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Estimates of Low-Frequency Sound Speed and
Attenuation in a Surface Mud Layer Using

Low-Order Modes
Lin Wan , Mohsen Badiey , David P. Knobles , Preston S. Wilson , and John A. Goff

Abstract—Whereas there have been numerous theoretical and
experimental studies on the properties of marine granular sands,
there are significantly fewer studies on sediments classified as
muds. The validity of geoacoustic models for muddy sediments
has not been successfully tested due to the lack of inverted low-
frequency sound speed and attenuation values. The geoacoustic
properties of a surface fine-grained mud layer, overlaying three
sand transition layers, and a half-space basement within the New
England Mud Patch, were studied using explosive signals from
long-range along-shelf sound propagation tracks. The sound-
speed profile of the mud layer in the low-frequency band (100–500
Hz) was estimated using acoustic normal mode characteristics
including the mode shapes and the modal dispersion curves of
low-order modes, which mainly propagated in the water column
and the surface mud layer. The ambiguity of sound speed at the
top of the mud layer and sound-speed gradient was approximately
removed. It was found that the resultant sound-speed ratio at the
water-sediment interface was close to unity and the sound-speed
gradient was 1.8 1/s with a standard deviation of 1.0 1/s. The
attenuation in the mud layer was inverted using the attenuation
coefficient of the first mode extracted from explosive signals at
three source locations. The estimated attenuation at 150 Hz had a
mean of 0.006 dB/m and a standard deviation of 0.003 dB/m.

Index Terms—Ambiguity removal, dimension reduction, geoa-
coustic inversion, low-frequency sound speed and attenuation,
muddy sediment, normal mode, seabed characterization experi-
ment (SBCEX).

I. INTRODUCTION

G ENERALLY, the ocean floor can be characterized by
mean grain size or type (e.g., gravel, sand, and mud) [1]–

[5]. In shallow water continental shelves, most of the ocean
sediments range from sand to mud [2]. Whereas the physical
mechanisms controlling sound propagation in marine granular
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sands have been studied theoretically and experimentally, far
less attention has been paid to muds, which have more silt and
clay content and smaller mean grain size than sandy sediment.
Recently, there has been a growing interest in the acoustic prop-
erties (e.g., sound speed and attenuation) of muddy sediments in
part because of their scientific complexity but also due to human
kind’s ever increasing activity in the ocean.

A shallow-water seabed characterization acoustic experiment
(SBCEX 2017) [6], along with a series of environmental surveys,
was conducted in a 30 km by 11 km area on the southern New
England shelf. The experimental area, previously referred to as
the New England Mud Patch [7], [8], has a surface fine-grained
sediment layer composed of around 60% silt, 30% sand, and
10% clay [9]. This feature makes the Mud Patch a location for
studying the geoacoustic properties of muddy sediments.

Direct measurements of sediment properties are expensive
and spatially limited. They generally disturb the ambient sedi-
ment structure and can thus bias the sound-speed measurements.
The small value of sound attenuation at low frequencies (e.g.,
below 600 Hz) precludes direct measurements, because the dis-
tances required to achieve detectability are at least hundreds or
thousands of meters. In addition, direct measurements made at
high frequencies (i.e., larger than 5 kHz) may have little physical
relevance to trying to understand the low-frequency response of
a sediment. Therefore, the inversion methods based on acous-
tic field measurements (i.e., acoustic remote sensing) have been
exploited to estimate low-frequency sediment properties. These
inversion techniques involve normal mode analysis [10]–[25],
matched field processing [26]–[28], signal waveform matching
[29]–[32], transmission loss [33], [34], spatial coherence of re-
verberation and propagation [23], [35], ambient noise correla-
tion [36], [37], reflection coefficient [38], [39], Hankel transform
[40], [41], and multipath arrival time [42].

The cost functions of the full-field inversion approaches (e.g.,
matched field processing) calculate the difference between mea-
sured acoustic field and forward model predictions, which usu-
ally include a high-dimensional parameter space to describe all
the full-field features in the measured data. The difficulty that
arises from this high dimensionality is the parameter ambigu-
ity (e.g., seabed sound speed–attenuation coupling discussed in
[43]). Dimension reduction can be achieved by two ways: first,
using the prior knowledge from direct measurements as con-
straints or second, defining cost functions measuring the data-
model misfit of a particular feature that depends only on the
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Fig. 1. Mud thickness map in terms of TWTT in units of milliseconds [46], [47]. 20 explosive charges, deployed at four firing stations (shown as dots) on two
along-shelf tracks (T1 and T2), were utilized for estimating the sound speed and attenuation in mud. The signals were recorded at a sampling frequency of 9600
Hz by an L-shaped array (marked by a square).

