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' The 2-Dimensional Discrete e
tFourier Transform and Applications

Frequency-domain representations, spectra of images, and filtering in two dimensions
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Review of the 1-D Discrete Fourier Transform /

From a sampled signal to its frequency-domain representation

= AT J

1-D DISCRETE-TIME SIGNAL z[n] THE 1-D DISCRETE FOURIER TRANSFORM (DFT)
a[n] Forward DFT (analysis)
2 =
e 2nkn
Wl o B e
I I { ’ n=0
0 ‘ \ V.M ‘ : RilA - 1
* ® ]
L) e Inverse DFT (synthesis) — preview
=l N-1
1 j 2nkn
2 :—ZX[k]e N, n=0,1,.,N-1
0 8 16 24 32 N1 N
Example: sum of two sinusoids  (N=32 samples) k=0

NOTATION
¢ z[n] is the N-peint discrete-time signal
o X[k] is the complex DFT coefficient
at frequency bin k
s N is the number of samples

2 i 2xkn/N
o =15y

are orthogonal complex
exponential basis functions

INTUITION: THE SIGNAL IS A WEIGHTED SUM OF COMPLEX EXPONENTIALS

constant

slow oscillation

X[0] X[2) X[6]
T [71] = (DC/ average) (low frequency) (higher frequency)
2r:0-n 2. 2 n ;2 6n
BJ J e] N

faster oscillation

Each term has a magnitude |X[k]| and a phase ZX[k] that sets its weight.

—

MAGNITUDE SPECTRUM | X[k]| ‘
X[k
(R DC / average
211 (k=0)
Higher-frequency
Low-frequency component
component (k=6)
1 (k =2)
\
ol Il
0 8 16 24 31k
K Frequency bink  (0... N- 1)

N
FREQUENCY BINS AND NORMALIZED FREQUENCY

Each index k corresponds to a normalized
frequency

fe=

f=0
0<f<i
f= L

s / <1 — negative frequencies
L (implicit for real 2[n])

N

(k=10) - DC/ average
—  positive frequencies

cycles/sample, k=0,1,...,N-1

. e

(k =%, Neven) - Nyquist

=

)
J

@

Takeaway: The 1-D DFT converts a sampled signal into complex frequency coefficients X[k] by projecting z[n] onto an
orthogonal set of complex exponentials; the inverse DFT combines those coefficients to reconstruct the signal exactly.
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Frequency Bins, Magnitude, and Phase N

How to interpret the DFT coefficients X[k] _ - - =

|X[k]| tells how much of DFT (forward) for context
DFT coefficient in X [ k] — |x [k] Jjolk] ke || i
polar (magnitude-phase) form = e @[k] tells the phase / shift L) = =0 *lnl e
of that component. k=0,1,---,N-1
Basis signals (examples of frequency bins) i X[K]| MAGNITUDE SPECTRUM | X[k]| \F WHAT FREQUENCY BINS TELL us |
1
- 1¢ee000cevecoccsnasns | 2 DC (k=0) _ Average / DC term
’[;C (answm I ¥ average level ® k=0 (overall level of the signal)
bl 1 ‘ — medium-frequency  higher-frequency ‘ Sl vatiationsy |
-1 8 16 24 3l n k (k = 4) =
X 7 /peak -1 / peak ( / peak (k = 8) oy Small k Mgt ‘
i 1 11ty - Rapid changes / ‘
very low 1al 3 apid changes
frequency g il o | X T X I "W\ Larger & fine detail
-1 8 16 a4 An|| 0 10 e ‘
0 8 16 24 31 k Ins.k and V. =k
k=4 L 'I h "Tv Th L & * For real x[n] o conjugate pairs:
| medium oledllle M SARILN 5 : | X[N-k = X[k
e QL i 1K PHASE SPECTRUM ¢[k] (radians) | N-K = X"[K
-1 16 24 31n T 7
_ i . T ' T . I ‘ NORMALIZED FREQUENCY
5 el 2 ~ e o
| higher o1 Jllh‘:hrr I‘I & 0 +1 . l l s v l l I l 4 l n* Frequency bin k corresponds to
frequency ° . Tk \
-1g 24 3ln =g normalized frequency = N cycles/samp&e |
g ) 8 16 24 31 k|| S )
: } - = —_— 4 — 4
| As k increases, the oscillation rate increases. J | Phase indicates the alignment (time shift) of each frequency component. [ o 05 1
J W — = J L (Nyquist) cycles/ sample |
/ Takeaway | XTK]| tells how strong each frequency bin k is in the signal; @[k] tells its phase (shift).
Together across all bins, they fully describe the signal in the frequency domain.

I — Slide 2 of 4
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The Inverse DFT and Perfect Reconstruction .

! How the frequency-domain coefficients rebuild the signal exactly

2) SYNTHESIS INTERPRETATION

LI g
x[n] = — E J X[k
magnnude = phase = k-th complex exponential
B . weight shift basis sequence
Spectrum X[k] I Apply IDFT . Weighted sum of

basis sequences

WHY THE INVERSE DFT WORKS

N-1 1) THE INVERSE DFT
1 j2mkn @ The inverse DFT adds all N orthogonal basis sequences ?
s J — g q
x[n] = W X[k] e~ N , n= O, 1,...,N_1 to synthesize the signal.
— e k=0 T e Each coefficient X[k] scales (by | X[k]]) and phase-shifts
time-d normalizati DFT k-th complex exponential reconstructed (by ¢[k]) its basis sequence e/ 2*n/¥,
sample factor (magnitude & phase) basis sequence
- @ Keeping both magnitude and phase for every k yields
( perfect reconstruction: the IDFT recovers x[n] exactly.

