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Generative AI?
Y = 2X +10

X ∼ N (0,1) Y ∼ N (10,4)
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Generative AI?
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One Distribution to Another
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Generative AI
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How does it work with images?



6/25

FSAN/ELEG815

Just revert the process!
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Anatomy of a Diffusion Model
1. Forward Diffusion (Markov chain)

2. Reverse Diffusion (Neural Network)
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Forward Diffusion

▶ Corrupting the image by adding small amounts of Gaussian noise

Why is that? −→

q(xt|xt−1) = N (xt;
√

1−βtxt−1,βtI) q(x1:T |x0) =
T∏

t=1
q(xt|xt−1) {βt ∈ (0,1)}T

t=1
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Forward Diffusion

▶ What happens when we add multiple stages of noise?
let αt = 1−βt ᾱt = ∏t

i=1 αi

xt = √
αtxt−1 +

√
1−αtϵϵϵt−1 ;where ϵϵϵt−1, ϵϵϵt−2, · · · ∼ N (0,I)

= √
αtαt−1xt−2 +

√
1−αtαt−1ϵ̄ϵϵt−2 ;where ϵ̄ϵϵt−2 merges two Gaussians (*).

= . . .

=
√

ᾱtx0 +
√

1− ᾱtϵϵϵ

q(xt|x0) = N (xt;
√

ᾱtx0,(1− ᾱt)I)
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Forward Diffusion

▶ What happens when we add multiple stages of noise?
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Reverse Diffusion

▶ Just reverse the process!

▶ Why is it unknown?
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Reverse Diffusion

▶ Why is it unknown?
q(xt−1|xt) ∝ q(xt−1)q(xt|xt−1)

▶ Intractable! It requires the whole
data distribution

▶ Approximate it
▶ What would be our best guess?

pθ(xt−1|xt) = N (xt−1;µµµθ(xt, t),ΣΣΣθ(xt, t)) pθ(x0:T ) = p(xT )
T∏

t=1
pθ(xt−1|xt)
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Reverse Diffusion

▶ Is it always unknown? No! → q(xt−1|xt,x0) = N (xt−1; µ̃µµ(xt,x0), β̃tI)
q(xt−1|xt,x0) =

= q(xt|xt−1,x0)q(xt−1|x0)
q(xt|x0)

∝ exp
(

− 1
2

((xt −√
αtxt−1)2

βt
+ (xt−1 −

√
ᾱt−1x0)2

1− ᾱt−1
− (xt −

√
ᾱtx0)2

1− ᾱt

))
= exp

(
− 1

2
(x2

t −2√
αtxtxt−1+αtx2

t−1
βt

+
x2

t−1−2
√

ᾱt−1x0xt−1+ᾱt−1x2
0

1− ᾱt−1
− (xt −

√
ᾱtx0)2

1− ᾱt

))
= exp

(
− 1

2
(
(αt

βt
+ 1

1− ᾱt−1
)x2

t−1 − (
2√

αt

βt
xt + 2

√
ᾱt−1

1− ᾱt−1
x0)xt−1+C(xt,x0)

))
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Reverse Diffusion
▶ Why is it a big deal?

β̃t = 1/(αt

βt
+ 1

1− ᾱt−1
) = 1/( αt − ᾱt +βt

βt(1− ᾱt−1)) = 1− ᾱt−1
1− ᾱt

·βt

µ̃µµt(xt,x0) = (
√

αt

βt
xt +

√
ᾱt−1

1− ᾱt−1
x0)/(αt

βt
+ 1

1− ᾱt−1
)

= (
√

αt

βt
xt +

√
ᾱt−1

1− ᾱt−1
x0)1− ᾱt−1

1− ᾱt
·βt

=
√

αt(1− ᾱt−1)
1− ᾱt

xt +
√

ᾱt−1βt

1− ᾱt
x0

µ̃µµt =
√

αt(1− ᾱt−1)
1− ᾱt

xt +
√

ᾱt−1βt

1− ᾱt

1√
ᾱt

(xt −
√

1− ᾱtϵϵϵt)

= 1
√

αt

(
xt − 1−αt√

1− ᾱt
ϵϵϵt

)
→ Our GT!!! (kind of...)
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Reverse Diffusion

p(xt) = N (xt;0,1) pθ(xt−1|xt) = N (xt−1;µµµθ(xt, t),βtI)

µµµθ(xt, t) → Neural Network
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Training
▶ Likelihood problem!

maxEq(x0)pθ(x0) → min−Eq(x0)pθ(x0) → min−Eq(x0) logpθ(x0)
L = −Eq(x0) logpθ(x0)