subset of the parameter space. In this paper, we will first utilize
the analyzed environmental data from SBCEX 2017 and the
data from a subbottom profiler survey as constraints and, then,
extract three modal characteristic features (i.e., modal arrival
time, mode shape, and modal amplitude of low-order modes)
to construct physics-based cost functions mainly depending on
the geoacoustic properties of the surface mud layer. The sound-
speed profile (SSP) and attenuation can be estimated by an ex-
haustive search of the parameter space with reduced dimensions.

The modal dispersion curve has been utilized to estimate the
sea bottom properties at the site of SBCEX 2017 [24], [25]. In
particular, the detailed structure of the Airy phase corresponding
to the group speed minimum of low-order modes was observed
using long-range explosive sound signals. A sensitivity analysis
indicated that the Airy phase structure was mostly affected by the
sound speed in the half-space basement [24]. The ambiguity of
sound speed at the top of the mud layer and sound-speed gradi-
ent cannot be completely removed by using the low-frequency
(10–80 Hz) modal dispersion curve with Airy phase structure
[24]. In [25], high-order modes over the frequency band 20–
440 Hz were resolved and estimated using a warping method
and a combustive sound source signal at a range of 4.8 km along
a range-dependent track. The inversion, using high-order modes,
provided estimations of sound speed and density in the mud layer
and deeper sediment layers as well as the basement.

In this paper, we focus on the low-order modes of explosive
signals, which have propagated out to long ranges (up to 15.45
km), from along-shelf propagation tracks to estimate the sound
speed and attenuation in the mud layer in the low-frequency
band (100–500 Hz). The rationale of choosing this data set is
explained as follows.

1) The estimation of a small value of low-frequency sound
attenuation in mud requires a long propagation distance to
achieve detectability.

2) The low-order modes are separated in the time do-
main at long ranges. Their modal amplitudes and ar-
rival times could be simply extracted using appropriate

source–receiver configurations [19]. This mode separation
technique does not rely on advanced mode filtering meth-
ods [16], [21], [44]. Therefore, the uncertainty introduced
by these methods is eliminated.

3) For a given frequency, low-order modes with small graz-
ing angles will generally travel in shallower layers in the
sediment than high-order modes with large grazing angles.
Particularly, the characteristics of the first mode in the fre-
quency band (100–500 Hz) are mainly determined by the
geoacoustic properties of the surface mud layer. Thus, the
dimension of the parameter space could be significantly
reduced and the effect of the uncertainty from propagation
in the deep sand transition layers and half-space basement
might be minimized. The idea of using the dimension-
reduced parameter space and the first-order modal arrivals
has also been discussed in [32].

4) The presence of a well-mixed ocean as confirmed by en-
vironmental measurements largely mitigates uncertainties
due to the water column. The use of nearly isobathic along-
shelf propagation tracks further reduces the complexity
of the shallow water waveguide. Assuming the sediment
properties did not change as a function of range, we could
treat these long-range tracks as weak range-dependent
ones in part because of the small bathymetric variance
(0.6 m), which was within 1% of the water depth. Given
the change of layer thickness in the mud layer, the valid-
ity of the adiabatic approximation was justified for low-
order modes using the criteria derived by Milder [45].
Therefore, the adiabatic approximation is utilized for this
research.

The remainder of this paper is organized as follows. Section II
describes the experimental configuration and analyzes the envi-
ronmental measurements. Section III demonstrates the normal
mode analysis of long-range explosive sound signals. Section IV
presents the estimates of SSP in the surface mud layer using the
mode shape and the modal dispersion curve. The ambiguity of
sound speed at the top of the mud layer and sound-speed gradient
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Fig. 2. Sediment layer structure along (a) track T1 and (b) track T2 [46], [47].

is examined and approximately removed. In Section V, attenu-
ation in the mud layer is inverted using the modal attenuation
coefficient extracted from modal amplitudes at three ranges. The
uncertainty of estimated mud attenuation due to modal ampli-
tude measurement, source level, and source depth is evaluated.
Finally, concluding remarks appear in Section VI.