RECONSTRUCTED SIGNAL (EXAMPLE)

il

) 'Ll
I:"hp zhl 1 o

Reconstructed
time-domain signal x[a]

I I I I » %I ﬁ = sum » 9II If QINII | & ] 8 16 24 N-1
N AP+ A ° = 'T'"“ eh =
Complex coefficients Esich basis is scaled and Exact reconstruction [ IDFT reproduces the original samples exactly.j
| (magnitude & phase) phase-shifted by X k) when all X[k] are used. nial
-
4 DFT MAGNITUDE | X[k )
MIN| EXAMPLE: TWO SINUSOIDS 15 a5 Rl | k[=]1\1 LN Only four bins are (nearly) nonzero: IDFT recombines these
Signal composed of two ) e k=3 ad k=N-3 components exactly.
sinusoids: (cosine pair)
_(2n:3n 2-lln ® 0.5 ® k=1land k=N-11 Perfect reconstruction
[x[n] = cos( 7 )+0.’lcos (_N + 6)] s | . , (cosine pair) of x[n).
0 3 N2 11 N-1l k All other bins = 0. - N

=4
Slide 3 of 4
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Why the 1-D DFT Matters

Intuition, interpretation, and practical uses

conjugate symmetry:

N=1 N-1 o z[n]: N-point discrete-time signal
j 2mhn 1 2rkn o X[k]: DFT coefficient at bin k
Xkl = E z[n] e’ N z[n] = = X[k]e’™w  kn=0,1,..,N-1
N @ N: number of samples / bins
n=0 k=0 e Basis functions: e~727%/ (orthogonal)
(1) INTERPRETATION WHAT STUDENTS (3) APPLICATIONS (#) MINI WORKED EXAMPLE
The DFT rewrites a sampled signal SHOULD REMEMBER @ Spectral analysis Signal: sum of three sinusoids (I = 32)
as orthogonal discrete frequencies. II] ::ﬁsg:::ﬁn L)c(h[k” identy et requsncee . ) T\me-doma:,n signal x(n)
1l ik 03 CN
Samples :’ DFT coefficients (strength of each component). _r 8 A h T ,’Y M (f 'Y th,
{time domain) (frequency bins) Phce 41K] = Z518 ? i'he"ng ] G T g Y
ase = eep or remove frequency bins . .
z[n] X[k] (@ tells where / alignment % , i 8 16 2 B
shift of each component). ompression )
( ROl %g keep the most important bins Magnitude spectrum | X [k]|
@ k indexes normalized frequency ) ) 2 #=s k=9 k=22
(k/N cycles per sample). E Image & audio processing i
ﬁ transform, enhance, denoise T‘ [ [ J_h
Real-valued signals have 0 .
e H‘] iI ‘ @ Convolution via multiplication 0 8 16 2% 3k

16 24 31 0 8 16 24 3

2
0 8

X[N - k] = X*[K]

in the frequency domain

Peaks at k = 3, 9, 22 match the three sinusoids.

the inverse DFT recombines those bins to reconstruct the signal exactly.

@ Takeaway The 1-D DFT is a change of basis from samples to frequency bins;

Slide 4 of 4
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The 1-D DFT as a Periodic Representation

An N-point DFT treats the finite record as one period of a periodic sequence

v, Y * ‘*"
e v e (Shde 1 of 4
: _// o 3
— p==

N-1 .ﬂ
X[k] = Y afn]e T, k=0,1,...,N-1
n=0

The DFT analyzes one period of a length-IN sequence.

Y

@ TIME-DOMAIN PERIODIC EXTENSION @ FREQUENCY BINS AS EQUALLY SPACED SAMPLES
one period (N samples) i g N
"y : b k:%-, _4,k:1 NS %
TillLee (1Tt 111l 5
—2N _N 2 «+ N-1 N 2N n k:% W k=0 X[k'] : X(ejw)‘w:wk
zoln] = 2l(n mod N)]  ayfnt N = ayfn] gl

"0

ONE PERIOD IN TIME
the N samples are
interpreted as a
repeating sequence.

DISCRETE FREQUENCY SAMPLES
the spectrum is sampled

at N equally spaced
frequencies.

®
5./

WRAP-AROUND INTUITION
modulo-N indexing

is built into

the DFT.

©)

Takeaway: The N-point DFT represents one period of a periodic discrete-time signal

and samples its spectrum at N equally spaced frequencies.




ELEG404/604 Imaging & Deep Learning

] Frequency-Domain Periodicity and Circular Convolutlon -

The DFT spectrum repeats every N bins, and this periodicity leads naturally to circular convolution

X[k + N]

= X[k]

The spectrum of an N-point DFT is penodm in k with period N.

SPECTRUM REPEATS EVERY N BINS

N

WRAP-AROUND INTUITION 0
Frequency-bin indices I

The DFT spectrum is periodic in the frequency index & with period N. gt BAL N-1 1 ‘
| XT#]| one period (IV bins) p) bin indices ‘
t > N/2 wrap modulo N'
9 v
il m ] il
oL Tt T“ > .
=N 0 e N N k ) WHY IT MATTERS: CIRCULAR CONVOLUTION
Time-domain convolution implied by DFT periodicity is circular.
Why X[k+ N] S X[k]? (y[n] = (z ® h,) [n] = ﬂNilu m[m] h[(n—m) mOdN] ]
From the DFT: - e
—j%(k+N)n e—j%kn e—j?ﬂn: —j%‘kn { Y[k]:X[k]H[k], k=01,.,N-1 J
. - — [t 1]
since 672" =1 for all integer n. I T T Tt ® ? I T 1s TI h . 7 T
z[n] h(n] yln] = (z ® h) n]

@ Takeaway:

In the DFT, frequency bins repeat every IV, and the implied wrap-around structure leads to
circular convolution.
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Orthogonality of the DFT Kernels

The complex exponential kernels form an orthogonal basis for Iength N szgnals

—kﬂ Analysis uses the
— N = o Y !
W [TL] € % k O’ 17 e N 1 conjugate kernel;
.9 :
* . ,—i5Fkn synthesis uses the
Wy, [TL] = € N forward kernel.
@ EXAMPLES OF KERNELS (N = 16) @ ORTHOGONALITY PROOF @ NORMALIZED ORTHONORMAL BASIS
—8— Re{wi[n]} = ces(““”) Inner product of two length- N sequences: Normalize the kernels:
whn N-1 , 92
.-'Im{wh[n]}—sm(z,\‘,‘ ) ‘ 1 7§ 2% kn
=t * nl = — N
PR L T OO (a,b) =Y a[n]b*[n] i [n] N
(DC) 0 peessssecececoscne n=0
=1 s et L | They are orthonormal:
0 8 12 15 n Inner product of DFT kernels ‘ Y
. i AT, TN <¢k’ ¢f) :6[’(7—6]
=1 p4leeedgenogtocelgee J2fr(k£
14 R NP L ('LU}G, 'U)z) = E € Im
0 8 2 1570 o o
L L34 'A 4
k=3 (1IN 1) W1 VN1 if k= ‘
J P r\{ g N _ N, !f k=1¢ ‘ e #a
0 8 12 15 n 0, ifk#¢ Re
{0 M » i |
k=6 ,:"3”_:";’7{._\'_1:}'".1 o If k=1{: eachtermis e’ = 1, sothe sumis N.
R ; L ‘l‘, ‘J o o If k% £: itis a geometric series whose terms
0 8 12 15 n lie on the unit circle and sum to 0.
@ Takeaway: The DFT kernels are orthogonal; after normalization they form an orthonormal basis for the length-/\ signal space.
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Projection onto DFT Kernels and Reconstruction

Each DFT coefficient is an inner-product projection, and the inverse DFT recombines those coordinates

e CTTT)

T el e

s

N-1

n=0

3 z[n] g~ Hiren

=@, tip) z[n] =

- P ¥
Analysis = projection; |

synthesis = weighted
recombination.