= −Eq(x0) log
(∫

pθ(x0:T )dx1:T

)
= −Eq(x0) log

(∫
q(x1:T |x0) pθ(x0:T )

q(x1:T |x0)dx1:T

)

= −Eq(x0) log
(
Eq(x1:T |x0)

pθ(x0:T )
q(x1:T |x0)

)

≤ −Eq(x0:T ) log pθ(x0:T )
q(x1:T |x0) → Jensen’s Inequality

= Eq(x0:T )

[
log q(x1:T |x0)

pθ(x0:T )

]
= LVLB
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Training

LVLB = Eq(x0:T )

[
log q(x1:T |x0)

pθ(x0:T )

]

= Eq

[
log

∏T
t=1 q(xt|xt−1)

pθ(xT )∏T
t=1 pθ(xt−1|xt)

]
→ definitions of p and q

= Eq

[
− logpθ(xT )+

T∑
t=1

log q(xt|xt−1)
pθ(xt−1|xt)

]
→ splitting the log

= Eq

[
− logpθ(xT )+

T∑
t=2

log q(xt|xt−1)
pθ(xt−1|xt)

+ log q(x1|x0)
pθ(x0|x1)

]
→ splitting last step
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Training

= Eq

[
− logpθ(xT )+

T∑
t=2

log
(q(xt−1|xt,x0)

pθ(xt−1|xt)
· q(xt|x0)
q(xt−1|x0)

)
+log q(x1|x0)

pθ(x0|x1)

]
→ Bayes rule

= Eq

[
− logpθ(xT )+

T∑
t=2

log q(xt−1|xt,x0)
pθ(xt−1|xt)

+
T∑

t=2
log q(xt|x0)

q(xt−1|x0) + log q(x1|x0)
pθ(x0|x1)

]
→ splitting log

= Eq

[
− logpθ(xT )+

T∑
t=2

log q(xt−1|xt,x0)
pθ(xt−1|xt)

+ log q(xT |x0)
q(x1|x0) + log q(x1|x0)

pθ(x0|x1)

]
→ cancel out products

= Eq

[
log q(xT |x0)

pθ(xT ) +
T∑

t=2
log q(xt−1|xt,x0)

pθ(xt−1|xt)
− logpθ(x0|x1)

]
→ cancel and combine logs

= Eq[DKL(q(xT |x0) ∥ pθ(xT ))︸ ︷︷ ︸
LT

+
T∑

t=2
DKL(q(xt−1|xt,x0) ∥ pθ(xt−1|xt))︸ ︷︷ ︸

Lt−1

− logpθ(x0|x1)︸ ︷︷ ︸
L0

]
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Training

▶ Putting all together as KL-Divergences

LVLB = LT +LT −1 + · · ·+L0

where LT = DKL(q(xT |x0) ∥ pθ(xT ))
Lt = DKL(q(xt|xt+1,x0) ∥ pθ(xt|xt+1)) for 1 ≤ t ≤ T −1
L0 = − logpθ(x0|x1)

▶ KL-Divergence for two Gaussians has a closed form!

Lt = Ex0,ϵϵϵ

[ 1
2∥ΣΣΣθ(xt, t)∥2

2
∥µ̃µµt(xt,x0)−µµµθ(xt, t)∥2

]
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Training (almost there!)

▶ Why is that proportion important?
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Training - Algorithm
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Implementation - Architectures

▶ Diffusion models typically use a U-Net on steroids to predict the noise.
▶ It’s a massive kitchen sink of modern CV tricks:

▶ ResNet blocks, Positional Embeddings, Attention blocks, Group Norm, Swish Act.,
etc.
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Diffusion Models Power
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Diffusion Models Power
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Summary (cheat sheet)
▶ Timesteps: 1000
▶ Betas: linear scheduler

β1 = 10−4 βT = 0.02

αt = 1−βt ᾱt =
t∏

i=1
αi

▶ Adding Noise: q(xt|x0) =
√

ᾱtx0 +
√

1− ᾱtϵ

▶ Removing Noise: pθ(xt−1|xt) = 1√
αt

(
xt − 1−αt√

1−ᾱt
ϵϵϵθ(xt, t)

)
+ β̃tϵ

▶ Cost: β̃t = 1−ᾱt−1
1−ᾱt

·βt

Lt = Et∼[1,T ],x0,ϵϵϵt

[
∥ϵϵϵt − ϵϵϵθ(

√
ᾱtx0 +

√
1− ᾱtϵϵϵt, t)∥2

]