II. EXPERIMENTAL CONFIGURATION AND

ENVIRONMENTAL MEASUREMENTS

The sea bottom at the SBCEX site has been extensively sur-
veyed in a series of experiments (i.e., a chirp sonar survey in
summer 2015 [46], [47], a vibracore survey and a piston sur-
vey in 2016 [9], [48]). Fig. 1 is the mud thickness map in terms
of two-way travel time (TWTT) in units of milliseconds (ms),
which was obtained using the 2015 survey data [46], [47]. The
analysis of the chirp sonar survey data suggests that this area can
be approximated by a surface mud layer overlaying three sand
transition layers and a half-space basement. Fig. 2 presents the
sediment layering structure of two along-shelf tracks (T1 and
T2, shown as two straight lines in Fig. 1).

The water temperature was monitored using the ships’ casts
of conductivity, temperature, and depth (CTD) and the envi-
ronmental sensors attached to vertical line arrays (VLAs) dur-
ing both the main experiment in 2017 and the survey in 2015.
Fig. 3(a) shows the water column SSP as a function of geotime
(from 5:00 to 11:00 Z on March 18, 2017) at the center of the

experimental area (40.4572◦ N, 70.5643◦ W), determined using
the environmental data from a VLA deployed by the University
of Delaware (UDEL VLA, marked by a triangle in Fig. 1). The
solid line and the dashed line shown in Fig. 3(b) represent the
SSPs measured in summer 2015 and in spring 2017, respectively.
Whereas the water column had a strong thermocline in summer,
it was well mixed (i.e., almost isothermal) in the spring time
when the acoustic measurements were made. It should be noted
that the 2017 spring SSP is applied in the acoustic data analysis
and the 2015 summer SSP is used to convert the 2015 TWTT to
water depth. From March 17 to 18, 2017, three CTD casts by two
research vessels, Neil Armstrong (NA) and Endeavor (EN), were
performed in the experimental area. Table I summarizes these
measurements and lists the maximum temperature difference
between these CTD casts and the measurements by the UDEL
VLA. The temperature difference was no greater than 0.7 ◦C.

III. NORMAL MODE ANALYSIS OF EXPLOSIVE SOUNDS

During the main SBCEX experiment in 2017, both narrow-
band and broadband acoustic sources were deployed at various
ranges, depths, and azimuths. In this paper, 20 explosive charges
with 31-g TNT equivalent, also known as Mk-64 signals un-
derwater sound (SUS), were utilized for estimating the sound
speed and attenuation in mud. They were deployed at four fir-
ing stations on two along-shelf tracks. The four firing stations,
five shots per station, are marked as four dots (SUS52, SUS62,
SUS63, and SUS65) in Fig. 1 and are also indicated by vertical
lines in Fig. 2. Table II summarizes the information for these
SUS charges. The signals of these 20 explosions with a source
depth of 18.3 m were recorded at a sampling frequency of 9.6
kHz by an L-shaped array (shown as a square in Fig. 1) deployed
by the Applied Research Laboratories of the University of Texas
at Austin (ARL:UT). The VLA portion, located approximately
172 m away from the UDEL VLA, had 14 hydrophones with
an element-spacing of 4.37 m. The horizontal line array (HLA)
portion was positioned on the seafloor.

Normal mode characteristics have been applied in geoacous-
tic inversion since the 1970s–1980s [10]–[13]. Successful in-
versions are dependent on accurate extractions of modal arrival
time, mode shape, and modal amplitude from broadband acous-
tic signals. As signal processing techniques advance, state-of-
the-art time-frequency analysis tools and mode filtering methods
have been developed for the separation of normal modes [15]–
[25]. On the other hand, most of these methods increase the com-
plexity of the modal extraction and might introduce uncertainties
due to certain assumptions used in data processing. For instance,
the assumption of orthogonality between different mode shapes
without including the unmeasured pressure field in the sedi-
ment may cause a bias in the extraction of high-order modes,
which have nonnegligible energy contained in the sea bottom
[44]. Here, we simplify the mode filtering process by choosing
long-range propagation tracks during SBCEX 2017. Especially
for the shots at the SUS65 station (15.45 km), the first modal ar-
rivals were easily separated in the time domain from other modes
by applying a bandpass filter with a center frequency of 150 Hz.
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Fig. 3. (a) Water column sound speed at the UDEL VLA during the deployment of SUS charges in the spring of 2017 (from 5:00 to 11:00 Z, March 18, 2017).
(b) SSP comparison between summer 2015 (04:35 Z, July 27, 2015) and spring 2017 [averaged result from (a)].

