimal LDV controller is continuous in the size of the perturbation. An example
is presented that illustrates the continuity of the variation of the controller in the case of a
non-structurally stable dynamical system.

1 Introduction

Linear parametrically varying (LPV) systems have been the focus of extensive research [8], [1], [14].
Essentially, a LPV system is a linear system with parameters that may vary over some set. This
paper examines the specific case where the variation of the parameters is described by a given
dynamical system. Such systems are known as linear dynamically varying (LDV) systems and
have applications in nonlinear tracking. A LDV system can be decomposed into two subsystems;
a linear system and a nonlinear system, where the nonlinear system drives the parameters of the
linear system. While both linear quadratic [2] and H° [3] controllers have been developed for LDV
systems, some questions regarding the robustness of the closed loop system remain unanswered.
In the case of time-invariant linear systems, robust stability refers to the stability in the face of
some uncertain parameter. While such concerns are valid for LDV systems, they can be handled
in much the same way as they are in the case of time-invariant linear systems. However, stability
in the face of uncertainty in the nonlinear subsystem is a unique concern to LDV systems and is
the subject of this paper. Specifically, the variation of the parameters of the linear system is given
by nonlinear system 6 (k+ 1) = f (0 (k)). It will be shown that a stable LDV system remains

stable in the face of small perturbation of f. Three cases are examined; where the perturbations



are over C'functions, Lipschitz continuous functions and C° functions. In the first two cases it is
shown that stability is maintained. In the case of continuous perturbations, it is not possible to
guarantee asymptotic stability. Instead, it is shown that the system is asymptotically bounded,
i.e. the state of the linear system converges to a small neighborhood of the origin.

A related issue is the variation of the optimal LDV controller due to variation of the dynamical
system f. This issue is the structural stability of the LDV controller. It will shown that the
linear quadratic controller is structurally stable. This type of stability has applications in the
development of computational methods for LDV controllers. As discussed in [2], an efficient
method to compute the controller relies on making a small perturbation in the dynamical system
f and finding the controller for this perturbed system. The controller for this nearby system is
easily found. The question as to whether the controller of nearby system is an approximation of
the controller for the original system is answered affirmatively in this paper.

The paper proceeds as follows: Section 2 formalizes LDV systems, briefly reviews previous
results necessary for this paper and state some required definitions. Section 3 discusses conjugacy.
Section 4 presents the main results of the paper. Finally, Section 5 presents an example of a

structurally unstable system with a structurally stable LDV controller.

2 Background

An LDV system is defined as

z(k + 1) = Agryx(k) + Bo(yu(k) (1)
2(k) = C@(k)x(k)
Dg(ryu(k)

0(k+1) = f(6(k)) with z(0) = z,, 6(0) =6,

where f : R®™ — R" is a continuous map with f (S) = S, with S a compact set, A : R — R"*" B :
R™ —» R™*™ (' :R™ - RP*" and D : R — RP*™_ A continuous LDV is an LDV where the maps
A, B, C and D are continuous. This paper only considers continuous LDV systems. The pair (4, f)
is exponentially stable if system (1) is exponentially stable. That is, for u = 0 and 6, € S there
exists an a (6,) < 1 and a 8 (6,) < oo such that if 6 (0) = 6,, then ||z (k)| < 8 (6.) @ (6,)F ||z (0)]-
Similarly, the pair (A, f) is uniformly exponentially stable if the pair (A4, f) is exponentially stable
and « and [ can be chosen independent of  (0). The triple (A, B, f) is stabilizable if there exists
a bounded feedback F' : § — R™*™ such that (A + BF, f) is exponentially stable. The triple



(4, C, f) is uniformly detectable if there is a uniformly bounded map H : S — R"*P such that
(A+ HC, f) is uniformly exponentially stable, that is, there exists ag < 1 and 4 < oo such that
la(k)] < Ba [2(0)] where & (k +1) = (Agsa,) + Hys(a,)Croca,)) 2(h)

LDV systems naturally arise when controlling nonlinear dynamical systems. Let f : R™ x

R™ — R", £(5,0) C S, f € C! and let S be compact. Consider the nonlinear tracking problem

p(k+1) = f(e(k), u(k)), 0(0) = o, (2)

0(k +1) = f (8(k),0), 8(0) =6, € S.

