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Abstract— Reconstructing time-varying graph signals (or
graph time-series imputation) is a critical problem in machine
learning and signal processing with broad applications, ranging
from missing data imputation in sensor networks to time-series
forecasting. Accurately capturing the spatio-temporal informa-
tion inherent in these signals is crucial for effectively addressing
these tasks. However, existing approaches relying on smoothness
assumptions of temporal differences and simple convex optimiza-
tion techniques that have inherent limitations. To address these
challenges, we propose a novel approach that incorporates a
learning module to enhance the accuracy of the downstream
task. To this end, we introduce the Gegenbauer-based graph
convolutional (GegenConv) operator, which is a generalization
of the conventional Chebyshev graph convolution by lever-
aging the theory of Gegenbauer polynomials. By deviating
from traditional convex problems, we expand the complexity
of the model and offer a more accurate solution for recovering
time-varying graph signals. Building upon GegenConv, we design
the Gegenbauer-based time graph neural network (GegenGNN)
architecture, which adopts an encoder-decoder structure. Like-
wise, our approach also uses a dedicated loss function that
incorporates a mean squared error (MSE) component alongside
Sobolev smoothness regularization. This combination enables
GegenGNN to capture both the fidelity to ground truth and the
underlying smoothness properties of the signals, enhancing the
reconstruction performance. We conduct extensive experiments
on real datasets to evaluate the effectiveness of our proposed
approach. The experimental results demonstrate that GegenGNN
outperforms state-of-the-art methods, showcasing its superior
capability in recovering time-varying graph signals.

Index Terms— Gegenbauer polynomials, graph neural net-
works (GNNs), graph signal processing (GSP), time-varying
graph signals.

I. INTRODUCTION

HE accumulation of complex unstructured data has
experienced a tremendous surge due to the noteworthy
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advancements in information technology. Undertaking the
task of representing and analyzing such data can present a
formidable challenge. Nevertheless, graph signal processing
(GSP) and graph neural networks (GNNs) have emerged as
promising areas of research that have demonstrated remarkable
potential for unstructured data in recent years [1], [2], [3], [4].
GSP and GNNs adopt a data modeling approach wherein data
are represented as signals or vectors residing on a collection
of graph nodes. This framework encompasses the incorpora-
tion of both feature information and the inherent relational
structure of the data. This approach offers novel insights
into data manipulation, effectively bridging the domains of
machine learning and signal processing [5] and has profound
implications across diverse fields, including semi-supervised
learning [3], node classification, link prediction, graph classi-
fication [6], [7], [8], [9], clustering [10], computer vision [11],
[12], [13], recommendations in social networks [14], [15],
influence propagation [16] and misinformation detection [17],
materials modeling [18], and drug discovery [19], among
others.

Sampling and reconstructing (or imputing) graph signals
have become crucial tasks that have attracted considerable
interest from both the signal processing and machine learning
fields in recent times [1], [20], [21], [22], [23], [24], [25], [26].
However, there is a lack of research on the reconstruction of
time-varying graph signals' despite its numerous applications
in sensor networks, time-series forecasting, and infectious
disease prediction [23], [27], [28], [29]. Prior research has
primarily concentrated on expanding the concept of smooth-
ness from static graph signals to those that evolve over time,
as evidenced by Qiu et al. [30]. Furthermore, the rate of con-
vergence of optimization techniques used in reconstruction has
been analyzed in several works [23], [28]. Nevertheless, these
optimization-based methods heavily depend on rigid assump-
tions about the underlying time-varying graph signals, which
can pose limitations in real-world applications. For example,
some previous approaches in GSP assume that the graph
Fourier transform (GFT) of the signals are bandlimited [1],
i.e., the projection of the signal into the spectrum of the graph
can be represented with few components. However, in real-
world scenarios, this bandlimitedness assumption is often not
satisfied; the signals typically consist of components spanning
the entire spectrum of the graph and are often corrupted

The recovery or regression of time-varying graph signals can be viewed
as a matrix completion problem where each column (or row) corresponds to
a specific time and each row (or column) corresponds to a vertex of a graph.
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by noise. This non-bandlimitedness fact also has profound
implications regarding the sample complexity in problems of
semi-supervised node classification for example [12], [31].

From the perspective of GNNs, their application to the
reconstruction of time-varying signals is a relatively unex-
plored area that holds immense potential. The ability of
GNNs to capture both spatial and temporal dependencies
within graph-structured data makes them well-suited for
handling time-varying signals observed over interconnected
entities, where the temporal evolution is as crucial as the
spatial relationships. However, the existing GNN works lack
simultaneous exploration of both the spatial and temporal
relationships in time-varying graph signals, highlighting the
need for a comprehensive investigation into GNNs’ application
in the challenging task of reconstructing time-varying signals
(31, [4], [5].

In this work, we delve into the fundamental concepts of
GNNs, emphasizing their convolution mechanism on static
graphs, as well as their potential for capturing evolving pat-
terns in time-varying signals. We deviate from the classical
convex optimization problems proposed in the GSP commu-
nity for reconstructing time-varying graph signals. Instead,
we introduce a Gegenbauer-based graph convolutional (Gegen-
Conv) operator to build a novel time GNN (GegenGNN)
architecture to solve the task. Our algorithm is based on
the theory of Gegenbauer polynomials and generalizes the
popular Chebyshev graph convolutional operator in GNNs [2].
In GegenGNN, the time-series data for each node are trans-
formed into latent vectors, which are subsequently decoded
to reconstruct the original graph signal evolving over time.
Our architecture consists of a sequence of Gegenbauer graph
convolutions and linear combination layers. To incorporate
both the spatial and temporal information, GegenGNN uses
graph convolutions and uses a specialized loss function that
combines a mean squared error (MSE) term with Sobolev
smoothness regularization, as described in [23]. Our formula-
tion departs from the convexity and mathematical guarantees
typically associated with classical GSP methods, prioritizing
improved performance and seamless deployment of the GNN
in practical scenarios. We thoroughly evaluate our algorithm in
challenging and highly dynamic environmental datasets [32],
where GegenGNN outperforms the state-of-the-art GNN and
GSP-based methods.