TABLE I
CTD CASTS FROM RESEARCH VESSELS, NA AND EN, AND TEMPERATURE DIFFERENCE COMPARED WITH UDEL ARRAY LOCATION

Fig. 4(a) shows the filtered mode one (solid curves) and its enve-
lope (dashed curves) as a function of hydrophone depth, which
was measured by 14 depth sensors mounted on the VLA. The
result at the depth of 75 m was from the seafloor positioned HLA
hydrophone, which was 37.3 m away from the VLA. Its arrival
time value was shifted to compensate for the distance offset. The
filtered signals have been normalized and shifted for easy graph-
ical viewing. The amplitude value of mode one was measured at
the peak of its envelope. Fig. 4(b) demonstrates the normalized
modal amplitudes for all five shots at the SUS65 station.

At higher frequencies, the arrival time difference between
low-order modes generally becomes smaller, thus mode filtering
of low-order modes is more challenging. A mode separation
technique was utilized here to obtain the modal arrival time and
amplitude at a node of its neighboring mode [19]. We use the
first shot at the SUS65 station as an example to explain our
data processing. Since the second mode was close to its node
at the depth of the eighth hydrophone (43.8 m) at 350 Hz, the
signal received by this channel was employed to get the modal
arrival time and amplitude of the first and third modes. Fig. 5
shows the signals (from top to bottom) filtered by the bandpass
filters with a bandwidth of 100 Hz and center frequencies of 450,
350, and 150 Hz, respectively. The result in the band 200–300
Hz is not presented due to the existence of electronic noise in
this band, which was caused by a ground fault within the array
recording system. The shock waves of the first and third modes
are identified in Fig. 5. Their arrival times, corresponding to the
peak values of the envelops, are marked as squares. The bubble
pulse (BP) arrivals of the first mode can also be recognized using

TABLE II
INFORMATION FOR SUS CHARGES

the measured first BP period (i.e., 41.6 ms) [49]. In Section IV,
the extracted mode shape and modal arrival time shown in Figs. 4
and 5 are utilized to estimate the SSP in the surface mud layer.

IV. ESTIMATES OF SSP IN MUD LAYER USING THE MODE

SHAPE AND THE MODAL DISPERSION CURVE

In this section, the two-stage inversion process, including
mode shape based inversion in Section IV-A and modal disper-
sion based inversion in Section IV-B, will be utilized to estimate
sound speed (c1) at the top of the mud layer and speed gradient
(s1) in the entire mud layer. In the first stage, the mode shape is
utilized to define the first cost function calculating the difference
between the modeled and measured mode shape. A strong cou-
pling between c1 and s1 is obtained using an exhaustive search.
In the second stage, the modal dispersion characteristics are ap-
plied in constructing the second cost function to remove the
ambiguity between c1 and s1 from the first stage.

A. Mode-Shape-Based Inversion

The mode shape has been successfully applied in the esti-
mation of sound speed in half-space bottom environments [16],
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Fig. 4. Extraction of the first mode at 150 Hz. (a) Filtered mode one (solid
curves) and its envelope (dashed curves) as a function of hydrophone depth. The
filtered signals have been normalized and shifted for easy graphical viewing.
(b) Normalized modal amplitudes of the first mode for all five shots at the
SUS65 station.

[19]. Since the first mode at 150 Hz mainly traveled in the wa-
ter column and the surface mud layer, it was not too sensitive
to the geoacoustic parameters in the three transition layers and
the half-space basement. The cost function, calculating the dif-
ference between modeled and measured mode shape, is defined
as

E1(c1, s1) =

√
1

Nphone

∑Nphone

j=1
(ψ1(zj)− ψ̂1(zj))2 (1)

where c1 is the unknown sound speed at the top of the mud layer;
s1 is the unknown sound-speed gradient.Nphone is the number of
hydrophones; ψ̂1(zj) is the normalized modal amplitude from
measurements, shown in Fig. 4(b), at the depth of the jth hy-
drophone; ψ1(zj) is the calculated mode shape obtained using
the normal mode model, KRAKEN [50].