Z X[k] wy[n]

PROJECTION INTERPRETATION

The DFT kernels {¢,} form an orthonormal basis.

inner product (projection).

X[#]

DFT coefficient =

(za¢)k> = \/N

{¢k},!cv'é orthonormal: (@, e} = 6[k — ]
Each X[k] is the coordinate of z along ¢y.

WHAT EACH COEFFICIENT MEANS
Each X [k] is complex.

[ X148 = 1XT) ¥ |
Magnitude ]X[k]| Phase qﬁ[k]
= length / weight = shift / rotation

N 6lk]

Example spectrum (N = 8):

(X[l
9-
1 Py
1]

Nonzero bins at k = 0,1,6,7,
Others are zero.

k
0 1 2 3 4 5 6 7 %

INVERSE DFT RECONSTRUCTION
Inverse DFT adds scaled kernels to rebuild z[n].

. \
Spectrum X [k] Weighted basis functions Reconstructed signal 2[n]

(coefficients) ¢ [k] wy[n)
le ol N il
k J
Mini-example (N = 16):
Signal = sum of 3 sinusoids Spectrum | X (k]| Recovered [n]
(time domain) (k domain) (time domain)
0 8 15 0 55"
k

@

Takeaway: The DFT computes the coordinates of the signal in an orthogonal kernel basis;
the inverse DFT adds those weighted basis functions to recover the signal exactly.




ELEG404/604 Imaging & Deep Learning

'DFT Property: Circular Time Shift

Shifting a discrete signal in time leaves the magnitude unchanged and adds a linear phase term

Slide 1 of 3

Vs

Let
Then the N-point DFT satisfies
2mkng
N

Y[k] = X[k]e 7 N,
[Y (k]| = |X[K]|

y[n] = z[(n —ny) mod N]

k=0,1,...,N—-1
LY[K] = £X[k] - 2o

A circular shift in time does not change the DFT magnitude; it only adds a linear phase ramp.

TIME DOMAIN: CIRCULAR SHIFT FREQUENCY DOMAIN: DFT RELATIONSHIP
Original signal z[n] Tl
x(n]l ] M““ Magnitude
) " [YTK] unchanged:
AR T T Y = i)
0 il 2 N-1 k
Shifted signal y[n] = x[(n — n9)mod N]
) B o o
14 T T T . M:ﬁ 6 00 00 | Phaseadds
0 i 9 — T ? k|| <Yk 5 linear ramp:
=14 60 1 2 AR N L k| 2Y[R) = 2XTk] | ||
___________ y R S ae = e _ 2mkngy
o 0 1 2 sy N-1
Time domain: samples move by ng positions (circularly). —0— _X[}g] —0— Y[k]

- 2mkngy
@ Takeaway: Circular time shift <> multiplication by e~/

WHY THIS MATTERS

Delay / alignment analysis
Time shifts appear as
linear phase ramps.

~ 1 Image registration

i and cyclic shifts
Cyclic shifts in images
preserve magnitude.

Phase carries
position information
Magnitude shows what,
phase shows where.

N in frequency; magnitude stays the same, phase changes linearly.

\

°
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DFT Property: Time Dilation / Expansion =

Expanding a discrete signal by inserting zeros compresses the spectrum and creates repeated spectral images

Let y[n] = z[n/L] for n =0,£L,+2L,... and y[n] = 0 otherwise.

LN-1 i N-1 ~ i
Ykl = ) ylnle? I8 = Y zmle” ¥ = X[k modN] for k=0,1,...,LN — 1.
n=0 m=0
Intuitively (DTFT relation): Y(e?*) = X(eI¥%)

Time expansion by L inserts zeros between samples, stretches the SIgnaI in tlme
and compresses the spectrum while repeating it L times over 0 to 21r

TIME DOMAIN: EXPANSION BY L = 2 FREQUENCY DOMAIN: SPECTRAL IMAGES WHAT TO REMEMBER
[n] XKl .
1 I T I ? T Expansion in time —
_?J o I T = ¢ T T T T ’ T compression in frequency
0 1 2 3 3 .. N-2N-l et (0 o | SRR .
[V k]| ’ ® | Inserted zeros do NOT
l l by a T I I i T I Y/ add new information
~90p= -0-0-0- > s I I ~
_1 _: n f ,fT TTT T, . | - e s
01 23 4567 . 2N-42N-3 0 3 2 N-1' N N+1 N+2 - 2N-2 2N-1 k | In the discrete periodic
i,:;e} one zero e : <—— copy 0 —> : fe——— copy 1 — spectrum, copies repeat
between every doublas : ) | across the frequency axis

pair of samples spectrum compressed / repeated ‘

‘ @ Takeaway: Dilation (time expansion) by L spreads the samples apart in time and causes the DFT spectrum to repeat L times across the frequency axis. |
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' DFT Property: Zero Padding =\
Appendmg zeros in time does not add information, it samples the same spectrum more densely
Define zero padding of length M > N:
gyn] =z[n], 0Sn<N-1, =0, NSn<M-1, M>N
The M-point DFT of the padded signal:

M1 _ . 2nkn N i 2mkn
Xkl = Y mpnletE Z IS, k=0,1,...,M—1
n=0 n=0

Interpretation (samples of the same DTFT):

Zero padding keeps the underlying DTFT the same, but evaluates it on a denser frequency grid.

Important: zero padding improves visual spectral resolution / interpolation, but it does not improve true frequency resolution or create new information.

TIME DOMAIN: APPEND ZEROS \’ FREQUENCY DOMAIN: DENSER SAMPLES OF THE SAME DTFT WHY ZERO PADDING IS USEFUL
Original signal z[n] (length N) —— underlying DTFT
zn X (e1v)|
[ ]1 ] T T | X (i) o Npeirtisaiples Ma|_<es spe.ctral. peaks
0 5 7 T o I_. 0. M-point zero-padded samples easier to visualize

=1 01 2 . N 1 n
) Zero-padded signal x,,[n] (length M > N)
i ¢y ?