In this article, we significantly expand and enhance our
previous study [24] by introducing a novel GegenConv oper-
ator and presenting a more advanced GNN architecture that
generalizes our preliminary work. Moreover, we offer a more
comprehensive and detailed explanation of our methodology,
accompanied by an extensive experimental evaluation that
sheds light on new insights and discoveries. The main con-
tributions of this article can be summarized as follows.

1) We introduce the GegenConv operator based on the
theory of Gegenbauer polynomials and graph spectral
filtering. GegenConv is a generalization of the popular
Chebyshev graph convolutional operator [2] used in
GNNs. We use Gegenbauer polynomials to approximate
spectral filters that are strictly localized in K-hops from
the central vertex.
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2) We propose a scalable implementation leveraging the
properties of Gegenbauer polynomials and their effi-
cient computation through recursion formulas [see (14)
and (15)], a crucial aspect when performing message
passing in the convolutional layer. The filtering oper-
ation’s complexity is linear with respect to the filter’s
support size K and the number of edges, sharing the
same complexity as the conventional ChebNet.

3) We present the GegenGNN architecture, a GNN
that incorporates the GegenConv operator. GegenGNN
encodes the time series of each node into latent vectors
and uses a cascade of Gegenbauer graph convolutions
with increasing order and linear combination layers
for signal recovery. Our architecture is regularized
with a specialized loss function and considers the
spatio-temporal properties of the data without relying
on strict prior assumptions.

4) We conduct extensive evaluations on challenging
and dynamic environmental datasets, showcasing that
GegenGNN outperforms the state-of-the-art GNN and
GSP-based methods, demonstrating its superior per-
formance in the reconstruction of time-varying graph
signals. In the ablation study conducted in Section V-F,
we empirically demonstrate that incorporating an extra
parameter from Gegenbauer polynomials in GegenGNN
enables superior performance compared with ChebNet
in reconstructing time-varying graph signals under iden-
tical conditions. The code of our work is freely available
under the MIT license.”

The remaining sections of this article are organized as
follows. In Section II, we provide an overview of the related
work on time-varying signal reconstruction. Section III intro-
duces the preliminary concepts that are relevant to our work.
In Section IV, we present the detailed architecture and method-
ology of the GegenGNN model. Section V presents the
experimental framework, including the datasets used, evalu-
ation metrics, and results. We also conduct ablation studies to
analyze the impact of different components of our model and
discuss the limitations of our approach. Finally, in Section VI,
we summarize our findings and present concluding remarks.

II. RELATED WORK

The problem of sampling and reconstruction of static signals
has been addressed from both the GSP [21], [22], [33],
[34], [35], [36], [37], [38], [39] and machine learning [2],
[40] perspectives. In the GSP context, Pesenson [41] intro-
duced the concept of Paley—Wiener spaces in graphs, which
establishes that a graph signal can be uniquely determined
by its samples in a specific set of nodes known as the
uniqueness set. Consequently, if a graph signal is sampled
according to its uniqueness set, a bandlimited graph signal can
be reconstructed perfectly. However, in real-world datasets,
graph signals are typically approximately bandlimited instead
of strictly bandlimited, making the assumption of strict ban-
dlimitedness unrealistic. To overcome this limitation, several
approaches have been proposed that leverage the smoothness

Zhttps://github.com/jcastro295/GegenGNN
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assumption of graph signals [42], [43], [44], where smoothness
is quantified using a Laplacian function. Similarly, other stud-
ies have explored the use of total variation [45] or extensions
of the concept of stationarity in graph signals [46], [47] for
reconstruction purposes.

In the realm of time-varying graph signals, researchers
have investigated the concept of joint harmonic analysis to
establish connections between time-domain signal processing
techniques and GSP [48]. In addition, some studies have put
forward reconstruction algorithms that assume the bandlimited
nature of signals at each time instance [45], [49]. However,
these methods often fail to fully exploit the inherent temporal
correlations present in time-varying graph signals. In an effort
to address this limitation, Qiu et al. [30] introduced an
approach that captures temporal correlations using a temporal
difference matrix applied to the time-varying graph signal.
However, this method suffers from slow convergence due to its
reliance on the Laplacian matrix for the optimization problem.
Specifically, the Hessian associated with their problem may
exhibit a wide range of eigenvalues, leading to poor condition
numbers. More recently, Giraldo et al. [23] extended the work
presented in [30] and proposed the integration of a Sobolev
smoothness function to improve both the convergence rate and
accuracy of time-varying graph signal reconstruction (TGSR).

Many conventional GSP methods incur scalability problems
due to the computation of eigenvalue decomposition, slow
convergence, poor-conditioned matrices, or complex matrix
operations. To overcome these issues and relax the smoothness
constraints found in conventional GPS algorithms, researchers
have tended to move into GNN modules that allow for more
flexibility for static and time-varying data living on graphs.
Recently, several GNNs have been successfully used for time-
series imputation [39], and to capture time-series relations
for traffic and multivariate forecasting [50], [51], [S52]. Even
though these methods have paved the way for exploring new
avenues in the reconstruction of time-varying graph signals,
they primarily focus on capturing positive correlations between
time series with strong similarities. This is achieved by lever-
aging the capabilities of GNNs in modeling temporal dynamics
and capturing complex relationships in graph-structured data.
However, many of these prior studies heavily relied on the
existing graph convolutional operators, whereas this article
introduces a novel convolutional operator that generalizes
and improves upon previous methods for time-varying signal
reconstruction.

The GegenConv operator introduced here uses the mathe-
matical properties of Gegenbauer polynomials to effectively
handle high-dimensional and nonlinear relationships, signifi-
cantly enhancing its ability to capture nuanced variations in
time-varying signals. This feature makes GegenGNN a viable
option for dynamic graph-based reconstruction tasks in diverse
scientific contexts.