The input geoacoustic parameter values for this calculation
are listed in Table III. It is noted that the values for sound speed
in the three sand transition layers and the half-space basement
were estimated from the geoacoustic inversion using modal dis-
persion curves with Airy phase structures in the frequency range
of 10–80 Hz [24]. The value for the density in mud was inferred
from piston core data collected close to the VLA [48]. The en-
vironmental data (e.g., water temperature, salinity, and water

Fig. 5. Signals (from top to bottom) filtered by the bandpass filters with a
bandwidth of 100 Hz and center frequencies of 450, 350, and 150 Hz, respec-
tively. The result in the band 200–300 Hz is not presented due to electronic
noise. The SWs of the first and third modes are identified. Their arrival times,
corresponding to the peak values of the envelops, are marked as squares.

depth) measured at the time of acoustic transmissions were fed
to the normal mode simulation model. The TWTT in units of
milliseconds, from bottom surveys [46], [47], was used as a
constraint to determine the mud layer thickness (Hmud) through
[24]

Hmud = c1

/[
2000

TWTT
− s1

2

]
. (2)

An exhaustive search was performed to find the inverted value
for c1 and s1, corresponding to the minimum of the cost function
(1). The search band for s1 was from− 9 to 13 1/s with a step size
of 0.5 1/s. For c1, the cost function was calculated every 1 m/s
between 1430 and 1510 m/s. After 3645 (i.e., 45 × 81) model
runs, the value ofE1 as a function of c1 and s1 is shown in Fig. 6.
A strong coupling between c1 and s1 is observed. For further
analysis, we chose three pairs of c1 and s1 with small data-model
mismatch and marked them as circles in Fig. 6. Table IV lists
the values of c1 and s1 for these three cases (i.e., no sound-
speed gradient, positive gradient, and negative gradient). Fig. 7
demonstrates their (a) SSPs, (b) mode shape of mode 1 and (c)
mode shape of mode 3 at 150 Hz. The SSPs in sand transition
layers and below are not shown.

In Fig. 7(b), the normalized modal amplitudes of the first
mode from measurements (black squares in the water column)
are in good agreement with the calculated results for all three
cases, which represent the ambiguity between c1 and s1. The
small value of the normalized modal amplitudes below the mud
layer indicates that the first mode at 150 Hz mainly propagated
in the water column and the surface mud layer. Thus, it was not
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TABLE III
GEOACOUSTIC PARAMETERS FOR INVERSION

sensitive to the geoacoustic parameters in the sand transition
layers and below.

The variation of the mode shapes in the mud layer is presented
in Fig. 7(b) and (c) for all three cases. The modal arrival time
reflecting this discrepancy can be used to remove the ambiguity
between c1 and s1 as shown in Section IV-B.

B. Modal-Dispersion-Based Inversion

In normal mode theory, the group speed of the nth mode Vn,
at a given frequency f , satisfies [12], [51]

1

Vn(f)
=

2πf

kn(f)Nn

∫ ∞

0

ρ(z)

c2(z)
|Un(z, f)|2dz (3)

where kn is the horizontal wave number; z is the depth down
from the sea surface; ρ and c are the density and sound speed,
respectively; Un is the mode eigenfunction; Nn is the normal-
ization factor of the nth mode and it can be defined by [10],
[12]

Nn =

∫ ∞

0

ρ(z)|Un(z, f)|2dz. (4)

Then, the dispersive modal arrival time of the nth mode
Tn, obtained by substituting the normalized modal amplitude,
ψn(z, f), into (3) and multiplying a range r on both sides of (3),
can be written as

Tn(f) =
2πfr

kn(f)

∫ ∞

0

ρ(z)

c2(z)
|ψn(z, f)|2dz. (5)

In a shallow water waveguide with a mud sediment layer over-
laying sand transition layers and a half-space basement, the in-
tegral in (5) becomes∫ ∞

0

ρ(z)

c2(z)
|ψn(z, f)|2dz

=

∫ Hw

0

ρw(z)

c2w(z)
|ψn(z, f)|2dz

+

∫ Hw+Hmud

Hw

ρmud(z)

(c1 + s1(z −Hw))
2 |ψn(z, f)|2dz

+

∫ ∞

Hw+Hmud

ρb(z)

c2b(z)
|ψn(z, f)|2dz (6)

where Hw is the water depth; cw and cb are the sound speed in
water and the layers below mud, respectively; ρw, ρmud, and ρb
are the densities in water, the mud layer, and the layers below
mud, respectively.

For the three cases shown in Fig. 7, the values of each term on
the right side of (6) were calculated. Although the first integral’s
interval (Hw) was over seven times larger than the interval of the

Fig. 6. Exhaustive search for sound speed at the top of the mud layer (c1) and
sound-speed gradient (s1). A strong coupling between c1 and s1 is observed.
Three pairs of c1 and s1 with small data-model mismatch are marked as circles.

