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Frequency Representations
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+ asum of sine waves, each of different wavelength ( frequency )
and height (amplitude ), can approximate arbitrary functions

+ to ad)ust horizontal p051t10n (p/m(re F replace with cosine
waves, or use a mixture of sine and cosine waves
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Frequency Representations

+ Fourier series: any continuous, integrable, periodic function
can be represented as an infinite series of sines and cosines

flo)y = —+ i [a cos(nx) + b, sm(nx)]

n=1

+ asum of sine waves, each of different wavelength ( frequency )
and height (amplitude ), can approximate arbitrary functions

F 00 adjust horizontal p051t10n ( p/zaae ) replace with cosine
waves, or use a mixture of sine and cosine waves
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Fourier Analysis

The use of the Fourier Transform is of fundamental importance in the analysis
and design of signal processing systems. Before we look into 2-D we first review

1-D Fourier analysis. In particular, recall that the 1-D Fourier Transform of a
signal is:

G(u) = /_O:Og(t)ejzmt du

g(t) = /_O:OG(u)eﬂ”“t du

g(t) <> G(u) is the Fourier Transform pair
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The Fourier Transform pair satisfies several useful properties:
(a) Scaling g(t)T) < TGuT)
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The Fourier Transform pair satisfies several useful properties:
(a) Scaling g(t)T) < TGuT)

(b) Shift g(t—T) < G(u)e 72T

(¢) Duality G(t) > g(—u)
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The Fourier Transform pair satisfies several useful properties:

(a) Scaling g(t)T) < TGuT)
(b) Shift g(t—T) < G(u)e 72T
(¢) Duality G(t) > g(—u)

(d) Linearity ag(t) +bh(t) <> aG(u) +bH (u)
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The Fourier Transform pair satisfies several useful properties:

(a) Scaling g(t)T) < TGuT)
(b) Shift g(t—T) < G(u)e 72T
(¢) Duality G(t) > g(—u)

(d) Linearity ag(t) +bh(t) <> aG(u) +bH (u)

(e) Convolution ¢(t)*h(t) <> G(u)H (u)
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Common 1-D Transforms:

Common 1-Dimensional transforms:
m(0)

1 Jt)<i
0 else

7(t) = rect(t) = {

rect(t)
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d(t) 1
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Common 1-D Transforms:

Common 1-Dimensional transforms:

m(t)

1 <3
7(t) =rect(t) = { 0 Ll|se 2
rect(t) < sinc(u) = %
d(t) 1
e_a‘t‘a >0 <~ E%?

Y 6(t—mT) < %Z,‘?no:_ooé(u— )

m=—0oQ
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Common 1-D Transforms:

Common 1-Dimensional transforms:

m(t)

1 <3
7(t) =rect(t) = { 0 L||se 2
rect(t) < sinc(u) = %
d(t) 1
6_:Ot01 >0 <~ E%?
Z 5(t_mT) sz——oo (U_%)

cos(2mugt) > %[5(U—U0) +0(u+up)]



Example
We know:
o0
1
m;ma(t—m) o T%é(“_?)

Ok, now we look at:

repr(g(t) = Sg(t—mT)
= 9(t) L ot —mT)

ELEG404,/604
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The Fourier Transform of rep(g(t)) is then
Flrepr(g(t))} = F{g(t)®Xmd(t—mT)}

= Gu)pSd(u—1)
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G(u)
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hence;

Taking Fourier Transforms:

Flreprlo(®]} = Glu)- 7 > d(u—1%)
1 __OO n
= LX)



ELEG404/604

hence;

Taking Fourier Transforms:

Fireprlg®)]} = G(u)- _Z o(u—=)

= %comb% (G (u)]
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2-Dimensional Systems

In 2-Dimensions the input and output of a system are functions of 2 indepen-
dent variables. For instance, in image processing, the variables are the spatial
coordinates (z,y) and the value of the function is the intensity of the image at

that point.

flxy)

M
%
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The impulse response d(z,y) — W — h(x,y) characterizes the output
for any other input ¢(x,y): [linear-time inv.]

((w,y) —|System| = g(z,y) = h(z,y)*(z,y)
- / / (z— 0o,y — B)(c, B)dodp
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Continuous-Space Fourier-Transform
The 2-D Fourier transform pair is:

g(v,y) = /oo /oo G(U,U)ej%(uﬂvy)dudv

—00J—00

R N



ELEG404/604

The idea is to superimpose infinite terms of the form cos2m(ux +vy) to form
any 2-D image, where lines of constant amplitude are given by:

2n(ux +vy) = k

Example: v =0 (vertical frequency is zero) — cos2m(ux +0)
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Fourier Transforms of Images

0 gives angle of sinusoid

r gives spatial frequency

brightness gives amplitude

of sinusoid present in image

% In Matlab:
image = double(imread('flower.tif'))/255.0;
fourier = fftshift(fft2(ifftshift(image)));
fftimage = log(max(real(fourier),0.0))/20.0;

complete spectrum
1s two images -
sines and cosines

1mage spectrum
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A Typical Photograph

spectrum




spectrum



ELEG404/
Blurring in the Fourier Domain

R Do

2 bs

spectrum
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Original Flower

1mage spectrum
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spectrum
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What Does this Filtering Operation Do?

spectrum
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What Does this Filtering Operation Do?