III. PRELIMINARIES
A. Notation

In this article, sets are denoted by calligraphic letters,
such as V), with their cardinality represented as |)|. Matrices

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS, VOL. 35, NO. 9, SEPTEMBER 2024

are denoted by uppercase boldface letters, such as A, while
vectors are represented by lowercase boldface letters, such
as x. The identity matrix is denoted as I, and 1 represents
a vector consisting of ones with appropriate dimensions.
The pseudoinverse of a matrix A is defined as A", while
A > 0 denotes a positive semidefinite matrix. The Hadamard
and Kronecker products between matrices are, respectively,
denoted by o and ®. Transposition is indicated by (-)T. The
vectorization of matrix A is represented as vec(A), and diag(x)
denotes the diagonal matrix with entries {X, X, ..., Xy} as
its diagonal elements. The £,-norm of a vector is expressed
as ||-[l2. The maximum and minimum eigenvalues of matrix A
are, respectively, denoted as Apax(A) and Ayin(A), while the
Frobenius norm of a matrix is represented by ||| ~.

B. Graph Signals

We use the notation G = (V, &) to represent a graph,
where V = {1,2,..., N} denotes the set of nodes, and
EC{G, j)|i,jeV;and i # j} represents the set of edges.
Each element in &£ indicates a connection between vertices i
and j. The graph structure is represented by the adjacency
matrix A € R¥*N_ For any (i, j) € &, a positive value A(i, j)
signifies the weight associated with the connection between
nodes i and j. This study focuses on connected, undirected,
and weighted graphs. The degree matrix D € RY*"N can be
described as a diagonal matrix denoted as D = diag(Al),
where each element D(7, i) on the diagonal represents the sum
of edge weights connected to the ith node. For the purpose
of this study, we define the combinatorial Laplacian matrix as
L = D—A. The Laplacian matrix L is a positive semi-definite
matrix with eigenvalues 0 = A} < Ay < --- < Ay, along
with their corresponding eigenvectors u;, uy, ..., uy. A graph
signal is a function that assigns real values to a set of nodes,
represented as x : ¥V — R. In the case of a static graph
signal, it can be expressed as a vector x € RY, where
x(i) corresponds to the value of the graph signal at the ith
node. The graph Fourier operator is defined by the eigenvalue
decomposition of the Laplacian matrix L = UAUT, where
U = [uj,uy,...,uy] and A = diag(\(, A2, ..., Ay). Each
eigenvalue )\; corresponds to a frequency associated with the
ith eigenvalue [1]. The GFT of a graph signal x is defined as
% = UTx, while the inverse GFT is given by x = UX.

C. Reconstruction of Smooth Time-Varying Graph Signals

The reconstruction of graph signals plays a fundamental
role in the field of GSP [20], [21]. To address the challenges
of signal reconstruction and sampling in graph domains,
smoothness assumptions have been widely used. The concept
of smoothness in graph signals has been formalized through
the notion of local variation [53]. To capture the idea of
global smoothness, we can introduce the discrete form of the
p-Dirichlet operator [53]. It characterizes smoothness by
defining S,(x) £ (1/p) > ;.\ IVix|}, where V;x represents
the local variation of a graph signal. Therefore, we have the
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following expression:

)

2

1
Sy =~ DU D0 AG HIxG) = x()P )

ieV | jeN;

where N; represents the set of neighbors of node i. When
p = 2, we obtain the graph Laplacian quadratic form given
by S2(%) = D jyee Al HIX() —x(@)]* = x"Lx [53].

For time-varying graph signals, some studies assumed that
the temporal differences in the signals are smooth [23], [30].
Let X = [X1,X2,...,Xy] € R¥*M be a time-varying graph
signal, where x; € RY is a graph signal in G at time s. The
smoothness of X is given by

M
$(X) = Z x/Lx, = tr(X"LX). )
s=1

Similarly, let D, be the temporal difference operator defined
as follows:

—1

1 -1

D, = 1 e RM>xM=1) (3)

-1
1

Thus, using D, we obtain the temporal difference signal
XD, = [x, — X1,X3 — Xp,...,Xy — Xpy—1]. Representing
the signal as the difference between consecutive temporal
steps leads to improved smoothness properties in the signal,
resulting in higher smoothness levels for S,(XDj,) as opposed
to S (X) [23].

In GSP, several studies have proposed to recover
time-varying graph signals as follows:
1 - ~
min > J o X = V|5 + £ (X) 4)

where J € {0, 1}V*™ denotes the sampling matrix, Y € RV*M
represents the matrix of observed values, and f (f() is a
regularization function. From a machine learning standpoint,
the first term in (4) corresponds to the MSE loss between the
observed values and the reconstructed values, while the second
term serves as a regularization component specifically tailored
for time-varying signals.

The optimization problems that have been derived from (4)
exhibit appealing mathematical properties, such as convex-
ity [30] and fast convergence [23]. However, in practical
applications, the solution to this optimization problem is
subject to certain limitations. For instance, the performance
of the solution obtained from (4) may degrade when applied
to real-world datasets that do not align with the underlying
smoothness assumption. Furthermore, for each new batch of
data, the optimization problem needs to be solved again.
To overcome these limitations, we propose GegenGNN, which
incorporates a learnable module. This module relaxes the strict
smoothness assumption and enables adaptation to datasets
that deviate from the conventional notion of smoothness.
In addition, once the parameters of GegenGNN are learned,
our algorithm demonstrates good computational performance.
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D. Learning Graphs From Data

When the graph structure is not readily available for the
given task, we need to infer a meaningful graph from the
data. The classical approach for this problem is the k-nearest
neighbors (k-NN) method with a Gaussian kernel [1]. Learning
graphs from data has been extensively studied in the literature,
with contributions from the signal processing and machine
learning communities [54], [55], [56], [57]. In this article,
we either use the k-NN approach or adopt the smoothness
assumption to infer the underlying graph structure from the
data. We use graph-based filters (GBFs) within a regularized
maximum-likelihood (ML) framework, as defined in [58].

