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Abstract—The theory of interferometric processing of hydroacoustic information is generalized to when
intense nonlinear internal waves result in coupling of the sound field modes. A theoretical explanation is given
for experimental data on the forming of a hologram in the presence of intense nonlinear internal waves. The
error in transmitting unperturbed information through a perturbed ocean environment is estimated.
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INTRODUCTION
Interferometric processing [1–3] is based on

coherent accumulation of the spectral intensity of the
wave field along localized bands of the interference
pattern (interferogram) in frequency–time variables,
which is formed by a broadband source and further
subjected to a double Fourier transform. As a result of
an integral transform, the spectral density is concen-
trated within a narrow band in the form of focal spots
caused by interference between modes of different
numbers. In contrast to the signal, the accumulation
of noise along the interferogram bands is noncoherent
and distributed over the domain of the double integral
transform. The noisy interferogram is reconstructed
by filtering the two-dimensional spectral density of
the signal with a subsequent inverse double Fourier
transform applied to it. The transformed spectral den-
sity of the interferogram is referred to as a hologram,
and the processing itself is referred to as holographic
interferometry, allowing us to select weak signals
against the background of intense noise. The regular
interference pattern from such processing is caused by
waveguide dispersion and the multimode propagation
of sound waves.

The most obvious application of holographic inter-
ferometry is the localization of low-noise sources
[1‒3]. Two adaptive algorithms of interferometric
processing were developed on its basis, solving the
problem of localizing low-noise sources under the
conditions of no a priori information on the transfer
function of ocean environment [4–6].

Another valuable application of holographic inter-
ferometry is due to the possibility of transmitting
undistorted hydroacoustic information through a ran-

domly inhomogeneous ocean environment. This
effect was first observed experimentally in the
SWARM-95 experiment [7, 8] from the propagation
of a broadband signal on a stationary path perturbed
by intense internal waves (IIWs). It was described in
[9, 10].

Based on a theoretical analysis and numerical
modeling, in this work we study the mechanism of
interferogram and hologram formation when IIWs
result in coupling of the sound field modes. The
experimental formation of two non-overlapping holo-
gram domains [10] is explained as being determined by
unperturbed and diffused fields. The error in recon-
structing the unperturbed field interferogram is esti-
mated.

FORMATION OF A HOLOGRAM 
IN THE PRESENCE OF IIWs

Theoretical validation of the possibility of avoiding
distortions of data in the presence of hydrodynamic
perturbations is based on presenting an interferogram
as a linear superpositioning of two independent ones
generated by unperturbed and diffused fields. Two
non-overlapping localized spectral domains then form
in the hologram. according to the linearity of a double
inverse Fourier transform. One is caused by the unper-
turbed field and is concentrated in the form of focal
spots preferentially toward the time axis; the second is
due to hydrodynamic perturbations and directed along
the frequency axis. Filtering these domains allows us
to resolve holograms of the unperturbed and diffused
fields. Applying a double inverse Fourier transform to
them lets us reconstruct interferograms of those fields.
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One of these is determined by the interference of
modes of the unperturbed environment; the other
forms due to the environment’s variability.

With coupled modes, variations in the refraction
index induce an exchange of energy between the com-
plex amplitudes of modes. Variations in the phase
determining the pattern of the localized interferogram
bands are due to one in both the horizontal wavenum-
bers and mode amplitudes. Phase corrections with
respect to the unperturbed value can be determined
from small perturbations, allowing us to describe the
weak intermode transformation typical of ocean inho-
mogeneities.

For simplicity, we limit ourselves to considering
IIWs in the form of a single soliton propagating along
an acoustic path. The corrections to complex ampli-
tudes  are determined using a system of linear dif-
ferential first-order equations for coupled modes:

(1)

where  is the complex horizontal wave-
number of the mth mode,  is the Kronecker delta,
x is the current horizontal distance between the source
and receiver, and t is time [11]. Unperturbed quantities
are indicated by the numerator; perturbed quantities,
by the denominator.

The coefficients of mode coupling are equal to

(2)

Here,  is the square of the wavenumber at depth
 and  is the eigenfunction of the mth mode.