The objective is to find a control u such that ||p(k) —0(k)|| — 0. In this context (k) is the
desired trajectory and ¢ is the state of the system under control. Define the tracking error

z(k) = (k) — 6(k). Then system (2) becomes

z(k+1) = [ (p(k), u(k)) — f (0(k),0)) = 3)

Apyz(k) + Boryu(k) + 1z (x (k) ;u (k) , 0 (k) @ (k) + nu (2 (k) , u (k) , 0 (k) u (k)

where (4y), ; = %0%_ (6,0), (Beo), ; = gu% (0,0) and 1, (z,u, 0) x+n, (z,u, §) u accounts for the high
order terms. Since f € C?, if z and u are small, then 7, (x,u,6) and 7,(z,u, ) are small. Thus,
when z and u are small, system (3) is well approximated by system (1) with f(6) := f(6,0). In
this case the LDV is said to be induced by f. It was shown in [2] and [3] that if the LDV system (1)
induced by f with control v is uniformly exponentially stable, then the nonlinear system (2), with
control wu, is locally uniformly exponentially stable. By definition locally uniformly exponentially
stable means that there exist & < 1, f < oo and v > 0 such that if ||z(0)|| = ||¢(0) — 0 (0)|| <~
then ||z(k)| < Bo¥ ||z(0)|| where o, B and v can be taken independent of the initial condition
0,, i.e. uniformly in 6, and locally in . Thus, if the LDV system induced by the nonlinear
dynamically system f is LDV stabilizable, then the LDV system <%§, gg, f) is stabilizable.

The following theorems are needed in the sequel:

Suppose (A4, C, f) is uniformly detectable. Then (A, f) is uniformly exponentially stable
if and only if there exists a bounded function X : § — R™*" with Xj = Xy > 0 such that
Ay X ¢9)Ag — Xg < —CyCy. Moreover, a and 3 in the definition of uniformly exponentially stable
can be chosen to depend only on the bound on X and a4 and ;4 in the definition of detectability.

This is a simple extension of theorem 7.1 in [4]

Suppose (1) is a continuous LDV system. If (A4, B, f) is stabilizable, (A, C, f) is uniformly

detectable and Dy Dy > 0 for § € S, then there exists a bounded and continuous function X : § —



R™™ with Xj = Xy > 0 and satisfying the functional discrete time algebraic Riccati equation
-1
Xy = Alon(g)Ae + CéCg — AleXf(g)Be (DéDg + B,’ng(g)Bg) BéXf(g)Ag (4)

-1
The control uzq(k) = Fay (k) = — (D Doty + By X 00 Bos ) Bigry Xso0e) Aagiy (k)
is optimal in the sense that it minimizes the quadratic cost

o0

V(00,u,30) = Y (k) Clug,)Crr(0,)2(k) + u(k) Dy g Dyr o,y u(k)-
k=0

Furthermore, this control uniformly exponentially stabilizes the system and x/ Xy, = min, V(6,, 4, Z,).

See [2].
Given a stabilizable map f, we will study maps close to f in the following topologies:

Let f,f:R™ x R™ — R™ with f, f € C1. The C! topology is generated by the metric

; ; of of
d ,fl= su z,u) — f(z,u)||+ su —(z,u) — =—(z,u
o (f f) EGR",upERm Hf( ) f( )H CEER",’E)ERW 8$( ) 3.’2( )
of of
R i TR
where %ﬁ(m,u) is the Jacobian matrix of f with respect to z and |-|| is the ly induced matrix

norm.
Let f, f : R x R™ — R™, with f, f € LC, where LC denotes the set of Lipschitz continuous

functions. The LC topology is generated by the metric

drc <f, f) = sup Hf(a;’u) —f(a:,u)‘ + sup fi (@, u) — fi (y,v) — (fi (z,u) — f; (y,v))‘

veRr ueR ek Ve =9l + Ju— o]

i€[1,n]
Let f, f: R" x R™ — R", with f, f € C°. The C° topology is generated by the metric

doo (£,F) = _swp ||f(@,w) - f (@,u)]-

x€ER” yeR™

The supremums in the last three definitions are over z € R™ and u € R™. This can be
eased to the supremum over A where N' C R” x R™ is a tubular neighborhood of S x {0}. This
modification has no effect on the development that follows if NV is large enough, i.e. for all z € S,
sup,cp, |y — x| is large enough, where E, := {y € N : x := argminyes ||y — v| }.