Let (L) = Uh(A)U" be a GBF such that (h(A));; = h(\),
for all i. By selecting A()\) as a monotonically decreasing
function, such that A(\y) > --- > h(Ay) > 0, we can learn L
by solving the following optimization problem:

L = argmin tr(hs(L)'S) — loglhs (L)' |+ L
L>0,8

st. L1 =0, (LG, j) <0, i#j (%)

where y denotes a regularization parameter, 8 represents the
(unknown) parameter for a specific type of GBF hg(:), and
S is the sample covariance calculated using n samples x; for
i =1,2,...,n.Readers are referred to [58, Table I] for details
of different GBFs.

IV. GEGENBAUER GRAPH NEURAL NETWORK

In this section, we introduce the GegenGNN architecture,
which leverages Gegenbauer polynomials for graph convolu-
tions. Our main objective is to reconstruct time-varying graph
signals, and the overall framework is illustrated in Fig. 1.
The input to our architecture is the graph Laplacian matrix L,
which can be constructed using the k-NN algorithm or learned
from data, as discussed in Section III-D. We process a sampled
version of the time difference signal (JoX)D), as input, encode
it using Gegenbauer-based convolutions, and then decode the
reconstructed signal X. To facilitate the reconstruction process,
we incorporate a specialized regularization term that accounts
for the time dependency of the data, as elaborated upon in
Section IV-D.

A. Spectral Graph Convolution

The spectral approach in GSP offers a precise localization
operator on graphs using convolutions that involve a Kronecker
delta in the spectral domain [1]. The convolution theorem [59]
states that convolutions are linear operators that can be diag-
onalized in the Fourier basis, which is represented by the
eigenvectors of the Laplacian operator. As described in [2],
a graph signal x € RV can be filtered by a nonparametric
filter gg as follows:

y = go(L)x = Ugy(A)Ux (6)

where # € RY represents a vector of Fourier coefficients.
However, due to their intrinsic properties, nonparametric filters
are not localized in space and have a computational complexity
of O(N).
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time-varying data. GegenGNN is an encoder—decoder architecture, with the graph Laplacian matrix L and the time difference signal XD, serving as inputs.
Each layer of GegenGNN is powered by a cascade of Gegenbauer-based convolutions, which are then merged by a linear combination layer. Our method
incorporates the Sobolev smoothness term to account for time dependence in the graph signal.

To overcome the limitations of nonparametric filters, local-
ized filters can be constructed using ¢-order polynomials,
such that gg(A) = ,{;(1) 0, A*. However, even with these
localized filters, the complexity remains high at O(N?) when
multiplying with the Fourier basis U to filter the signal x,
as expressed by y = Ugg(A)UTx [2]. Fortunately, this issue
can be overcome by directly parameterizing go(L) using the
truncated expansion

-1
> 0P (L) (7)

k=0

go(L) =

where 0; € R’ is a vector of polynomial coefficients, and
P& e RNV s ‘a polynomial of k-order evaluated at the
scaled Laplaman I = 2L /Amax (L) — L. For the computation
of gg(L), Pk(“) (L) can be represented using orthogonal or
nonorthogonal bases such as monomial [60], Chebyshev [2],
Bernstein [61], or Jacobi [62] polynomials. Most importantly,
Pk(“) (L) can be computed recursively, allowing for efficient
calculations.

In this article, we adopt the Gegenbauer basis as a means to
efficiently approximate the Laplacian matrix. The utilization of
the Gegenbauer basis is motivated by its ability to extend the
domain of the Chebyshev basis by incorporating an additional
parameter «, while maintaining a comparable computational
complexity for recursive computation since both polynomial
recursions can be computed in O(¢|€]|) operations.

B. Gegenbauer Polynomials

The Gegenbauer polynomials C,E"‘) (z) of degree k are
orthogonal on the interval z € [—1,1] with respect to
the weight function (1 — z?)*~!/2 and are solutions to the
Gegenbauer differential equation (1 — z2)y” —2(u + 1)y’ +
(v — @+ u+ 1)y = 0 [63]. Gegenbauer polynomials
are a generalization of Chebyshev and Legendre polynomials
to a (2o + 2)-dimensional vector space and are proportional
to the ultraspherical polynomials Pk(“)(z). We can represent
Gegenbauer polynomials in terms of the Jacobi’s polynomials

JOP (z) when A = B =a — (1/2) by

F(O‘ + %) L'k + 2a) (a—l/2,a—l/2)(z) )
FQa) T(k+a+1)™
where I' is the gamma function T'(k) = (k — 1)! V k > 0.

Thus, we can define the basis functions for the Gegenbauer
polynomials using the following recurrence relation:

C¥) =

CPz) =1, C“) =20z )
For k > 2, we have that
a ZZ(k +o— 1) a
(k+2a —2) o
———7——-“() (10)

where k € N is the coefficient representing the kth-term
Gegenbauer polynomial and o > —1/2. By setting the param-
eter o in C ,Ea) to a positive integer, we can compute Chebyshev
(kinds I & II) and Legendre polynomials, as these are special
cases of the Gegenbauer polynomials. Chebyshev polynomials
of kind I used for the spectral convolution operator introduced
in [2] can be derived in terms of C ,E“) as

1 k+a

— lim C(“)() ifk#£0

Ti(z) = { 2¢70 @ (11)
lim CP(2) =1, if k=0
a—

whereas Chebyshev polynomials of kind II can be easily
computed by setting @ =1 as

Ui(z) = C"(2).

Analogously, the Legendre polynomials can be derived by
assigning to « a value of 1/2 as follows:

Li(z) = C{?(2). (13)

Similar to the work in [2] with the Chebyshev basis,
we can define a polynomial filtering operation [see (7)]
for spectral convolutional using Gegenbauer polynomials
basis for graphs using the normalized Laplacian matrix as

go(L) = X500 0,C (L) [62].