The perturbed component of the refraction index is
written as

(3)

where Q ≈ 2.4 s2/m is a constant determined by phys-
ical properties of water,  is the buoyancy fre-
quency,  is the eigenfunction of the first gravita-
tional mode normalized by the eigenvalue at the depth
of detection, and H is the depth of the waveguide [12].
Vertical displacements of water layers  deter-
mined by the solution to the Korteweg–de Vries equa-
tion, are

(4)

Here, B and η are the soliton amplitude and half-
width at the level of 0.42 of the maximum, and u is the
speed of propagation.
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where p0 is an unperturbed field that satisfies wave
equation

(6)

with corresponding boundary conditions at
, and  is a diffuse field of the first order

with respect to . We write fields  as the sum of the
modes

(7)

(8)

Here,  is the phase of the

mth mode of the diffuse field, and  is the distance
between the source and receiver. Adjustments  and

 are determined from the solution to the system of
Eqs. (1). The cylindrical divergence of the field, the
attenuation of modes, and depths  and  of the source
and receiver are formally considered in the depen-
dence of the mode amplitudes.

According to (5), the interferogram of the resulting
field  is equal to

(9)
where the asterisks indicate complex conjugate quan-
tities. The first and fourth terms are interferograms of
the unperturbed and diffused fields, and the second
and third terms are interferograms determined by the
product of the unperturbed and diffused fields. The
unperturbed and diffused fields are not coherent, so
the second and third terms can be considered as a
background (mean value) that reduces the contrast of
the resulting interferogram.

Let us subtract from interferogram I (9) mean value
, . Then

(10)
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Here,   When there is per-
turbation, the interferogram is the sum of interfero-
grams of the unperturbed and diffused fields.

Let us apply double Fourier transform to interfero-
gram  (10). We then obtain the sum of holo-
grams of unperturbed and diffuse fields:

(13)

Here,  and τ are the circular frequency and
period of the hologram;  is the period of observa-
tion; ; and  and  are the width
and mean frequency of the spectrum.

Obtaining the hologram of a moving source [1], we
acquire a partial hologram of the unperturbed field:

(14)

where = , l is the
number of the mode in whose vicinity the modes are
in-phase. Introducing value α is useful in interpret-
ing the hologram. In reality,  =

.
Calculation of the partial hologram of  the scat-

tered field (13) can be calculated only numerically.
Considering the position of the localization domain of
the diffused field on the hologram, however, we can
draw some general conclusions even without a numer-
ical solution. Let us assume that in interferogram (12)
of a diffuse field, amplitudes  change slowly upon
varying the frequency and time, relative to the fast
exponential factor. The partial hologram of the diffuse
field can then be presented as

(15)

= − ,mn m nh h h = −� � � .mn m nh h h

( )��� ω,I t

( ) ( ) ( ) ( )

( ) ( )

′

′

′ ′

Δ

ν

ν

ν ν

   = +    

  × −  
  

   = +   
   

 

 

��� ���

2

1

ω

0
0 ω

0

, τ ω ω,

exp τω ω

, 'τ τ .,

t
mn mn

s
m n

mn mn
s

m n m n

F I I

dtdt

t

i

F F

ν =' 2π
Δt

( )= Δ∓1,2 0ω ω ω 2 Δω 0ω

( ) ( ) ( )

( )[ ]{ }

( )( )
( )( )

′

′

′

′  = Δ Δ 
 

 × ν Δ − − 
 

 ν Δ  Δ − −      ×
Δ   − −ν Δ    

 

ν

 

0 0 0

0 0

0

0

*,τ ω ω ω

exp 2 exp α τω

sin α ωsin τ2
ω 2 , 

α ωτ
ω 2

2

mn
m nF A A t

i t i m n x

t
dm n x
d

dm n xt d

( )= 0α ωldh dl ( ) ( )+ −1 0 0ω ωl lh h

( ) ( )−α ωd d m n
( )( )0ω ωmndh d

�

,m nA

( ) ( ) ( ) ( )

( )( ) ( )( )[ ]
Δ

ν =

× Φ ν −



 

� �

2

1

0 1 0 1

ω

0 ω

*',τ ω , ω ,

exp ω,  exp ' τω ω. 

mn
s m n

m n
t

mn

F A t A t

i t i t dtd
BULLETIN OF THE RUSSIAN ACADEMY OF SCIENCES
If the variation  the frequency can be ignored in
phase difference  = , the
spectral density of the diffuse field is concentrated
along axis of frequency . This effect was observed
earlier in a field experiment [10]. Otherwise, the spec-
tral density would be localized in a narrow band at an
angle to the frequency axis when this dependence
must be considered.

With IIWs, two non-overlapped domains of the
spectral density of the unperturbed and diffused fields
are thus visible on the hologram. Applying an inverse
double Fourier transform to the filtered spectral den-
sities allows us to reconstruct two-dimensional holo-
grams of the unperturbed and diffused fields.