& LX)

= 0 1 2 ... N=1 N N41 ... M=1"®

Helps estimate peak
{%} location / interpolate
between bins

q Does not change the
@Q\\ physical bandwidth

- -n/2 0 n/2 T W = or add information

Bt e ]
extra zeros

@ Takeaway: Zero padding in time gives a denser-looking DFT in frequency because it samples the same DTFT

- on a finer grid—useful for display and peak estimation, but not new information. »
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' DFT Property: Circular Time Shift

Shifting a discrete signal in time leaves the magnitude unchanged and adds a linear phase term

Slide 1 of 3

Let y[n] = z[(n —ny) mod N]
Then the N-point DFT satisfies orkna
Y[k] = X[k]e 7N, k=0,1,...,
YK = XK LYH = ZX[K] -

N -1

2rkng
N

A circular shift in time does not change the DFT magnitude; it only adds a linear phase ramp.

TIME DOMAIN: CIRCULAR SHIFT

2[n] Original signal x[n]

_UJ_._‘_I_._L._‘_T_’

Shifted signal y[n] = 2[(n — ng)mod N]

e e T

=1 i 2 4 =1

yln]

(=]
o
o1

=

Time domain: samples move by 7 positions (circularly).

FREQ_UENCY DOMAIN: DFT RELATIONSHIP

WHY THIS MATTERS

.,

il 2

—o—X[k] —o—YI[K

Magnitude /\

unchanged: { @ )
[Y[k]| = 1 X[x] -

il

Phase adds iyl

linear ramp:
ZLY[k] = £X[k]
_ 2mkng
N

Delay / alignment analysis
Time shifts appear as
linear phase ramps.

Image registration
and cyclic shifts
Cyclic shifts in images
preserve magnitude.

Phase carries
position information
Magnitude shows what,
phase shows where.

+ 2mkng ) 3
@ Takeaway: Circular time shift <> multiplication by e ™~ N in frequency; magnitude stays the same, phase changes linearly.
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1-D DFT as a Matrix-Vector Operation ~——~

Forward transform: represent the discrete signal as a column vector and compute its spectrum by matrix multiplication

X = Fy x ‘ x=[20] o] of2 - oN-1]°
X=[Xx[0] x[1] X[2] --- X[N-1]]7
’ ————e— - e T e = | e e ————
SIGNAL VECTOR DFT MATRIX (ANALYSIS MATRIX) CONCEPTUAL FLOW
time-domain samples Wy = e~IwmIN Signal Multiply by Spectrum
o [ O] il 1 1 . 1 \:C:T DFT matrix v;ct:ur
1 1 Wy 17 R /A

’T[ ] FN = 2 4 2(N 1) (0] X[0]

= 1 Wy Wy e W ) F X[

X=| z[2] 3 s : iy +[2] » ( N ) » x[2]

. 2 e d 2 NxN i
N-1 2(N-1 N-1)(N-1 H !
i 1 WN WN( b WI(V )( ) 2[N-1] X[N-1)
"B[N_l] [FN]k‘n = e—j2751€71/N, k‘,?’l:O,l,...,N—l ECNXI ECNXI
e CNXI COMPONENTWISE FORWARD DFT P INTERPRETATION
N- ® Forward DFT = analysis
_ ~f 27"’“1/1"*’ © Maps time samples to frequency coefficients
X[k] - Z z[ ] k=01,....N-1 e Each X [k] is a complex coefficient for
n=0 the k-th frequency bin
TR ; . ¢ The columns/rows are built from powers
Each row of Fy projects the signal onto one complex exponential kernel. of the primifive Hook Wiy

@)/ Takeaway: The forward 1-D DFT is a linear transformation that maps the sample vector 2 into
the spectrum vector X through multiplication by the DFT matrix Fy .
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Inverse 1-D DFT in Matrix-Vector Form

The synthesis matrix reconstructs the time-domain signal from the spectrum vector

Sllde 20f2

—\_* \_

1 1 H FN = conjugate transpose of Fy
Fy X==-FyX x = [a[0] af1] 2N -1]]7
N X = [X[0] X[1] X[N-1]]7
INVERSE DFT MATRIX ORTHOGONALITY / UNITARY RELATION | | COMPONENTWISE INVERSE DFT
1 il 1 1 H ey s —
1 Wy W WD FyFn = FyFy = NI 4i28kn
otk 1 W{\{l WI,V_, W}.}’(W,l) therefore z[n] = Z X[kl e " n=0,1,..,N-1
N~ N N N -1 _ 1 wH
5 ; : v : Fy =xFv (| - M _____________________________________
1w e Rows/columns of Fy are orthogonal

. 2ank

complex exponential basis vectors.

* inverse DFT = synthesis

[FITll]n,k = % etiTw nk=0,1,..,N-1 Fy ﬁ Rl o each coefficient X [k] scales one basis sequence
FEL » ¢ all scaled basis sequences are added to
g g
WN e exact reconstruction rebuild :B[Tl]
WHAT RECONSTRUCTION DOES )
Spectrum vector X Weighted basis functions X[k.] Py Reconstructed signal z[n]
§[Ul X[0) wo[n]  ccoencpmmonsasty_fmesotn imssossessorsss x[n] = sum of all terms
B X[‘l] ’ X[1) wifn] o ww"’w%ﬁ + ’ 2} I 1 I
X= .[EI X[2 wan]  cneet Sttt e+ 0 I o | i s ol 1 | L] [) £
X[N-1) X[N-1) wyifn] : o g 1 2 N-2 N-1

©

Takeaway: The inverse 1-D DFT is a linear synthesis operation: multiplying the spectrum vector by — F
exactly reconstructs the time-domain signal.
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{ Why the Inverse Comes from the Hermitian Transpose
Standard DFT versus unitary DFT

|

Standard DFT (matrix Fy):
X=Fyz | z=Fi'Xs= %F,{,’X . FiFy=NI

Unitary DFT (matrix Uy ):
1
Uy = —= Fy | Xu=Uve | o=UfX.=UfUye | UFUN=T

7% Important: the expression z = FIX = FFz is exactly true for the unitary DFT matrix U.
For the standard DFT matrix F', the correct inverse is © = % FEX,

: Signal (time/space) Spectrum (frequency)
e Orthogonal complex exponential columns: F#F = NI.
g RIS zeCV XecV

o Hermitian transpose gives matched synthesis: FH pairs T —v-—>

each basis with its conjugate counterpart.

o Normalization determines the inverse: unitary = F~+ = F&, €T
standard = F~' = %FH.

fle— X

le = %FN’
Inverse DFT
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Length-4 Example: Explicit DFT Matrices