(12)
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C. Computation of the Gegenbauer Basis

Using the recursive formula for the Gegenbauer basis,
we can efficiently calculate all the basis vectors in O(¢|€])
time and perform ¢ message-passing operations. The recur-
rence relations in (9) and (10) can be used to quickly compute
C,Ea)(l:) basis as follows:

C (L)XW = XW

C(L)XW = 2aLXW. (14)

For k > 2, we have

2k + o — 1)
k

(k 4+ 20 —2)
B k

C (L)XW = ( c @M)x

c,ﬁ"‘)z(ll)x)w (15)

where W is the linear projection with learnable parameters.
We omit the bias term in (15) for simplicity. GegenGNN
demonstrates the capability to efficiently extract higher order
information of ¢-hops from the data. This efficiency is
achieved through the recursive calculation of the Gegenbauer
polynomials, which provides computational efficiency and ver-
satility compared with other orthogonal bases. Further details
about additional orthogonal bases can be found in Appendix A
(see the Supplementary Material).

D. Graph Neural Network Architecture

GegenGNN is a generalization of the Chebyshev spectral
graph convolutional operator defined by Defferrard et al. [2]
[see (11)], as the parameter o enables the use of orthogonal
basis in more complex domains. The propagation rule for
our Gegenbauer-based convolutional operator is defined as
follows:

-1
k=0

where W is the matrix of trainable parameters for layer /,
0,(61) is the vector of Gegenbauer coefficients for layer /, and
C,E“)(I:) is computed recursively using the relations in (14)
and (15). To fully harness the power of the Gegenbauer
polynomial filters, we use the filtering operation in (16) to
propose a novel cascaded-type convolutional layer for our
architecture. This layer consists of two components: 1) a
cascade of Gegenbauer graph filters with increasing order and
2) a linear combination layer, as depicted in Fig. 2.

To provide a more detailed description, we precisely outline
the propagation rule for each layer of GegenGNN as follows:

-1
HD — ZM(])Z(I) (17)
p “p
p=0

where H/*V is the output of layer /41, ¢ is a hyperparameter,
ug) is a learnable parameter, and Zg) is recursively computed
for each branch p as in (16). A single layer in the GegenGNN
architecture is composed by a cascade of { Gegenbauer filters
of increasing order 0, 1,...,¢ — 1 as in (17), where the input
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L € RNxN

¢-1
Gegenbauer Z ,u&,” Z;’)
lpolynomials p=0 J

(1)
XOwO

Fig. 2. Convolutional layer of GegenGNN. Each layer of GegenGNN
consists of a cascade of Gegenbauer-based convolutions of increasing order
p=0,..., ¢ — 1. The outputs from all { convolutions are then merged using
a linear combination layer, which includes learnable parameters ji,.

of the first layer is (JoX)Dy,. Finally, our loss function is such
that

1 -
Il > (Xa, j) —XG, )
(i, )eT

+Atr((XDy) (L + eDXD;)  (18)

where X is the reconstructed graph signal, 7 is the training set,
with 7 a subset of the spatio-temporal sampled indexes given
by the sampling matrix J, and € € R* is a hyperparameter. The
term tr((XD;)T(L + €D)XD},) is the Sobolev smoothness [23].

Our GegenGNN is designed as an encoder—decoder net-
work, using a loss function that combines MSE and Sobolev
smoothness regularization. The initial layers of GegenGNN
encode the term (JoX)D),, into an H-dimensional latent vector,
which is then decoded to reconstruct the time-varying signal
using the final layers. This architecture enables the extraction
of spatio-temporal information by leveraging a combination of
GNNs, temporal encoding—decoding structure, and the regu-
larization term tr((XD,)T (L + €I)XD,), where the temporal
operator Dj, is used. The parameter A\ in (18) controls the
tradeoff between the Sobolev smoothness term and the MSE
loss. Fig. 1 visually illustrates the pipeline of GegenGNN
applied to a graph representing the sensor network deployed
on the New Jersey coast during the Shallow Water experiment
2006 (SWO06) [32], [64].

V. EXPERIMENTAL EVALUATION

We compare GegenGNN with natural neighbor interpo-
lation (NNI) [65], TGSR [30], time-varying graph signal
reconstruction via Sobolev smoothness (GraphTRSS) [23],
graph convolutional networks (GCNs) [3], ChebNet [2], graph
attention networks (GATSs) [66], graph transformer [67], GCN
powered by deep hierarchical layer aggregations and neighbor
normalization (GCN-DHLA) [6], GCN with forgetting factor
Kth-order spectral filters (FFK-GCNII) [8], and multiresolu-
tion reservoir GNN (MRGNN) [68].

A. Implementation Details

In this study, we implemented GegenGNN, GCN, ChebNet,
GAT, and graph transformer architectures using the PyTorch
and PyG libraries [69]. Similarly, we adapted GCN-DHLA,
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TABLE I
SUMMARY OF THE DATASETS USED IN OUR EXPERIMENTS

SWo06 PM 2.5 Sea-surf. Intel
# Nodes 59 93 100 52
# Edges 626 298 299 90
Graph type  Learned k-NN k-NN k-NN
Dimensions 3-D 2-D 2-D 2-D
# samples 1,000 220 600 600

FFK-GCNII, and MRGNN using the same libraries, relying
on the original implementations by the authors. For the
implementation of NNI, TGRS, and GraphTRSS, we used
the MATLAB? 2023a (code provided in [23]). To ensure fair
comparisons, we extensively optimized the hyperparameters
of the baseline methods using the same strategy used for
GegenGNN (see Appendix B in the Supplementary Material
for further details of the search spaces in the hyperparameters’
tuning). This approach allows for a meaningful evaluation
and benchmarking of GegenGNN with other GNN models
for the problem of TGSR. All the methods compared in
this article involve different numbers of trainable parameters,
leading to varying memory requirements for training. For
detailed information about the number of parameters for each
model, refer to Appendix C (see the Supplementary Material).
Moreover, each approach presented in this study depends on
a distinct set of multiple hyperparameters, thereby expanding
the search space, as is the case of GegenGNN in Appendix D
(see the Supplementary Material).