TABLE IV
THREE CASES FOR COMPARISON

second term (Hmud), the difference in the values of the first term
for the three cases was close to that of the second term due to
the almost identical mode shapes ψn in the water column. They
were of the order of 8 × 10−9(s/m)2. The variation in the values
of the third term, depending on the properties in the layers below
mud, was only 5% of 8 × 10−9(s/m)2 and negligible, because
the value of the normalized modal amplitudes ψn was small in
these layers. Therefore, the difference of modal arrival time for
the three cases was dependent on the discrepancy of the mud
properties as shown in the second term. Furthermore, the ambi-
guity between c1 and s1, represented by these three cases, could
be removed by the cost function (7) calculating the difference
between their simulated modal arrival times and the measured
data demonstrated in Fig. 5

E2(c1, s1)

=

√
1

4

∑3

j=2

[(
ΔT1(fj)−ΔT̂1(fj)

)2

+
(
ΔT3(fj)−ΔT̂3(fj)

)2
]

(7)

where fj = 150, 350, 450 Hz for j = 1, 2, 3. The arrival time
of the first mode at 150 Hz, T1(f1), is used as the reference
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Fig. 7. (a) SSPs for three cases. (b) Comparison of calculated mode 1 with data at 150 Hz. (c) Mode shape comparison of mode 3 at 150 Hz.

time, thus ΔTn(fj) = Tn(fj)− T1(f1). The parameters with
and without the symbol hatˆare the measured and calculated
results, respectively.

The travel time Tn(fj) was calculated in the same manner as
in [24]. The 45 pairs of c1 and s1, corresponding to the minimum
value ofE1 for each s1 in the aforementioned exhaustive search
(along the valley in Fig. 6), were utilized as inputs to the normal
mode model. The value of E2 as a function of c1 and s1 are
illustrated in Fig. 8(a) and (b), respectively. For this example
signal, s1 and c1 were estimated to be 0.5 1/s and 1471.0 m/s,
respectively.

In Fig. 9, the calculated dispersion curves based on the param-
eter values of the three cases are plotted on top of the measured
ones presented in Fig. 5. The comparison shows that the mis-
match of the dispersion curves disqualified the second and third
cases. The set of parameter values in the first case, close to the
estimated values, provided a better fit to the extracted data.

For the five shots deployed at the SUS65 station, the estimated
s1 had a mean of 1.3 1/s and a standard deviation of 0.6 1/s. The
estimated c1 was 1468.8 ± 1.5 m/s and the mean sound-speed
ratio at the water-sediment interface (i.e., c1

/
cw) was 1.0004.

Besides the shots at the SUS65 station on the T1 track, the esti-
mation process for c1 and s1 was also applied in the five shots
deployed at the SUS63 station having the longest propagation
distance on the T2 track. The resulting s1 was 2.2 ± 1.2 1/s.
The inverted c1 had a mean of 1464.8 m/s and a standard devia-
tion of 2.7 m/s and the mean sound-speed ratio was 0.9976. The
value from both stations suggest that there was no very strong

sound-speed gradient in the surface mud layer and the sound-
speed ratio was close to unity. It is noticed from (3)–(5) that the
modal travel time depends on the modal group speed, which
is a range-averaged quantity along a range-dependent sound
propagation track [24]. The small difference of estimated pa-
rameter values between T1 and T2 indicates that the sediment
properties along these two tracks could be similar.

V. ESTIMATES OF ATTENUATION IN MUD LAYER USING THE

MODAL AMPLITUDE

The normal mode attenuation coefficient of the nth mode can
be expressed by [10], [12], [51]

βn(f) =
2πf

kn(f)

∫ Hw

0

αw(z, f)ρw(z)

cw(z)
|ψn(z, f)|2dz

+
2πf

kn(f)

∫ Hw+Hmud

Hw

αmud(z, f)ρmud(z)

(c1 + s1(z −Hw))
|ψn(z, f)|2dz

+
2πf

kn(f)

∫ ∞

Hw+Hmud

αb(z, f)ρb(z)

cb(z)
|ψn(z, f)|2dz (8)

whereαw,αmud, andαb are the attenuations in the water, the mud
layer, and the layers below mud, respectively. According to the
work in [43], αb = (0.37 ± 0.01) f1.80±0.02 dB/m, f is in units
of kilohertz. The attenuation in water, αw, can be calculated
using the formula in [52]. Particularly, αw = 0.003 dB/km at
150 Hz. If we substitute the inverted values of c1 and s1 in (8),
then αmud(f) becomes the only unknown parameter for βn(f)
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Fig. 8. (a) Value of E2 as a function of c1. (b) Value of E2 as a function of s1.