Write out F,, its Hermitian transpose, and verify orthogonality ’-‘W}
1) Explicit DFT matrix (N = 4) 2) Hermitian transpose (17’4H ) 3) Orthogonality proof

Wy = e 92/ = _j FEF, =41
4 I'4 4
T R
i 1 11} pr_ |1 i 1 40 0 0
F4:1_i_131 B :gggg
J iy e A 00 0 4
1 7 =1 -j

—

4) Unitary matrix from Fy iﬁi’ The columns of Fy are

H 1 0 0 0
1 U4 U4 =1y 010 0 orthogonal complex
= —D = exponentials. After
Uy = 9 Fy 0010 dividing by v4 = 2,
0 0 0 1 they become

orthonormal.
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Length-4 Signal Example and Exact Reconstruction ﬁ

Compute X = Fyx and recover x from the Hermitian transpose

1) Example signal 2) Forward DFT (N = 4) 3) Transform flow (forward and inverse)
1 2 T X TLrecovered
=03 1 2 1
goms |- 4 X=Fu= 1=3 2 Fy Ly e 2
0 0 (] 0 0
-1 1435 = 1435 =
4) Exact reconstruction: standard DFT inverse 5) Exact reconstruction: unitary DFT inverse
1 1 1 Define unitary spectrum: 1 ! Then recover:
= - H = = H = = = '
m_4F4X 4F4 F4.’C 4(414)1: & 143j $:U;IXMZU§{U4$:I4$:I
1 2 :
Xu = U4 z==-X= 0 1
2 oy Recovered x: 2
1 +37 0 R
2 2
Recovered x: = =
0 i 1
— nitary spectrum values: = —-37 i
1 | Xy 7 3;]2 0 14-3;]2 |
/ . =1, I o g T
@ Takeaway: For the standard DFT, F = N F*; forthe unitary DFT, U™~ = U".
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The 1-D DFT as a Periodic Representation

An N-point DFT treats the finite record as one period of a periodic sequence

v, Y * ‘*"
e v e (Shde 1 of 4
: _// o 3
— p==

N-1 .ﬂ
X[k] = Y afn]e T, k=0,1,...,N-1
n=0

The DFT analyzes one period of a length-IN sequence.

Y

@ TIME-DOMAIN PERIODIC EXTENSION @ FREQUENCY BINS AS EQUALLY SPACED SAMPLES
one period (N samples) i g N
"y : b k:%-, _4,k:1 NS %
TillLee (1Tt 111l 5
—2N _N 2 «+ N-1 N 2N n k:% W k=0 X[k'] : X(ejw)‘w:wk
zoln] = 2l(n mod N)]  ayfnt N = ayfn] gl

"0

ONE PERIOD IN TIME
the N samples are
interpreted as a
repeating sequence.

DISCRETE FREQUENCY SAMPLES
the spectrum is sampled

at N equally spaced
frequencies.

®
5./

WRAP-AROUND INTUITION
modulo-N indexing

is built into

the DFT.

©)

Takeaway: The N-point DFT represents one period of a periodic discrete-time signal

and samples its spectrum at N equally spaced frequencies.
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] Frequency-Domain Periodicity and Circular Convolutlon -

The DFT spectrum repeats every N bins, and this periodicity leads naturally to circular convolution

X[k + N]

= X[k]

The spectrum of an N-point DFT is penodm in k with period N.

SPECTRUM REPEATS EVERY N BINS

N

WRAP-AROUND INTUITION 0
Frequency-bin indices I

The DFT spectrum is periodic in the frequency index & with period N. gt BAL N-1 1 ‘
| XT#]| one period (IV bins) p) bin indices ‘
t > N/2 wrap modulo N'
9 v
il m ] il
oL Tt T“ > .
=N 0 e N N k ) WHY IT MATTERS: CIRCULAR CONVOLUTION
Time-domain convolution implied by DFT periodicity is circular.
Why X[k+ N] S X[k]? (y[n] = (z ® h,) [n] = ﬂNilu m[m] h[(n—m) mOdN] ]
From the DFT: - e
—j%(k+N)n e—j%kn e—j?ﬂn: —j%‘kn { Y[k]:X[k]H[k], k=01,.,N-1 J
. - — [t 1]
since 672" =1 for all integer n. I T T Tt ® ? I T 1s TI h . 7 T
z[n] h(n] yln] = (z ® h) n]

@ Takeaway:

In the DFT, frequency bins repeat every IV, and the implied wrap-around structure leads to
circular convolution.
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Orthogonality of the DFT Kernels

The complex exponential kernels form an orthogonal basis for Iength N szgnals

—kﬂ Analysis uses the
— N = o Y !
W [TL] € % k O’ 17 e N 1 conjugate kernel;
.9 :
* . ,—i5Fkn synthesis uses the
Wy, [TL] = € N forward kernel.
@ EXAMPLES OF KERNELS (N = 16) @ ORTHOGONALITY PROOF @ NORMALIZED ORTHONORMAL BASIS
—8— Re{wi[n]} = ces(““”) Inner product of two length- N sequences: Normalize the kernels:
whn N-1 , 92
.-'Im{wh[n]}—sm(z,\‘,‘ ) ‘ 1 7§ 2% kn
=t * nl = — N
PR L T OO (a,b) =Y a[n]b*[n] i [n] N
(DC) 0 peessssecececoscne n=0
=1 s et L | They are orthonormal:
0 8 12 15 n Inner product of DFT kernels ‘ Y
. i AT, TN <¢k’ ¢f) :6[’(7—6]
=1 p4leeedgenogtocelgee J2fr(k£
14 R NP L ('LU}G, 'U)z) = E € Im
0 8 2 1570 o o
L L34 'A 4
k=3 (1IN 1) W1 VN1 if k= ‘
J P r\{ g N _ N, !f k=1¢ ‘ e #a
0 8 12 15 n 0, ifk#¢ Re
{0 M » i |
k=6 ,:"3”_:";’7{._\'_1:}'".1 o If k=1{: eachtermis e’ = 1, sothe sumis N.
R ; L ‘l‘, ‘J o o If k% £: itis a geometric series whose terms
0 8 12 15 n lie on the unit circle and sum to 0.
@ Takeaway: The DFT kernels are orthogonal; after normalization they form an orthonormal basis for the length-/\ signal space.
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Projection onto DFT Kernels and Reconstruction

Each DFT coefficient is an inner-product projection, and the inverse DFT recombines those coordinates

e CTTT)

T el e

s

N-1

n=0

3 z[n] g~ Hiren

=@, tip) z[n] =

- P ¥
Analysis = projection; |

synthesis = weighted
recombination.