In our experiments, we set the number of epochs to 2000 for
training the models to ensure consistent evaluation. For some
datasets, we used a k-NN algorithm based on the node
locations, connecting each node in the graph to its k-NN
that captures the spatial relationships between the nodes.
In other cases, we used a data-driven approach to learning
the graph structure directly from the dataset itself, leveraging
the inherent patterns and relationships present in the data to
construct the graph (see Section III-D). This approach aligns
with the methodology outlined in [23].

B. Datasets

GegenGNN, along with the state-of-the-art algorithms,
undergoes evaluation on a diverse set of datasets comprising
four real-world datasets, including: 1) the SWO06 [70]; 2) the
mean concentration of particulate matter (PM) 2.5 [30]; 3) the
sea-surface temperature; and 4) the Intel Berkeley Research
lab dataset. A summary of the datasets is presented in Table I.

1) SW06 Dataset: The data used in this study were
obtained from the Shallow Water acoustic and oceanographic
experiment 2006 (SW06), conducted off the coast of New
Jersey from mid-July to mid-September in 2006 [32]. During
the experiment, a network of acoustic and oceanographic
moorings was deployed in two intersecting paths: one along
the 80-m isobath, parallel to the shoreline, and another
across the shelf starting from a depth of 600 m and extending
toward the shore to a depth of 60 m. A cluster comprising

3Registered trademark.
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Fig. 3. Location of the SW06 experiment. The sensors were deployed in a
3-D fashion designed to study the wavefront of gravitational nonlinear IWs.

16 moorings, each equipped with sensors, was placed at the
intersection of these two paths. These sensors captured the
3-D temperature changes in the water column and detected
the presence of internal waves (IWs) during the experiment.
The variations in water column density caused by these waves
had an impact on the propagation of acoustic sound speed
[70]. The majority of environmental sensors deployed in the
study area consisted of temperature, conductivity, and pressure
sensors, enabling the measurement of physical oceanographic
parameters throughout the water column. For this research,
temperature data in Celsius obtained from 59 thermistors
located at the cluster in the intersection were used. The
specific time frame of interest spanned from August 6, 17:39,
to August 15, 00:00 UTC, 2006. The location of the VLA
farm can be seen in Fig. 3.

2) California Daily Mean PM2.5 Concentration: In our
analysis, we used a publicly available dataset provided by
the US Environmental Protection Agency (EPA) that con-
tains information on the daily mean PM2.5 concentration
in California.* This dataset includes measurements collected
from 93 observation sites over a period of 200 days, starting
from January 1, 2015. The dataset has a size of 93 x 200.
It is important to note that not all the sites recorded valid
data every day, and the percentage of valid data varied from
approximately 90% to 45% across these sites. The valid data
points in the dataset range from 0.1 to 102.7 pg/m?.

3) Sea-Surface Temperature Dataset: The sea-surface tem-
perature dataset used in our study was obtained from the
Earth System Research Laboratory.” This dataset consists of
monthly measurements spanning from 1870 to 2014, with a
spatial resolution of 1° latitude x 1° longitude. We specifically
focused on the Pacific Ocean region, ranging from 170°
west to 90° west and 60° south to 10° north. In accordance
with [30], we randomly selected 100 points within this region
for analysis. The dataset covers a time period of 600 months.
The temperature data within the selected points range from
—0.01 °C to 30.72 °C, with an average value of 19.15 °C.

“https://www.epa.gov/outdoor-air-quality-data
Shttps://psl.noaa.gov/
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Fig. 4. Comparison of GegenGNN with several methods from the literature was performed on four real-world datasets. The evaluation was based on the

RMSE metric, considering different sampling densities m. (a) SW06 experiment. (b) PM 2.5 concentration. (c) Sea-surface temperature. (d) Intel Lab data.

4) Intel Lab Dataset: The dataset used in this study was
obtained from the Intel Berkeley Research Laboratory, where
54 sensors were deployed.® The dataset consists of temperature
readings recorded between February 28 and April 5, 2004.
It includes timestamped topology information and provides
measurements of humidity, temperature, light, and voltage val-
ues. The data were captured at a frequency of once every 31 s.
For the purposes of this research, only the temperature data
measured in Celsius within the research laboratory were used.

C. Evaluation Metrics

In this study, we use different metrics to compare and
evaluate the performance of the algorithms presented here.
For a ground-truth vector x with N time steps and its
reconstruction X, we compute the root mean squared error
(RMSE), which measures the overall error magnitude as
(1/N) SN (% — x)?)/2. We also calculate the mean abso-
lute error (MAE), which considers error without accounting for
the direction and is given by (1/N) Z,N=1 |X; —x;]|. In addition,
we use the mean absolute percentage error (MAPE) to assess
errors relative to the magnitude of estimated values, and it is
computed as (1/N) >, (1% — x:1)/%,).

D. Experiments

This section provides details on the experimental frame-
work. In this work, we follow a random sampling strategy in
all the experiments using different sampling densities m for
each dataset. We compute the reconstruction error metrics on
the nonsampled nodes for a set of sampling densities m. In our
study, we divided each dataset into separate development and
testing sets. The sampled values were used for the development
set, while the nonsampled values were reserved for testing.
For instance, if m = 0.1, the development set corresponds
to 10% of the data and the testing set to 90%. To tune
the hyperparameters, we used a Monte Carlo cross-validation
setting with five different folds over the development set.
We performed 300 repetitions for Monte Carlo on each fold.
For each combination of hyperparameters in the Monte Carlo
setting, we split the development set into 70% for training
and 30% for validation. This allowed us to train the model

Ohttp://db.csail.mit.edu/labdata/labdata.html

with different hyperparameter settings and evaluate the model
performance. After identifying the optimal model based on
the validation results, we proceeded to train the resulting
model using the selected hyperparameters. The trained model
was then evaluated on the testing data for 15 repetitions
with different seeds, ensuring a thorough assessment of its
performance.