1mage spectrum
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Blurring in x, sharpening in y

1mage spectrum

argh, astigmatism!
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Example: Find the Fourier transform of rect[x,y] = rect|[z|rect|y]

Gluv) = [rect()e 2 dr [ rect(y)e *™dy

G(u,v) = sinc(u)sinc(v)

| F(p,v)|
4

f(t.2)
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Common 2-Dimensional Functions

1 |z|,ly <2

1) rectlr,y] = rectx]rect[y] = f(z,y) = { 0 else
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Common 2-Dimensional Functions

) {1 el <}
1) rectlr,y] = rectx]rect[y] = f(z,y) = { 0 else
2) sincz, y] = sinc[z]sinc[y] = Si?;rm sig;ry
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Common 2-Dimensional Functions

1) rectle,y] = rectlalrectly] = flr.y) = { G-
2) sinc[z, y] = sinc[z]sinc[y] = %%
o0 o0
3) comb|z, y] = Y Y d(z—muy—n)

m=—oonN=——oo

d(x—m,Y —n) = d(x—m)o(y—n)

e
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5) combxy(g(z,y)] = Y.Y g(mX,nY)d(x —mX,y—nY)
= g(ﬂf,ZJ)ZZ(g(l’—vay—nY)

Some notation:

repx ool9(z,y)] = Zk:g(l‘—kX,y)
repooy [9(2,y)] = Zk:g(l‘,y—kY)

y repPx o [g(x, )] y

N

o L4
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Example: 1. Take F. T of

comblz,y] = > > d(x—m,y—n)
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Fourier{comb[z,y]} = {Z(S:r mZ (y— n)}

comb(x,y] «— comb[u,v]



Fourier{comb[z,y]} =

comb[z,y] +—
In general

combyy[z,y] +—

ELEG404/604

P{S e -m st}
55— m) Y60 n)

comb[u, v]

comb[u, v]



- Flrep()]
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Example: Take F.T of

repoo,y [Tect(2y/Y)]

¥

; [

IR

note:
rect[2y/Y] = 1 rect[2y/Y]

T T

function of X  function of Y
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Example: Take F.T of

repoo,y [Tect(2y/Y)]

¥

i [

Nl<

note:

rect[2y/Y] = 1 rect[2y/Y]
T T
function of X  function of Y
1 — (u)

rect2y/Y] +— Ysinc[To]
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hence,
1-rect[2y/Y] +— &(u)¥sinc[Lv]
So, G(u,v) = %comb%[(S(u %sinc[%v]]

or

— 1




ELEG404/604

EX3 g(z,y) cos[2m(z + )]
1

— L
drz+ly+1l) +— e2n(u+tv)
—

0(—u+1,—v+1) duality
d(u—1,v—1) even function
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Similarity e 72"« Su+1,041)

cos[2m(z+y)] +— 3[6(u—1,v—1)+5(u+1,0+1)]
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Example Spectrum of block.
Recall

> rect[x,y] <> sinc(u,v)
> o(z,y) 1

> repx.ylg(z,y)] < ﬁwmb%%[G(u,v)]

7

<>
o
>

Il
M | [ |
Il

Approach 1: Sum of F.T of each term but easier next way.
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Approach 2:

Consider rect[%, %]
From 1. rect[%,%] +— cd Slnc[cu dv]

repaplrect[Z, 4]] <— (Z‘é)combl Z17[smc[cu dv]

infinite pattern transform
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Approach 2:
Consider rect[%, %]
From 1. rect[%,%] +— cd Slnc[cu dv]
repaplrect[?, ]| <— (Z‘é)combl Z17[smc[cu dv]
infinite pattern transform
So:
g(:E,y) = repa,b[reCt(%7 %)]reCt(%a %)

So (x «— )

G(u,v) = (C‘bi)comb1 1 [sinc(cu, dv)] * ABsinc[Au, Bv]

To see what th|s is, let's write it out.
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Gu,v) = ( s )ZZsinc(ca,d:)é(u—zl,v—Z)*sinc(Au,Bv)

Il

VRS
N
S|%
Y
N———
)
=)

o
e
=[5

QL
°“‘:
N——

@®,

=)

o

b
N

S

|
2|3
N——

oe)
VS

(4

|
o3
—
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» Overall drop off controlled by pulse slope
» Interval between replications controlled by period

» Pulse width controlled by duration



ELEG404/604

Two Dimensional Convolution Example:
Let fi(x,y) and fao(x,y) be as shown below, where the shaded area represents
a value of 1, else 0.
a. In the first case, fi(z,y) =rect(z/A,y/A) and fo(z,y) =rect(z/B,y/B)
where A < B.
b. In the second case, fi(z,y) = fo(x,y) = circ(x,y).
Convolve the two sets of functions and plot the results.

\ X
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@ The 2 — D convolution is given by

g(x3) = [ [flr—oy—Blfa(ec,B)dadp

o for |y, [x| > £, g(x,y) = 0.

b
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o for |y, x| < 4,  g(x,y) =4%

o for &4 < |x| < 432;

<54 glxy) =4[5 - (-

S/

)l-
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o for 54 < |y| < 445,

<B4 glxy) =43 -0-3)]
o for &4 < x|,y < 4E; glxy)=[3-(-DIF- -9
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Example
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x+1/2 y—1 x—1/2 y+1 )
2

g(x,y) = rep, 4[rect( : ,T) +rect(T, ] * rect (

&l =
00I‘<
SN

[2sinc (u,2v) (e 72 (—2+%) 4 @27(=3+V))] & 2sinc (16w, 8v)

11
73

G(u,v) = %comb

cos[n(k—)]smc[16(u— ]5() 8(v— é)]

I\J|>¢-

G(u,v) = 24225mc(
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