In the definition of system (1), the set S is invariant, i.e. f(S) = S. As the map f varies

it is likely that S is no longer invariant. Indeed, it is possible that arbitrarily small variations in



the map f lead to drastic changes in invariant sets. This is problematic since X, the solution to
the Riccati equation (4), is only defined on S where S is invariant. It is difficult to discuss the
dependence of X on f if as f varies the domain of X greatly varies. Thus we will restrict our

attention to variations in f such that S only varies slightly. That is, we will require
d. (f, f) +H (S, S) <e, with f(S) = S, and f(s) _ g )

where H (-, -) is the Hausdorff metric, i.e.
H (S, 5’) ‘= max supinf{HG — OAH he S'} , Supinf{HO —é” RS S} .

0eS beS

In the sequel it will be understood that § is an invariant set of f and § is an invariant set of f .
Next we extend the feedback F : § — R™ ™ defined by equation (??) to all of R” by

F‘@ = Fe(é)where

0(9):argmin{HO—éH:OES}. (6)
The cost quadratic X can be extended to X in the same fashion. Note that 0 (é) is not necessarily
well defined and X might not be continuous. However, by perhaps invoking the axiom of choice,

one can properly define 0 (é) Furthermore, X is continuous on S and if Hé — @H is small and

is small. Finally, let X : S — R" and

) |

Now, if f is a hyperbolic on S (see section 3), then H (S, S’) is small whenever dc ( 7 f)

Q€ S US with H(S, S') small, then HX'@—X(;,‘

X:§ — R"; define

ds,S (X, X) = max (21611; HX@ — X@“(a)’

sup [ Xy(q) = %)
6es

is small [7]. Furthermore, if f : S — S is hyperbolic on S and S is a manifold (i.e. f is an
Anosov diffeomorphism) and if det ( 7 f) is small enough, f is hyperbolic on S and S is invariant.
Therefore, if f is an Anosov diffeomorphism, H (S, S’) = 0 and dg g (X, X) = dgo (X, X)
On the other hand, suppose that S is an attractor for f, that is for all ¢ € N (S), we have
limg oo f¥ () C S, where A (S) is any small enough neighborhood of S. Then it is a generic
property for such diffeomorphisms that H (S, S’) is small whenever dgo ( 7 f) is small [9], where
S is an attractor for f Hence, in these three cases dc ( 7 f) small implies H (S, S’) is small,
and therefore condition (5) is repetitious. Nonetheless, to maintain generality, condition (5) will
be assumed. On the other hand, for dynamical systems that are not structurally stable, it is

possible that H (S, S’) -+ 0 as d¢ ( 7 f) — 0. Clearly, the LDV controller is not structurally



stable in these situations, therefore it is assumed that f is such that d¢ ( 7 f) — 0 implies that
H <S, S’) — 0.

3 Conjugacy

Conjugacy provides an equivalence relationship between dynamical systems. In this section
C'and C° conjugacy are examined. It will be shown that C! conjugacy preserves LDV stabiliz-
ability and the conjugacy maps can be used to transform the controller. However, in the case of
C° conjugacy, LDV stabilizability is not preserved. Since structural stability of dynamical systems
implies C° conjugacy with nearby systems [7], structural stability of the dynamical system alone
does not imply the structural stability of LDV stabilizaility or of the LDV controller.

Let f be LDV stabilizable and let f and f be C! conjugate. That is, there exists diffeomor-
phisms
g:R" - R" g(S) =25, and h:R™ —R™
such that f(0,u) = g1 (f (g (0),h(u))) Define G (0) = %% (), H(#) = %. Since g and h are

diffeomorphisms, G and H are invertible. Therefore the following diagram commutes:

TS xR (4.5) TS
! !
sxrr L g
(G, H) (9:7) 1 97 G
Sxrm L
7 T

Thus, if (A, B, f) is the LDV system induced by f and (fi, B, f) is the LDV system induced by
f, then x‘ig(g) = Gg(g)AgGg_(le), Bg(g) = Gg(g)BgHg_((l,). If F: S — R™*™ uniformly exponentially
stabilizes (A, B, f) then ﬁ’g(g) = HgFgGg_&g) uniformly exponentially stabilizes (/i, B, f) Thus,
LDV stabilizability is preserved under C' conjugacy. Similarly, LDV uniformly detectability is
preserved under C' conjugacy.