For GAT and graph transformer architectures, we used a
fixed graph construction method. We connected all the nodes
in the dataset (excluding self-loops) and allowed the networks
to learn the attention coefficients during the training stage. This
means that the connectivity pattern of the graph was not pre-
determined but learned by the models themselves. By adopting
this approach, we aimed to leverage the expressive power of
attention mechanisms in capturing the dependencies between
nodes in the graph by adaptively assigning weights to different
nodes based on their relevance to the task at hand.

For all the datasets except for the SWO06 experiment,
we constructed graphs G using the k-NN approach with
the Euclidean distance between node locations and a Gaus-
sian kernel as in [23]. Regarding PM 2.5 concentration, the
sampling densities m are {0.1,0.15,0.2,...,0.45}. For the
sea-surface temperature, the sampling densities are specified
as {0.1,0.2, ..., 0.9}, while for the Intel Lab dataset, they are
set to {0.1, 0.3, 0.5, 0.7}. In all the three datasets, we establish
a connection between the graph’s nodes by setting k = 5 in
the k-NN algorithm. For the SWO06 experiment, we also
consider the sampling densities in the set {0.1,0.2,...,0.9}.
However, SW06 experiment involved sensors placed in a 3-D
environment, where the horizontal distances between sensors
were in the order of kilometers and the vertical distances were
in meters. In such a scenario, a k-NN approach alone does
not capture the temperature fluctuations in the underwater
sensor network. To address this issue, we applied a graph
inference approach that tackles the graph system identification
(GSI) problem using a regularized ML criterion, as explained
in Section III-D. This approach allows us to incorporate
temperature fluctuations.

E. Results and Discussion

Fig. 4 illustrates the performance of GegenGNN compared
with baseline methods across all the four datasets, using the
RMSE metric for different sampling densities m. The range
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TABLE I
QUANTITATIVE COMPARISON OF GEGENGNN WITH THE BASELINES IN ALL DATASETS USING THE AVERAGE ERROR METRICS

SW06 Experiment

PM 2.5 Concentration

Sea-surface Temperature Intel Lab Data

Method RMSE MAE MAPE | RMSE MAE MAPE | RMSE MAE MAPE | RMSE MAE MAPE
NNI (Kiani et al. [65]) 3.621 2.634 0.172 4.944  2.956 0.593 0.772 0.561 0.067 0.661 0.291 0.015
GraphTRSS (Giraldo et al. [23]) 1.334  0.881 0.064 3.824 2.204 0.377 0.357 0.260 0.029 0.056 0.023 0.001
TGSR (Qiu et al. [30]) 0.732 0.449 0.032 3.898 2.279 0.394 0.360 0.263 0.030 0.069  0.037 0.002
GCN (Kipf and Welling [3]) 1.125 0.848 0.065 4.452 2.834 0.623 1.219 0.924 0.181 1.220 0.857 0.046
ChebNet (Defferard et al. [2]) 0.825 0.495 0.038 3.963 2.331 0.416 1.036 0.657 0.113 0.947 0.500 0.027
GAT (Velivckovic et al. [66]) 3.742 3.067  0.227 6.266  3.998 0.958 8.295 7.197 1.483 2.503 1.778 0.093
Transformer (Shi et al. [67]) 1.276  0.927  0.070 5.625 3.090 0.639 5.546 4.420 1.085 0.449  0.302 0.016
GCN-DHLA (Fan et al. [6]) 0.593 0.504 0.037 4.087 2.586 0.519 0.194 0.330 0.049 0.121 0.020 0.001
FFK-GCNII (Zeng et al. [8]) 4.228 1.555 0.118 8.538  6.210 0.806 10.894  2.657 0.354 6.900  0.205 0.110
MRGNN (Pasa et al. [68]) 0.636  0.530 0.039 3.875 2.363 0.453 0.331 0.448 0.057 0.081 0.018 0.001
GegenGNN (ours) ‘ 0.585 0.494 0.036 ‘ 3.822 2.149 0.389 ‘ 0.180 0.167 0.024 ‘ 0.052 0.013 0.001
The best and second-best performing methods on each dataset are shown in red and blue, respectively.
of m varies depending on the dataset. It can be observed TABLE IIT

that GegenGNN consistently outperforms the existing methods
in all the cases. The optimal parameters for GegenGNN for
all the datasets are shown in Appendix D (see the Supple-
mentary Material). Moreover, Table II provides a quantitative
comparison by averaging the performance metrics across all
the sampling densities for each dataset. To ensure a fair
comparison, all the networks in this study were implemented
with the same input and loss functions as GegenGNN. Note
that by introducing a trainable GNN module, we relax the
prior assumption of smooth evolution and achieve better
performance.

Several factors contribute to the success of GegenGNN on
real-world datasets. First, its ability to capture spatio-temporal
information enables it to effectively model the dynamics of
graph signals. Second, the encoding—decoding structure allows
for effective data representation and reconstruction. Finally,
the powerful learning module provided by the cascade of
Gegenbauer graph convolutions enhances the model’s perfor-
mance. The experimental results demonstrate the superiority
of GegenGNN in reconstructing time-varying graph signals
in real-world scenarios where ideal conditions of smoothness
are not assured. Appendix E provides a comparison of the
convergence between GegenGNN and the baselines (see the
Supplementary Material).

FE. Ablation Studies

We have performed ablation studies to evaluate the perfor-
mance of our architecture and illustrate how the inclusion of
additional parameters improves its performance in comparison
to the baseline architectures. Specifically, we examined the
effects of the extra parameter « introduced by the Gegenbauer
polynomial, as well as the time-dependence data assessment
by the specialized loss term implemented in the GegenGNN
architecture.