Fig. 9. Data-model comparison of the first (m1) and third (m3) modal arrival
times for the three cases.

and it can be estimated by minimizing the difference between
measured and modeled modal attenuation coefficient as shown
in (9). Here, we assume that αmud(f) is not depth dependent

E3(αmud(f)) = |β1(f)− β̂1(f)|. (9)

The pressure amplitude of the nth mode (expressed in decibels
and corrected for cylindrical spreading) can be described by [12]

20 log |pn(r, z, f)|+ 10 log r

= −(20 log e)βn(f)r + SL(f)

+ 20 log |ψn(z0, f)|+ 20 log |ψn(z, f)|+B (10)

where pn(r, z, f) is the pressure amplitude of the nth mode and
it is proportional to ψn(z, f); SL is the source level in decibels;
z0 is the source depth; B is a function of water depth and pulse
length.

Along the T1 track, the experimental attenuation coefficient
of the first mode (β̂1) at 150 Hz was obtained from the measure-
ments of its pressure amplitude at three stations (i.e., SUS65,

Fig. 10. Attenuation of the first normal mode at 150 Hz corrected for cylin-
drical spreading.

SUS62, and SUS52). Fig. 10 demonstrates the extracted pres-
sure amplitude of the first mode (expressed in 20 log |p1(r, z)|+
10 log r) from the eighth hydrophone of the VLA as a func-
tion of range. At each range, there are five dots correspond-
ing to five shots deployed at each station and received by the
eighth hydrophone. If the source level, source depth, and receiver
depth are held constant (i.e., SL(f) + 20 log |ψ1(z0, f)|+
20 log |ψn(z, f)|+B is constant), the least-squares fit to the
pressure amplitudes at these stations yielded a straight line with
a slope of m and a vertical axis intercept of q, which satisfy

m = −(20 log e)β̂1 (11)

and

q = SL + 20 log |ψ1(z0)|+ 20 log |ψ1(z)|+B. (12)

Using the averaged first modal amplitudes (marked as squares
in Fig. 10), we obtained the slope m = −0.1280 × 10−3 dB/m,
then β̂1 = 1.4737 × 10−5 dB/m. By minimizing the difference
between β̂1 and β1, the estimated αmud at 150 Hz was 0.006
dB/m.

It is noticed from Figs. 9 and 10 that, the uncertainty from
the modal pressure amplitude measurement will pass to the es-
timation of mud attenuation. Using the 15 shots at these three
stations (i.e., five shots per station), we quantified the uncertainty
of the attenuation estimation and obtained the frequentist statis-
tics as follows. According to (9)–(12), if we select one shot at
each of these three stations (i.e., one dot at each range shown in
Fig. 10), the least-squares fit to the three selected dots produces
one straight line with one slope. Therefore, one attenuation es-
timate corresponding to the three shots can be made. There are
125 different combinations of shot selections (i.e., 5 selections
at SUS65 × 5 at SUS62 × 5 at SUS52), which result in 125
attenuation estimates with a mean of 0.006 dB/m and a standard
deviation of 0.003 dB/m.

The inverted mud attenuation (0.006 dB/m at 150 Hz) is
smaller than that in sand (0.012 dB/m at 150 Hz [43]). Here,
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we examine the uncertainty of mud attenuation due to the dif-
ferent assumed values of sand attenuation in the deeper layers by
taking the upper (0.013 dB/m) and lower (0.011 dB/m) bound
at 150 Hz for the sand attenuation and computing the corre-
sponding mud attenuations. The variation of the resulting mud
attenuations at 150 Hz is less than 2.3 × 10−5 dB/m, which is
much smaller than the uncertainty (0.003 dB/m) caused by the
modal amplitude measurement.

The variability of source level and source depth associated
with the SUS charges deployed in SBCEX 2017 has been ana-
lyzed. The source level had a mean of 205.4 dB and a standard
deviation of 0.9 dB in the frequency band with a center frequency
of 150 Hz and a bandwidth of 100 Hz. The source depth, obtained
from the bubble period analysis, was about 18.4 ± 1.1 m [49].
The effect of this variability on the attenuation inversion can be
evaluated using the relationship shown in (13) between the vari-
ance of slope (σ2

m) and intercept (σ2
q ) from a least-squares fit [53]

σ2
m = σ2

q

Nshot∑Nshot
j=1 r

2
j

(13)

where Nshot is the number of shots (i.e., 15) and rj is the range
for the jth shot.