Now, suppose (4, B, f) is stabilizable, (4, C, f) is uniformly detectable, DyDy > 0 for § € S,
C’g(g) = CgGg_(},) and .Dg(g) = DpHy, ! Since f € C', the LDV system induced by f is continuous
and Theorem 2 implies that there exists a continuous function X : § — R™*™ that solves equation

R /
(4). It is clear that X, = (Gg_(},)> XpGy(g) solves the Riccati equation associated with the



LDV system (/i, B, C’, 15, f) Therefore, LDV systems and quadratic controllers are well defined
in a coordinate free approach. The topological and geometric issues associated with LDV systems
on a non-orientable or non-parallelizable manifolds S are addressed in [6].

Now, if f is hyperbolic and f is C! close to f, then f is hyperbolic and f is topologically
conjugate to f (for exact result see [7]). However, f and f are not necessarily C! conjugate. If
hyperbolicity implied f and f are C'! conjugate, then LDV would clearly be structurally stable
in the hyperbolic case. Note that in the case of topological conjugacy, the nonlinear control
a(k) = h™' (Fyy (97 (p(k)) — g~ (0 (k)))) might not exponentially stabilize f. Consider, for
example, a system with no input:

fp) = %w, S= [0, %]

and the induced LDV system
1
x(k+1)=§m(k). (7

Under homeomorphisms g (¢) = — (log (¢)) ™" and g~ (¢) = e_é, the conjugate system becomes

A /A 1 A A -1
0w 5° [0’ oz <%>1

and the induced LDV system is

1

Bl = (1+é(k)1n2)2

gk),  0k+1)=F(00). (8)

The above system is not uniformly exponentially stable because for every 8 < oo and a < 1,
|& (k)| > Ba* |z (0)|| for some k. Of course f¥(f) — 0, just not exponentially fast. Thus,
f and f are topologically conjugate, yet (8) is LDV stabilizable and (7) is not. Therefore, since
hyperbolicity only leads to topological conjugacy, hyperbolicity will not help to prove the structural
stability of LDV stabilizability. We must rely on the fact that f and f are C! close to infer LDV
stabilizability of f.

The example above illustrated the weakness of the LDV approach compared to nonlinear

methods. The LDV approach implies that f is not stable, when, in fact, it is stable.

4 Structural Stability

In this section it will be shown that if f is near an LDV stabilizable f in the C! topology
and H (S, S’) is small, then f is LDV stabilizable (proposition 4). In fact, the LDV optimal



quadratic cost varies continuously with do: ( 7 f) + H (S, S’) - that is the map (f,5) — X is
continuous where X is the positive semi-definite function which solves equation (4) (proposition
4). Furthermore, if f is near f in the Lipschitz topology and H (S, S’) is small, then f is also LDV
stabilizable (proposition 4). Finally, if f is near f in the C° topology and H (S, S’) is small, then
an LDV controller may only stabilize f in the sense that limsupy, ||z(k)|| < €, where the control
objective is (k) — 0 (proposition 4).

Let system (1) be a continuous LDV. If the pair (A4, f) is uniformly exponentially stable, then
there exists an € > 0 such that if deo(f, f) + dco (A, fl) +H (S, 5’) < €, then the pair (fl, f) is
uniformly exponentially stable. Furthermore, the @ and 3 in the definition of uniform exponential
stability of (fi, f) can be taken to only depend on A, f and .

Note, this lemma is only examining LDV systems and therefore does not require that A =
of
oz~

Fix K D N (S), where K is compact and N (S) a tubular neighborhood of S. Define ; such
that H (S, S’) < &1 implies that § C K. Since (A4, f) is uniformly exponentially stable, Theorem

2 implies that there exists a continuous positive semi-definite function X such that for e K ,