1) Impact of the Gegenbauer Parameter o: The appropriate
values for the hyperparameters depend on the specific task,
dataset characteristics, and the desired balance between model
complexity and accuracy. To investigate the expressivity and
generalization capabilities of our architecture, we conducted
two separate case studies. In the first case, we optimized
the GegenGNN model for any value of «, allowing for a

ABLATION STUDY FOR THE o« PARAMETER OF GEGENGNN

SW06 Experiment
RMSE MAE MAPE

PM 2.5 Concentration

Parameter o RMSE MAE MAPE

0.809  0.547  0.040 3.926 2.331  0.483
[-o0. 5 1.5] 0.585  0.494 0.036 3.822 2.149 0.389
Parameter o Sea-surface Temperature Intel Lab Data
RMSE MAE MAPE | RMSE MAE MAPE
0.599  0.459  0.054 0.533  0.372  0.020
[— 0 5,1.5] 0.180  0.167 0.024 0.052 0.013 0.001

The best results are shown in bold.

flexible range of Gegenbauer convolutions. In the second
case, we fixed « = 0 in our GegenGNN architecture,
resulting in an architecture with convolutional operators pow-
ered by a cascaded Chebyshev polynomial (TimeGNN [24]).
Through hyperparameter tuning, as described in Section V-D,
we obtained the summarized results presented in Table III. The
results demonstrate the impact of considering the parameter
o in the GNN model. By allowing « to vary, the network
generalizes on the Chebyshev convolutional operator, leading
to improved performance across various tasks. This improve-
ment is achieved while maintaining the same time complexity
of O(¢|€]) for the convolution operation. By selecting the
appropriate value of «, we can leverage the benefits of the
extended search domain and achieve superior performance in
time-varying signal reconstruction. In consequence, the choice
of « significantly impacts the behavior of the Gegenbauer
polynomials and, subsequently, the model’s expressive power.
Smaller o values yield rapidly oscillating functions, captur-
ing fine-grained data patterns, while larger values result in
smoother functions emphasizing broader trends. Thus, a selec-
tive range of o should be determined based on the nature and
smoothness of the data, to then determine the optimal value
using cross-validation techniques.

2) Time Dependency Study: In this section, we conducted
a thorough investigation to assess the effectiveness of the spe-
cialized loss function in capturing the temporal dependency of
the dataset. To evaluate its impact, we performed experiments
on two representative and challenging datasets: SW06 and
Sea-Surface temperature. These datasets were selected due to
their real-world nature and the complex dynamics observed in
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TABLE IV
ABLATION STUDY FOR TIME DEPENDENCY ASSESSMENT OF GEGENGNN

SW06 Experiment Sea-surface Temperature

€ D; Reg. MSE

RMSE MAE MAPE | RMSE MAE MAPE
X X X v 1.208 0.979  0.075 0.587  0.453  0.050
X X v v 0.906  0.646  0.049 0.574  0.445  0.051
X v v v 0.814  0.551  0.041 0.540  0.415  0.046
v 4 v v 0.585 0.494 0.036 0.180 0.167 0.024

The best results are shown in bold.

open environments. In our analysis, we explored four different
scenarios to compare the performance of our architecture:
1) we used the Sobolev smoothness term in its original form
with A > 0; 2) we set the parameter € in the Sobolev term
to 0, effectively removing its influence; 3) we excluded the
differential temporal operator D;, from the analysis; and 4) we
completely omitted the Sobolev smoothness regularization
term and relied solely on the MSE as the error metric.
The results of our experiments are summarized in Table IV.
From the results obtained on the SW06 and Sea-surface
temperature, we observe that the model using the MSE and
complete Sobolev term in its loss function outperforms the
other variations. These findings imply that our regularization
term for capturing time dependency in the data is signifi-
cantly enhancing the performance of the GegenGNN model.
The specialized loss function addresses time dependency by
integrating the Sobolev smoothness term with the temporal
difference operator D;. Note that when using the Sobolev
norm, it is important to keep the € term in (18) small to avoid
perturbing the Laplacian matrix L. The appropriate value for
this term should be chosen via cross-validation methods.

G. Limitations

Based on the experiments conducted, we observe that the
Gegenbauer layers used in GegenGNN incur a comparable
computational overhead to Chebyshev convolutions, outper-
forming both GCN and attention-based models in terms of
efficiency when reconstructing time-varying signals. However,
it is important to note that GegenGNN has a primary limitation
related to hyperparameter tuning. This limitation arises from
the introduction of the additional Gegenbauer parameter, .
While the inclusion of this parameter allows the network to
search for richer orthogonal basis functions compared with
the Chebyshev polynomial-based architecture proposed in [2],
it also introduces an added burden during the hyperparameter
optimization process due to the presence of extra parameters.

VI. CONCLUSION

In this article, we proposed a new GNN architecture called
GegenGNN, which uses cascaded Gegenbauer polynomial
filters in its convolutional layers. In Section IV, we provided
a formal introduction to GegenGNN and presented imple-
mentation details. GegenGNN incorporates a specialized loss
function to capture the temporal relationship of time-varying
graph signals. We apply our architecture to the task of
reconstructing time-varying graph signals and evaluate its
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performance on four real-world datasets that deviate from con-
ventional smoothness assumptions. Our experimental results
demonstrate that GegenGNN outperforms other state-of-the-art
methods from both the GSP and machine learning communi-
ties when it comes to recovering time-varying graph signals.
This highlights GegenGNN’s ability to extract high-order
information from data using a cascade of Gegenbauer fil-
ters. The superior performance of our method on real-world
datasets suggests its potential for addressing practical chal-
lenges such as missing data recovery in sensor networks
or weather forecasting. To assess the contribution of the
Gegenbauer parameter o and the specialized temporal loss
function in our architecture, we conducted several ablation
studies. Our findings indicate that the additional components
introduced by GegenGNN play a crucial role in the recovery
of time-varying signals.

Exploring the potential of GegenGNN opens up numerous
promising research avenues for graph-based signal forecasting,
multimodal learning, and fusing information from diverse
sources. Another possible research direction is exploring novel
types of efficient graph filters that enhance the model per-
formance without adding excessive computational complexity.
Moreover, GegenGNN is a generalizable architecture that
can be extended to different domains, including traditional
graph machine learning tasks such as node and graph clas-
sification. Beyond its temporal analysis focus demonstrated
in this work, GegenGNN can find practical applications in
other fields, including recommender systems, computational
biology, or temporal analysis.
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