Z X[k] wy[n]

PROJECTION INTERPRETATION

The DFT kernels {¢,} form an orthonormal basis.

inner product (projection).

X[#]

DFT coefficient =

(za¢)k> = \/N

{¢k},!cv'é orthonormal: (@, e} = 6[k — ]
Each X[k] is the coordinate of z along ¢y.

WHAT EACH COEFFICIENT MEANS
Each X [k] is complex.

[ X148 = 1XT) ¥ |
Magnitude ]X[k]| Phase qﬁ[k]
= length / weight = shift / rotation

N 6lk]

Example spectrum (N = 8):

(X[l
9-
1 Py
1]

Nonzero bins at k = 0,1,6,7,
Others are zero.

k
0 1 2 3 4 5 6 7 %

INVERSE DFT RECONSTRUCTION
Inverse DFT adds scaled kernels to rebuild z[n].

. \
Spectrum X [k] Weighted basis functions Reconstructed signal 2[n]

(coefficients) ¢ [k] wy[n)
le ol N il
k J
Mini-example (N = 16):
Signal = sum of 3 sinusoids Spectrum | X (k]| Recovered [n]
(time domain) (k domain) (time domain)
0 8 15 0 55"
k

@

Takeaway: The DFT computes the coordinates of the signal in an orthogonal kernel basis;
the inverse DFT adds those weighted basis functions to recover the signal exactly.




ELEG404/604 Imaging & Deep Learning

'DFT Property: Circular Time Shift

Shifting a discrete signal in time leaves the magnitude unchanged and adds a linear phase term

Slide 1 of 3

Vs

Let
Then the N-point DFT satisfies
2mkng
N

Y[k] = X[k]e 7 N,
[Y (k]| = |X[K]|

y[n] = z[(n —ny) mod N]

k=0,1,...,N—-1
LY[K] = £X[k] - 2o

A circular shift in time does not change the DFT magnitude; it only adds a linear phase ramp.

TIME DOMAIN: CIRCULAR SHIFT FREQUENCY DOMAIN: DFT RELATIONSHIP
Original signal z[n] Tl
x(n]l ] M““ Magnitude
) " [YTK] unchanged:
AR T T Y = i)
0 il 2 N-1 k
Shifted signal y[n] = x[(n — n9)mod N]
) B o o
14 T T T . M:ﬁ 6 00 00 | Phaseadds
0 i 9 — T ? k|| <Yk 5 linear ramp:
=14 60 1 2 AR N L k| 2Y[R) = 2XTk] | ||
___________ y R S ae = e _ 2mkngy
o 0 1 2 sy N-1
Time domain: samples move by ng positions (circularly). —0— _X[}g] —0— Y[k]

- 2mkngy
@ Takeaway: Circular time shift <> multiplication by e~/

WHY THIS MATTERS

Delay / alignment analysis
Time shifts appear as
linear phase ramps.

~ 1 Image registration

i and cyclic shifts
Cyclic shifts in images
preserve magnitude.

Phase carries
position information
Magnitude shows what,
phase shows where.

N in frequency; magnitude stays the same, phase changes linearly.

\

°
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DFT Property: Time Dilation / Expansion =

Expanding a discrete signal by inserting zeros compresses the spectrum and creates repeated spectral images

Let y[n] = z[n/L] for n =0,£L,+2L,... and y[n] = 0 otherwise.

LN-1 i N-1 ~ i
Ykl = ) ylnle? I8 = Y zmle” ¥ = X[k modN] for k=0,1,...,LN — 1.
n=0 m=0
Intuitively (DTFT relation): Y(e?*) = X(eI¥%)

Time expansion by L inserts zeros between samples, stretches the SIgnaI in tlme
and compresses the spectrum while repeating it L times over 0 to 21r

TIME DOMAIN: EXPANSION BY L = 2 FREQUENCY DOMAIN: SPECTRAL IMAGES WHAT TO REMEMBER
[n] XKl .
1 I T I ? T Expansion in time —
_?J o I T = ¢ T T T T ’ T compression in frequency
0 1 2 3 3 .. N-2N-l et (0 o | SRR .
[V k]| ’ ® | Inserted zeros do NOT
l l by a T I I i T I Y/ add new information
~90p= -0-0-0- > s I I ~
_1 _: n f ,fT TTT T, . | - e s
01 23 4567 . 2N-42N-3 0 3 2 N-1' N N+1 N+2 - 2N-2 2N-1 k | In the discrete periodic
i,:;e} one zero e : <—— copy 0 —> : fe——— copy 1 — spectrum, copies repeat
between every doublas : ) | across the frequency axis

pair of samples spectrum compressed / repeated ‘

‘ @ Takeaway: Dilation (time expansion) by L spreads the samples apart in time and causes the DFT spectrum to repeat L times across the frequency axis. |
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' DFT Property: Zero Padding =\
Appendmg zeros in time does not add information, it samples the same spectrum more densely
Define zero padding of length M > N:
gyn] =z[n], 0Sn<N-1, =0, NSn<M-1, M>N
The M-point DFT of the padded signal:

M1 _ . 2nkn N i 2mkn
Xkl = Y mpnletE Z IS, k=0,1,...,M—1
n=0 n=0

Interpretation (samples of the same DTFT):

Zero padding keeps the underlying DTFT the same, but evaluates it on a denser frequency grid.

Important: zero padding improves visual spectral resolution / interpolation, but it does not improve true frequency resolution or create new information.

TIME DOMAIN: APPEND ZEROS \’ FREQUENCY DOMAIN: DENSER SAMPLES OF THE SAME DTFT WHY ZERO PADDING IS USEFUL
Original signal z[n] (length N) —— underlying DTFT
zn X (e1v)|
[ ]1 ] T T | X (i) o Npeirtisaiples Ma|_<es spe.ctral. peaks
0 5 7 T o I_. 0. M-point zero-padded samples easier to visualize

=1 01 2 . N 1 n
) Zero-padded signal x,,[n] (length M > N)
i ¢y ?

& LX)

= 0 1 2 ... N=1 N N41 ... M=1"®

Helps estimate peak
{%} location / interpolate
between bins

q Does not change the
@Q\\ physical bandwidth

- -n/2 0 n/2 T W = or add information

Bt e ]
extra zeros

@ Takeaway: Zero padding in time gives a denser-looking DFT in frequency because it samples the same DTFT

- on a finer grid—useful for display and peak estimation, but not new information. »
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' DFT Property: Circular Time Shift

Shifting a discrete signal in time leaves the magnitude unchanged and adds a linear phase term

Slide 1 of 3

Let y[n] = z[(n —ny) mod N]
Then the N-point DFT satisfies orkna
Y[k] = X[k]e 7N, k=0,1,...,
YK = XK LYH = ZX[K] -

N -1

2rkng
N

A circular shift in time does not change the DFT magnitude; it only adds a linear phase ramp.