A(6) X1 (o(0))Ao(8) = Xo(a) = 1 9)

where 0 (é) is defined by (6). Since X is continuous, there exists a § > 0 such that ||¢ — 0| < §

implies || X, — Xo| < &

8221?, where A = sup {4y : 0 € K}. Furthermore, since f is uniformly

continuous over K, there exists a v > 0 such that for 0,9 € K, and HO —éH < 7, we have
Hf(@) —f (é) H < %. Therefore, if dco (f, f) + H (S, 5’) < min (%,’)’,61) := €5, then for 6 € S,

we have

@) -1 ()] <
@) =2 @) +[7@) =7 @) [# () - (@))] <e

b

11
8X

11
,\/57,1>

L
0
61 and d ( 7 f +H (S, A) < &9, then with a bit of elementary manipulation it can be shown that

~

~ ~ / ~
A5Xy(5(0)) A6 = 46X r0) A0 + (Ae - Ae) Xs6) (Ae - Ae)

. N . .
— ApX o) (A — Ag) — (Ae - Ae) Xy(0)A0 + Ap <Xf(€) - Xf(9)> Ao

Seta=1-— m and 8 = %%} Since X is bounded and continuous, S compact



and X > 0, o and 3 are finite. Since Xj(.) solves equation (9), it is not hard to show (for example
see [12]) that @ < 1 and if x(k+ 1) = /Alfk (éo)x(k), then ||z(k)|| < Ba® ||z(0)]|.

Assume f € C! induces a stabilizable LDV system, that is, there exists a continuous map
F : S — R™™ guch that (A+ BF, f) is uniformly exponentially stable. Then there exists a
6 > 0 such that if do1(f, f) + H (S, S’) < &, then f is LDV stabilizable and is stabilized by the
feedback F'. Furthermore, with this feedback, the «, 8 and < in the definition of locally uniformly
exponentially stability can be chosen to depend only on f, F' and 6. Thus LDV stabilizability is
a structurally stable.

Define flé = %g (é, 0) + %5 (9,0) Fe(é)' Then dco (fl, A) < Cden (f, f) where C' is a
constant that depends on F'. Lemma 4 implies that there exists an € > 0 such that if dgo(f, f) +
dco (A, /~1> + H (S, 5’) < g, then (]1, f) is stable. Hence, there exists a § > 0 such that if
dea (f, f) + H (S, S') < 6, then (%g (é, 0) ,%5 (9,0) ,f) is stabilizable. Lemma 4 further states
that the parameters of stability, o and (3, only depend on A+ BF, f and €. Since € and A+ BF
depend on F, and A and B are the partial derivative of f, we conclude that a and 3 can be taken
to only depend on f, F' and .

Thus, if the feedback F' stabilizes f, then F' also stabilizes any function f near f in the C!
topology. A natural question is, how good of a controller is F'? For instance, if F' is the LDV
quadratic controller for the LDV system induced by f, how far is it from the LDV quadratic
controller for f' That is, are LDV quadratic controllers structurally stable? First, note that
detectability is a structurally stable property. That is:

Assume that A,C and f are continuous and (A4, C, f) is uniformly detectable. In this case
there exists a § > 0, such that if dgo (f, f) ~+ dco (A, A) ~+ deo (C, C’) + H (S, S’) < 0, then
<A, C’, f) is uniformly detectable. That is, there exists a ¢ < 1 and Bd < 00 such that if
dco (f, f) + dco (A, A) + dgo (C, C’) + H (S, S’) < 6, then there exists a feedback L such that
IE(k) < Bad 1€(0)| where £(k + 1) = (fi +1LO
A, C, f,and 6.

f)C) £(k). Furthermore, &4 and 34 only depend on

The proof is nearly identical to the proof of Lemma 4.

Let f € C'. Assume that the LDV induced by f is stabilizable, (4,C, f) is uniformly
detectable and DpDy > 0 for all § € R™. Then for all ¢ > 0, there exists a § > 0 such that
if den (f, f) + deo (C, é) + deo (D,f)) +H (s, s) < 6, then dg g (X, X) < &, where X is
the positive semi-definite solution to the Riccati equation (4) induced by (C, D, f) and X is the

positive semi-definite solution induced by (C’, f), f)



Let € > 0. By Proposition 4, there exists «, 8 and 6; such that if dc: (f, f) +H (S, S’) <6

and 0, € §, then || (k)| < Ba ||z (0)] where & (k +1) = (Afk(éo) +Bf~k(@o)Fe(fk(@o))>§:(k)
and F is the optimal LQ feedback gain for (A, B,C, D, f). Therefore, it is possible to show that
if den ( f, f) +deo (C, C*) +dgo (D, f)) v H (S, S) < 6, and

