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Graphs
Graphs are denoted as G = (V,€)

V £ Set of Vertices or Nodes
£ £ Set of Edges

With |V| = n, the Adjacency Matrix A € R™*™ indicates if a pair of vertices is
connected such as
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Graphs

With |V| = n, the Degree Matrix D € R™*™ indicates how many edges
terminate in each vertex
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Examples

Graph representation of
Chilean power grid

® Substations
© Junctions or taps

= Transmission lines

NH;CNOj3

Chemical Formula

Topology
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Optimal Power
flow

Structure and
Transitions
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Graphs are Everywhere
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Graphs are Everywhere
Brain graph

Brain atlas Tractography
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Machine Learning Problems With Graph Data

- Edge-level predictions .
- -level
Node-level predictions (Link prediction) Graph-level predictions

< 4N

Does this person smoke? Next Netflix video? Is this molecule a suitable drug?
(unlabeled node)
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Graph Data Problems

. . Adjacency
Difference 1: Size and Shape Difference 2: Isomorphism matiix as

3%

input

Permutation invariance

Difference 3: Grid structure

Size independent

Non-euclidean space
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Fundamental ldea of GNNs

Learning a Neural Network suitable representation of graph data

= Representation learning

node level embeddings

» KN
|
" /
~

Graph knowledge
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How GNNs Work

(ol ol ) FIE—
BB e Message passing layers
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Adjacency Matrix
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Message Passing - Simple Form
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Message Passing - Average of Messages

Degree Matrix Inverse Degree Matrix

1 0 0 0 0] [ 1.0 0 0]
0 2 0 0 0 0 05 0 0
p=lo 0 3 0 0 Dl=| 0 03 0 0
0o 0 0 1 0 0 10 0

Lo 0 0 0 1] |0 0 10 ]
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Message Passing - Average of Messages

Average Adjacency Matrix

D™'A = Ay,

(10 00 00 00 00]fo 1 o o o] [o0o 10 00 00 00]
00 05 00 00 00||1 o 1 o0 0 05 00 05 00 00
00 00 03 00 00f|l0o 1 o 1 1|=|l00 03 00 03 03
00 00 00 10 00|00 o 1 0 o 00 00 1.0 00 00

[ 00 00 00 00 10f[0 o0 1 0o o] [00 00 10 00 00]
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Graph Convolutional Networks - Simple Average

@™ ©)

Simple Average Aggregation
1
hyw =~ > hy
NI, S

N (v) are the nodes in the
neighborhood of node v
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Graph Convolutional Networks - Weighted Average

Weighted Average Aggregation

hN(v) = Z wu'u

ueN (v)

@ @ @ QF “E;(“ \/7\/7
e SERES

d, and d, are the degree of
node u and v respectively
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Graph Convolutional Networks - Weighted Average
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Graph Convolutional Networks

Input graph signals > Feature extraction > Classification > Output signals

Fully connected layers

e.g. bags of words Convolutional layers e.g. labels

Graph signal filtering
1. Convolution
2. Non-linear activation

Graph coarsening
3. Sub-sampling
4. Pooling
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Graph Attention Networks

hN(v) = Z W, sh, —_— h/\/'(v) = Z (l(h“.hl;)hu
ueN (v) uweN (v)

a(hy, hy) is the attention
coefficient between nodes u and v

Original Paper Suggestion hN(v) = Z softmax, (a(h,, h,”)) h,
ueN (v)

Qv = softmax(a(hy, h,)) is the
normalized attention coefficient.

S exp(a(hy, h,))
e > ken () €xP(a(hy, hy))
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GAT - Attention values

Qv

/\
r b

hpr(p) = Z softmax, (a(h,,h,)) h,
weN (v)

a(h,,h,) =o(a’ - [Wh,||[Wh,])

W is a learnable weight matrix
that projects the feature
vector of nodes u and v.

al is a learnable parameter vector that
determines the importance of different
parts of the concatenated input.
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GAT - Attention values

softmax

a(hy,,h,) = o(a’ - [Wh,||Wh,])

Qv = softmax(a(h,,h,))
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GAT - Attention values

a(hy,h,) = o(a’ - [Wh,||Wh,])

a(hy,,h,) = LeakyReLU(a” - [Wh,|[Wh,])

B exp (LeakyReLU(aT . [Whu||Whv]))
" Ykearw oxp(LeakyReLU(aT - [Wh,|[Why]))

aU’U
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GAT - Attention Aggregation

h,=o0 ( Z auUWhU>

veEN,

Multi-Head Graph Attention Network

K
h, = H k WFh,

'UENu
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concat/avg
— h/
7\

Multihead-Attention (with k = 3 heads) by node 1 on its neighborhood. Different arrow
styles and colors denote independent attention computations. The aggregated features from

each head are concatenated or averaged to obtain h]
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GNN - Examples

Knowledge Graph for Social
Relationship Understanding
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