TIME DOMAIN: CIRCULAR SHIFT

2[n] Original signal x[n]

_UJ_._‘_I_._L._‘_T_’

Shifted signal y[n] = 2[(n — ng)mod N]

e e T

=1 i 2 4 =1

yln]

(=]
o
o1

=

Time domain: samples move by 7 positions (circularly).

FREQ_UENCY DOMAIN: DFT RELATIONSHIP

WHY THIS MATTERS

.,

il 2

—o—X[k] —o—YI[K

Magnitude /\

unchanged: { @ )
[Y[k]| = 1 X[x] -

il

Phase adds iyl

linear ramp:
ZLY[k] = £X[k]
_ 2mkng
N

Delay / alignment analysis
Time shifts appear as
linear phase ramps.

Image registration
and cyclic shifts
Cyclic shifts in images
preserve magnitude.

Phase carries
position information
Magnitude shows what,
phase shows where.

+ 2mkng ) 3
@ Takeaway: Circular time shift <> multiplication by e ™~ N in frequency; magnitude stays the same, phase changes linearly.
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' DFT Property: Circular Time Shift

Shifting a discrete signal in time leaves the magnitude unchanged and adds a linear phase term

Slide 1 of 3

Let y[n] = z[(n —ny) mod N]
Then the N-point DFT satisfies orkna
Y[k] = X[k]e 7N, k=0,1,...,
YK = XK LYH = ZX[K] -

N -1

2rkng
N

A circular shift in time does not change the DFT magnitude; it only adds a linear phase ramp.

TIME DOMAIN: CIRCULAR SHIFT

2[n] Original signal x[n]

_UJ_._‘_I_._L._‘_T_’

Shifted signal y[n] = 2[(n — ng)mod N]

e e T

=1 i 2 4 =1

yln]

(=]
o
o1

=

Time domain: samples move by 7 positions (circularly).

FREQ_UENCY DOMAIN: DFT RELATIONSHIP

WHY THIS MATTERS

.,

il 2

—o—X[k] —o—YI[K

Magnitude /\

unchanged: { @ )
[Y[k]| = 1 X[x] -

il

Phase adds iyl

linear ramp:
ZLY[k] = £X[k]
_ 2mkng
N

Delay / alignment analysis
Time shifts appear as
linear phase ramps.

Image registration
and cyclic shifts
Cyclic shifts in images
preserve magnitude.

Phase carries
position information
Magnitude shows what,
phase shows where.

+ 2mkng ) 3
@ Takeaway: Circular time shift <> multiplication by e ™~ N in frequency; magnitude stays the same, phase changes linearly.
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1-D DFT as a Matrix-Vector Operation ~——~

Forward transform: represent the discrete signal as a column vector and compute its spectrum by matrix multiplication

X = Fy x ‘ x=[20] o] of2 - oN-1]°
X=[Xx[0] x[1] X[2] --- X[N-1]]7
’ ————e— - e T e = | e e ————
SIGNAL VECTOR DFT MATRIX (ANALYSIS MATRIX) CONCEPTUAL FLOW
time-domain samples Wy = e~IwmIN Signal Multiply by Spectrum
o [ O] il 1 1 . 1 \:C:T DFT matrix v;ct:ur
1 1 Wy 17 R /A

’T[ ] FN = 2 4 2(N 1) (0] X[0]

= 1 Wy Wy e W ) F X[

X=| z[2] 3 s : iy +[2] » ( N ) » x[2]

. 2 e d 2 NxN i
N-1 2(N-1 N-1)(N-1 H !
i 1 WN WN( b WI(V )( ) 2[N-1] X[N-1)
"B[N_l] [FN]k‘n = e—j2751€71/N, k‘,?’l:O,l,...,N—l ECNXI ECNXI
e CNXI COMPONENTWISE FORWARD DFT P INTERPRETATION
N- ® Forward DFT = analysis
_ ~f 27"’“1/1"*’ © Maps time samples to frequency coefficients
X[k] - Z z[ ] k=01,....N-1 e Each X [k] is a complex coefficient for
n=0 the k-th frequency bin
TR ; . ¢ The columns/rows are built from powers
Each row of Fy projects the signal onto one complex exponential kernel. of the primifive Hook Wiy

@)/ Takeaway: The forward 1-D DFT is a linear transformation that maps the sample vector 2 into
the spectrum vector X through multiplication by the DFT matrix Fy .
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Inverse 1-D DFT in Matrix-Vector Form

The synthesis matrix reconstructs the time-domain signal from the spectrum vector

Sllde 20f2

—\_* \_

1 1 H FN = conjugate transpose of Fy
Fy X==-FyX x = [a[0] af1] 2N -1]]7
N X = [X[0] X[1] X[N-1]]7
INVERSE DFT MATRIX ORTHOGONALITY / UNITARY RELATION | | COMPONENTWISE INVERSE DFT
1 il 1 1 H ey s —
1 Wy W WD FyFn = FyFy = NI 4i28kn
otk 1 W{\{l WI,V_, W}.}’(W,l) therefore z[n] = Z X[kl e " n=0,1,..,N-1
N~ N N N -1 _ 1 wH
5 ; : v : Fy =xFv (| - M _____________________________________
1w e Rows/columns of Fy are orthogonal

. 2ank

complex exponential basis vectors.