! v o . ~ 1 A A
2, X, To = min k_oa:(k) ka(ao)

C‘fk (0.2 (k) + “(k)'ﬁ}k(eo)bfk(eo)“(k)

subject to £(k+ 1) = Afk(eo)‘@(k) + Bfk(eo)u(k) ,

then HXé

< X, where X i= @15 ((C+8)"+ 2 (D+8)), C := maxoex [Call, D =
maxgex || Do, F := maxges || Fo|-

Lemma 4 shows that if dg: (f, f) +dco (C, C’) +H (S, S’) < 62 then (/i, C, f) is detectable
with paramters & and B that do not depend only on 89, C, and f.

Theorem 2 can then be applied to show that the closed-loop system (fi + Bﬁ', f ) is uniformly
exponentially stable with stability parameters that only depend on 61, 62, C, D and f. Therefore

there eixsts a N < oo such that

N 1 e, .
12N + DIl <1/ 1755 12O, (10)
where z is given by & (k + 1) = (Afk(éo) + Bfk(éo)ﬁfk(éo)) .@(k)
Let 4p ,, denote the optimal control due to initial conditions 6,, z (0) for the system

with parameters (A,B, C', f), f) Define u;o 2(0) similarly, but for the system with parameters
(4,B,C, D, f). Define

X
Un:=<u€l O,N:u2 < — },
v { 0] [l < Top— 5

where ¢ (D} Dg) is the minimum singular value of DjDg. Therefore, there is a 3 > 0 such that if
den (f, f) +deo (C, C*) +deo (D,f)) +H (S, S) < 63, then {a;mw(o) (k): k < N} € Un. Note
that Uy is compact since N < oo, where N is such that equation (10) holds.

Let &y 6, (K+1) = Afk(go)xazoﬁzo (k+1) + Bjr(g,yu(k), and define &, , similarly. Since
N < oo, if we fix (A, B, f), u € Un, 6, € S and x(0) with |z (0)|] < 1, then x,4, (N +1) —
£, (N+1) is continuous in A, B, f and 0, and since Uy, K and {z (0): |z (0)|| < 1} are
compact, there exists a 64 > 0, which can be taken independently of u, 6, and z (0) such that if

deo ( f, f) +dgo (A, A) +dgo (B, B) +H (S, s) < 64, then

|

1 e
Zua(ay) N+ D =2, (V+1)| </ 55 (11)




Therefore, if dor (f, f) + dgo (C, C’) + dgo (D,D) + H (S, S’) < min (6o, 61,02, 63,84), and
|z (0)|| < 1, then equations (10) and (11) yield,

2 2
X ||z, o(6,) N+ 1) =X ||z o) N+ =& 5 (N+1) 485 5 (N+1)| =
6,xq bo Yy o 6,20’ %o “a ,@g’ bo
~ 2 2
X T ( )(N—l—l)—a: X (N+1) .’ftﬁt é (N+1) (12)
9,@07 6 aco 9,10’ hd
/
S €
- — N < Z
+2X(muéyw09(o)(1\7+l) a:MO O(N—l—l)) 9100(N+1)_4
Likewise,
2
_ 1. €
X x“E,zov"("O) (N + 1) 1 (13)
Note that x . 0(6.) (N +1) is the state after the non-optimal control u 6(6,).x(0) is applied; the
0 aco
optimal control is u #(0)°
Define
N
z(0)'W(u, N,0,)z(0) := Zm(k)C}k(eo)ka(eo)m(k) +u(k) D} g,y Do,y u(k) (14)
k=0

where x(k + 1) = Agx(g,)2(k) + Byrg,)u(k) and z (0) = z (0) .