If the uncertainties from the last two terms of the right-hand
side of (12) are negligible, the uncertainty of intercept is depen-
dent on the variability of source level and source depth. Based
on the propagation of uncertainty and by (11) and (12), (13)
becomes

(20 log e)2σ2
β1

=

[
σ2

SL+

(
20

ln(10)ψ1(z0)

)2

σ2
ψ1(z0)

]
Nshot∑Nshot
j=1 r

2
j

(14)
where σ2

SL and σ2
β1

are the variance of source level and modal
attenuation coefficient of the first mode, respectively; σ2

ψ1(z0)
is

the variance of the first mode shape resulting from the variability
of source depth.

In (14), σSL = 0.9 and σψ1(z0) can be approximately esti-
mated by calculating the variation of ψ1 when the source depth
varies between its upper (19.5 m) and lower (17.3 m) bound.
Then, the only unknown in (14), σβ1

, can be computed. Fi-
nally, the uncertainty of inverted mud attenuation due to σSL and
σψ1(z0) is evaluated by taking the values of (1.4737× 10−5 +

σβ1
) dB/m and (1.4737× 10−5 − σβ1

) dB/m as inputs for β̂1
to (9) and comparing the difference between the corresponding
mud attenuations. The resulting uncertainty (0.004 dB/m) is on
the same order of magnitude as the one (0.003 dB/m) caused by
the modal amplitude measurement.

VI. CONCLUSION

Measured signals from long-range explosive sound sources
were utilized to extract the acoustic normal mode characteris-
tics including mode shape, modal dispersion curve, and modal
amplitude. Modal characteristics of low-order modes were used
in geoacoustic inversion algorithms to estimate low-frequency
sound speed and attenuation in a surface mud layer, which over-
laid three sand transition layers and a half-space basement. The
properties in deeper layers inverted from the Airy phase struc-
ture [24] and the detailed environmental measurements from

SBCEX 2017 as well as the bottom data (e.g., layer structure
and density) from sediment surveys were applied as constraint
conditions. It should be pointed out that the depth-dependent
SSP (around 1.8 1/s) in the mud layer was obtained based on
the assumption that a linear sound-speed gradient exists. If a
different assumption (e.g., parabolic and decrease with depth) is
adopted, the resulting SSP could be different. In this paper, we
also assume that the sound speed in the mud layer is frequency
independent in the band of 100–500 Hz. The sound speed dis-
persion will be examined in our future study.

Regarding the resolution (in depth) of the sound-speed inver-
sion, the resolution length provides the minimum layer thick-
ness that can be estimated based on the information content
in the data. In the inversion approach presented in this paper,
the resolution length is dependent on frequency, mode number,
and depth. Generally, high-frequency data corresponding to a
short wavelength will result in a small resolution length. For a
fixed frequency (i.e., 150 Hz) and depth (i.e., surface mud layer),
Fig. 7(b) and (c) shows that the variation of the first mode shape
is smaller than that of the third mode. This indicates that the
resolution length varies as mode number changes. The depth
dependence has been discussed by Lin et al. [54] and Wan et al.
[24]. In this paper, the first mode at 150 Hz mainly traveled in
the water column and the surface mud layer, it was more sensi-
tive to the geoacoustic parameters in the mud layer than those in
the deeper layers. Therefore, the resolution length was smaller
in mud. The dimension reduction was achieved by taking ad-
vantage of this depth dependence of the resolution length. A
detailed quantitative study on the resolution length will be one
of our future research tasks.

According to (8), an overestimated attenuation in sand will
cause an underestimated attenuation in mud. The inversion of
low-frequency attenuation in the surface mud layer is challeng-
ing because of this ambiguity between attenuation in mud and
sand. As we showed in the previous sections, the normalized
amplitudes of the first mode, ψ1, at 150 Hz in the layers beneath
the mud were small and β1 was not sensitive to the geoacoustic
parameters in these layers. Thus, the ambiguity was approxi-
mately removed. It is noted that the estimated attenuation value
in the mud layer is based on the assumption of its depth and
range independence, therefore it is the averaged value over the
mud layer thickness and over the long propagation distance.

Based on the low-order modes, this inversion method with a
dimension-reduced parameter space could provide a more effec-
tive way to obtain reliable estimates of mud properties compared
with full field inversion methods. Furthermore, the geoacoustic
properties of the surface mud layer determined by low-order
modes could be used as constraints in a full field inversion ap-
proach to explore the properties in the deeper layers.
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