NUMERICAL MODELING
We used an unperturbed horizontally homoge-

neous waveguide similar in characteristics to the
experimental channel described in [7, 8]. Two fre-
quency bands were considered: Hz and

Hz. The characteristics of the f luid
absorbing bottom were soil/water density ratio

, complex refraction index 
for the first frequency band, and 
for the second band. The distance between the station-
ary source and receiver  km. The source was
located at depth  m; the receiver at depth

m. A uniform spectrum was used: pulses were
detected with periodicity of 5 s, and the sampling rate
over the frequency of the spectrum of the detected sig-
nal was 0.25 Hz. A single soliton moved along the path
from the source to receiver. The soliton characteristics
were amplitude  m, width  m, and speed

 m/s. The period of observation  min.
The modeling results are presented in Figs. 1−4. To
enhance the contrast and information capacity, we
omitted the mean values on the interferograms.

Figure 1 shows interferograms and absolute magni-
tudes of holograms for the unperturbed fields (i.e.,
when the soliton was beyond the stationary path).
Except for the constant factor, the interferogram of the
unperturbed field is the waveguide transfer function.

Figure 2 shows the interferograms and absolute
magnitudes of holograms for the initial instant of
observation, when the soliton is at distance  km
from the source. In period of observation  min,
the soliton covered distance  m. At low fre-
quencies corresponding to weak scattering by inho-
mogeneities, the vertical localized bands typical of
the unperturbed waveguide predominate in the final
interferogram (Fig. 2a). Raising the frequency
increased the scattering, and the contribution from

in
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Fig. 2. (a, c) Normalized inteferograms and (b, d) absolute
magnitudes of holograms with a soliton on the path for fre-
quency bands (a, b)  and (c, d) .
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Fig. 1. (a, c) Normalized inteferograms and (b, d) absolute
magnitudes of holograms of the unperturbed fields for fre-
quency bands (a, b)  and (c, d) .
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the interference of the scattered field modes resulted
in the formation of the horizontal localized bands
(Fig. 2c). As a result, the interference pattern became
more complicated. In the holograms, the spectral
densities of the unperturbed and diffused fields are
concentrated in the form of focal spots along the axes
of time τ and frequency ν (Figs. 2b, 2d). Beyond
those spots, the spectral density is virtually sup-
pressed. The pattern of the focal spots allows us to
reconstruct the interferograms of unperturbed and
diffused fields.

The results from filtering the spectral densities of
the holograms of an unperturbed field localized in the
vicinity of the time axes and their Fourier transform
are shown in Fig. 3. The interferograms and position
mapping of the localized domains on the hologram of
the unperturbed field when there is no soliton and the
one reconstructed are very similar (see Fig. 1). The
position maxima of the focal spots coincide. Their
similarity is most clearly seen in Fig. 4.

Figure 4 shows the one-dimensional interferogram
of the unperturbed field without the soliton on the
path (solid curve) and the reconstructed interferogram
(points) with the soliton moving along the path. These
are horizontal sections of the two-dimensional inter-
MY OF SCIENCES: PHYSICS  Vol. 85  No. 2  2021

Fig. 3. (a, c) Normalized filtered absolute magnitudes of
hologram inteferograms of an unperturbed field and
(b, d) interferograms reconstructed from them for fre-
quency bands (a, b)  and (c, d) .
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Fig. 4. Frequency dependences of the normalized interfer-

ograms of unperturbed fields with no soliton (solid curve)

and those reconstructed with solitons (dots).

–1

0

1

300 310 320

f, Hz

Î
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ferograms (Figs. 1, 3). The error of interferogram

reconstruction was estimated as

(16)

where the count number is . Here,  are inter-

ferograms of an unperturbed field without a soliton

and one reconstructed with one, respectively. For
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. The difference between errors is deter-

mined by the increase in scattering by inhomogene-

ities as the frequency rises. The normalized values are

indicated in Fig. 4 by the caps.
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CONCLUSIONS

The possibility of reconstructing the interferogram
of an unperturbed field was proved using holographic
interferometry under the conditions of coupled modes
of the acoustic field of a source caused by a single soli-
ton. Processing was based on the record of the result-
ing hologram, in the form of non-overlapping local-
ized domains of the spectral densities corresponding
to the absence and presence of a perturbation. Read-
ing these domains with an inverse double Fourier
transform allowed us to reconstruct the weakly-dis-
torted interferogram of an unperturbed field.
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