Define £(0)'WW (8, N, 6,)2(0) similarly. Since N < oo, 2(0)' Wy (u, N, 6) 2(0)—&(0) W; (u N, é) 2(0)
is continuous in (/i, B,C,D, f) and §. Furthermore, since Uy and K are compact, if lz (0)|| <1,
there exists a 65 > 0 such that if dc: (f, f) + dgo (C, C’) + dgo (D,ﬁ) + H (S, S’) < 65, then

Ha:(O)'Wf (u N, 9 (éo)) 2(0) — z(0)'W; (u N, éo) m(O)H < % for all u € Uy and 8, € 5. (15)

Let dos (£, f)+doo (C,C)+doo (D, D)+H (8,8) < min (8,64,85). Then, for |z (0)] <1,
inequalities (12) and (15) yield,

Z(O)Xe( 5,)2 (0) =2 (0) X5z (0)

!
2 () Wy (50 N,0 (9) ) 2 (0 Tas o0(00) N HD) (Xpvsnoa) T 0 0(00) VD)
—z () Wy (uémw(o)’ ) 0) == U000 (V+1) (XfN+1(9°)) T3, 200 (N+1)
< E.

Similarly, (13) and (15) yield

z (0) Xéoa: (0) — z(0) Xe(éo)a: (0) <e.

Therefore, if ||z (0)| < 1, then supy g )x ( ( >> z(0) —z O)X< > (0)) < €. Similarly, it
é

can be shown that supgcg ‘m(O)X( )z(0) — z(0) X ( (0 ) (0)‘ <€, and thus dg ¢ (X X) <e.



Next we weaken the assumptions in Proposition 4. First, we examine the case where f eLC
with drc ( 7 f) < g, and find that the above results still hold. Then the case where f € C° with
dco ( 7 f) < ¢ is examined. It is shown that such system can be made stable, but not necessarily
asymptotically stable.

Let f € C! induce a stabilizable LDV. Then there exists an € > 0 such that if f € LC and
drc < £ f) +H (S, S’) < 6, then the LDV controller induced by f locally uniformly exponentially
stabilizes f .

Since f € C', defining the tracking error & (k) = @ (k+1) — 0 (k + 1), we see that error

dynamics are given by

@k +1) 0 (k+1) = f(@(k), (k) — F (0(k),0) (16)
= Aju(5,)3(8) + Bju g,y 8(k) + (@ (k), a(k), O (k)
+ (Floe),a(k) - F (0(K),0) — (F(@(k),a(k) - £ (0R)))) .
where 7(&(k), @(k), §(k)) accounts for the nonlinear parts neglected in linear approximation. By
Lemma 4 it is clear that if dz.c ( f, f) +H (S, S) is small enough, the LDV system (A + BF, f)

is uniformly exponetially stable. It can be shown (see [2]) that n(z, u,d) can be decomposed as

A

n(z,u,0) = nz(z, u, é)x + nu(z, u, é)u

and that — 0 as Z, 4 — 0. Define p (z, Fpz,0) € R"X"*t™ by

Nz(z, u, é) + Nu(z, u, é)Fe(é)

(file+6,Fox) — i (6,0) - (fi (e +0,Foa) ~ £:(0,0)) | o,  forj<n

2 2 .
[[]|” + || Foa|| (Foz);_,, forn<j<mn+m

p(z, Foz,0), ; ==
Thus,

p (.’L‘, Fo(é)x, é) = f (-’L‘ + é, Fa(é).’L‘) - f (é, 0) - (f (.’B + é, Fe(é)u> —f <é>> (17)

Fa(é)a:

and SUD||z| <z,

P (x, Fe(é)x, é) H < +v/ndrc (f, f) Therefore, we see that (16) can be written as a
uniformly exponetially stable linear system, with a pertubation that can be bounded by a O (m2)
function. It is well know that such systems are asymptoically stable. [13]).

If we only restrict dgo ( 7 f) < ¢ then asymptotic stability cannot be guaranteed. For
example, consider the dynamical system f (¢, u) = %cp. Then f is globally uniformly exponentially
stable with |p(k) — 8(k)| < %k |¢(0) — 6(0)|. Define f(¢,u) = Lp-+esin (£Z). Then deo (f, f) <

€ and f has three fixed points corresponding to the solutions of sin (*:i %) = —2% Hence, £¢ are stable



fixed points and zero is an unstable fixed point. Thus, if ¢ > 0 and 6 < 0, then |p(k) — 8(k)| = 0.
However, limsup |¢(k) — 0(k)| < 2e. Therefore, f is stable, but not asymptotically stable, instead
asymptotically ¢ (k) — 0 (k) approaches a small set around zero. This form of stability is often
referred to as asymptotically bounded and the attractive set that ¢ (k) — 6 (k) enters is called a
residual set.

Let f € C' be LDV stabilizable via the feedback F. Then there exists an € > 0 such that
if dgo ( 7 f) + H (S, S’) < g, then the feedback F' makes f asymptotically bounded, with the
diameter of the residual set continuous in €.

Since (A + BF, f) is uniformly exponentially stable, Lemma 4 implies that there exists an
€ > 0 such that <A+ BF, f) is uniformly exponentially stable if dgo ( 7 f) + H (S, S’) <e

where Fé = Fe(é)' Consider the system

z(k+1) (18)

= £ (2(6) + 75 (00), Fy(puco,yym () — £ (£ (60),0)

= (Af(eo) + B, I e(fwo))) z (k)

70 (2 (R) , By uiay) @ (), £ (60) ) @ (k) + mu (2 (8) s Fy o0y (B) ¥ (60) ) Foy o,y 2(R).
where 7, and 7, account for the error due to linearization. Since (A + BF, f) is uniformly expo-
nentially stable, Lemma 4, ||7,| and ||7,]] — 0 and z and u go to zero, and the fact that uniformly
exponentially stable linear system remain stable under small gain perturbation, we conclude that

the nonlinear system (18 ) is locally uniformly stable. Now, consider the system

@k +1) = 0k +1) = F (#(k), Fy(a) (#(6) = 6(k)) ) = 7 (8(k), 0) (19)
= 1 (#(8), Fy(ayy (6(0) = 0(K))) = £ (9
+ (£ (8(K), Fygay (200 = 0R)) ) = £ (0(k),0) —1 (2(k), Fy(aqeyy (06) — (k) ) = 1 (6(k),0))
We see that (19) is a locally uniformly stable nonlinear system with a extraanous noise input. It
is not difficult to show that such systems are asymptotically bounded
Typically one assumes that control methods of nonlinear maps based on linear approximation

are only applicable to differentiable maps. However, the last two propositions show that this

assumption is not necessary.



5 Structural Stability of the Optimal LDV Controller of the
Hénon Map

The Hénon map is defined as

1— (a+u(k)) (1 (k)" + 2 (k)

pk+1)=
bes (k)
The LDV approximation of this system is:
—2a6; (k) 1 k))?
z(k+1) = dB L e PO e sk = F0m).0).
b 0 0

The Hénon map has been studied for a wide variety of parameters. It was first introduced with
a =14 and b = 0.3 [5]. With these parameters it is not yet known if this system is chaotic.
However, computer simulations show that the system has an attractor. An LDV controller for
the Hénon map was found in [2]. Since the Hénon map has an attractor [11], one can expect
that the attractor does not change for small perturbation of the parameters [9]. In this case,
Proposition 4 implies that the optimal controller should not change too drastically for small
changes in the parameters if the attractor does not change to much. However, the Hénon map
is not structurally stable. For example, if a = 1.392 and b = 0.3, then the attractor S is non-
trivial with aperiodic orbits and the map appears to be chaotic. However, there are parameters
d arbitrarily close to 1.392 such that the attractor is simply an infinite set of periodic orbits [10].
Thus, for arbitrarily small changes in the parameters, the dynamics of the system drastically
change. However, according the results presented here, for small changes in the parameters, the
closed loop system will remain stable and the optimal controller should only slightly vary. Figure
1 confirms this fact and shows log (dol ( 7 f) +H (S, S’)) versus log (d& g (X, X )) where X is
the solution to the functional algebraic Riccati equation (4) with a = 1.4 and b = 0.3 and X is

the solution for other values of a and b.

6 Conclusion

It has been shown that LDV systems are well behaved under small perturbations of the nonlinear
subsystem. In particular, for C' or Lipschitz perturbations, a stabilized system remains stable.

For continuous perturbations, the system merely remains ultimately bounded. However, the size
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Figure 1: Optimal quadratic cost versus system perturbation

of the residual set is continuous in the perturbation. Therefore, it is not required to have perfect
knowledge of the nonlinear system when designing the controller. Indeed, the actual system may
not even be differentiable and yet methods based on linear approximation will be successful. An
important result is that in the case of C! perturbations the optimal LDV controller is continuous
in the perturbation. This feature of LDV controllers is utilized in efficient schemes to compute

the solution to the functional algebraic Riccati equation [2].
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