* inverse DFT = synthesis

[FITll]n,k = % etiTw nk=0,1,..,N-1 Fy ﬁ Rl o each coefficient X [k] scales one basis sequence
FEL » ¢ all scaled basis sequences are added to
g g
WN e exact reconstruction rebuild :B[Tl]
WHAT RECONSTRUCTION DOES )
Spectrum vector X Weighted basis functions X[k.] Py Reconstructed signal z[n]
§[Ul X[0) wo[n]  ccoencpmmonsasty_fmesotn imssossessorsss x[n] = sum of all terms
B X[‘l] ’ X[1) wifn] o ww"’w%ﬁ + ’ 2} I 1 I
X= .[EI X[2 wan]  cneet Sttt e+ 0 I o | i s ol 1 | L] [) £
X[N-1) X[N-1) wyifn] : o g 1 2 N-2 N-1

©

Takeaway: The inverse 1-D DFT is a linear synthesis operation: multiplying the spectrum vector by — F
exactly reconstructs the time-domain signal.
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{ Why the Inverse Comes from the Hermitian Transpose
Standard DFT versus unitary DFT

|

Standard DFT (matrix Fy):
X=Fyz | z=Fi'Xs= %F,{,’X . FiFy=NI

Unitary DFT (matrix Uy ):
1
Uy = —= Fy | Xu=Uve | o=UfX.=UfUye | UFUN=T

7% Important: the expression z = FIX = FFz is exactly true for the unitary DFT matrix U.
For the standard DFT matrix F', the correct inverse is © = % FEX,

: Signal (time/space) Spectrum (frequency)
e Orthogonal complex exponential columns: F#F = NI.
g RIS zeCV XecV

o Hermitian transpose gives matched synthesis: FH pairs T —v-—>

each basis with its conjugate counterpart.

o Normalization determines the inverse: unitary = F~+ = F&, €T
standard = F~' = %FH.

fle— X

le = %FN’
Inverse DFT
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Length-4 Example: Explicit DFT Matrices

Write out F,, its Hermitian transpose, and verify orthogonality ’-‘W}
1) Explicit DFT matrix (N = 4) 2) Hermitian transpose (17’4H ) 3) Orthogonality proof

Wy = e 92/ = _j FEF, =41
4 I'4 4
T R
i 1 11} pr_ |1 i 1 40 0 0
F4:1_i_131 B :gggg
J iy e A 00 0 4
1 7 =1 -j

—

4) Unitary matrix from Fy iﬁi’ The columns of Fy are

H 1 0 0 0
1 U4 U4 =1y 010 0 orthogonal complex
= —D = exponentials. After
Uy = 9 Fy 0010 dividing by v4 = 2,
0 0 0 1 they become

orthonormal.
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Length-4 Signal Example and Exact Reconstruction ﬁ

Compute X = Fyx and recover x from the Hermitian transpose

1) Example signal 2) Forward DFT (N = 4) 3) Transform flow (forward and inverse)
1 2 T X TLrecovered
=03 1 2 1
goms |- 4 X=Fu= 1=3 2 Fy Ly e 2
0 0 (] 0 0
-1 1435 = 1435 =
4) Exact reconstruction: standard DFT inverse 5) Exact reconstruction: unitary DFT inverse
1 1 1 Define unitary spectrum: 1 ! Then recover:
= - H = = H = = = '
m_4F4X 4F4 F4.’C 4(414)1: & 143j $:U;IXMZU§{U4$:I4$:I
1 2 :
Xu = U4 z==-X= 0 1
2 oy Recovered x: 2
1 +37 0 R
2 2
Recovered x: = =
0 i 1
— nitary spectrum values: = —-37 i
1 | Xy 7 3;]2 0 14-3;]2 |
/ . =1, I o g T
@ Takeaway: For the standard DFT, F = N F*; forthe unitary DFT, U™~ = U".
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Overview of the 2-D Discrete Fourier Transform

From a sampled image to its 2-D frequency-domain representation - \
N FREQUENCY DOMAIN |F[u, ]| l
SPATIAL DOMAIN IMAGE  f[m, n] THE 2-D DISCRETE FOURIER TRANSFORM (DFT) (log-magnitude spectrum)

Forward 2-D DFT (analysis)
M-1 N-1
—jor
=% ¥ fmn] G,
c m=0 n=0
3 Wy M=, gl e, =
Inverse 2-D DFT (synthesis)
M-1 N-1
1 +j2m (S +5
o J
flm,n] = U Flu,v] e (5 +%)
; ) 0.5
Size: M x N pixels Zero frequency (DC) at center
= ~ f\ 7
NOTATION 1 LOW FREQUENCIES ORIENTATION
¢ f[m,n] = image intensity (real-valued)
o Flu,v] = complex spectrum (frequency coefficients) One.niahun L
e (m,n) = spatial coordinates (row, column) ,‘_ =13 - :;ec:;aegse
s (u,v) = frequency coordinates (horizontal, vertical) 3 \ < - - direction in
o M x N = image size (rows M, columns N) . ! the spectrum.
o j=y/=1 = imaginary unit Overall illumination Detail, sharptransﬂmns, m — W
k. L and coarse shapes ) a“dfﬁt“m )/ \
Q TAKEAWAY: The 2-D DFT rewrites an image as a weighted sum of 2-D complex exponentials; QM @
. 7 i X = &
magnitude shows what frequencies are present, and phase preserves spatial structure. WL "uﬁkm A A o
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y
. + p [ slide 2 of 8
2-D DFT as Matrix Multiplication = : e,_o N
Represent the image as a matrix and compute its spectrum with left and right DF T matrices
@ F T f= [f[m:’”ﬂ g gy
— ‘N? ‘NJ — W F W [ image matrix |
w Wy | f MN M N || P (P e oo
L spectrum matrix N "I
— MEMNRNS INTERPRETATION
[WM]u.'m =€7ﬂ“m/M» uym=0,..,M-1 [WN]v,n = eiﬂmn/Nv v,n=0,..,N-1
T,‘ ,,‘T Left multiplication by W
1 1 12 o ]I/%—l 1 1 1 2 e 1N—1 mixes rows and performs
1 Wy Wt Wit 1 Wy Wy Wy E l _-‘l- DFT along the columns
Wy=|1 wWi W W,f,,(M_” Wr=|1 w} wa va“‘" | (transforms vertical
o . v 5 e | ! - coordinate n. — v).
1 WJIA:_] WJ?/[(M_” W!E/IMVU(MA) 1 Whly_l W%N_]) WJ(VN—”(N_I’ 4%—;» Right multiplication by w_{

where Wy = e~720/M

— — —

IMAGE MATRIX f

Multiply on the right

INTERMEDIATE MATRIX G = f W §

where Wy = e727/N

SPECTRUM MATRIX F

Multiply on the left

by Wi

by Wy

DFT along rows

| DFT along columns

(across m)

(down 2t)

TAKEAWAY:

The 2-D DFT is a linear transformation on a matrix:

rows and columns are transformed by DFT matrices to produce the 2-D spectrum.

MxN

mixes columns and performs
DFT along the rows
(transforms horizontal
coordinate m — u),

Each element F[u, v] is
one 2-D frequency coefficient.
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Separable Computation of the 2-D DFT N Q

A 2-D DFT is two cascaded 1-D DFTs: first across one dimension, then across the other

e F =Wy (fWL) = (W f) WZ |

1123 8
56|17 M-1 N-1 e (5.4 80)
B — 2 (E . v
9 [10. Flu,v] = Y > flm,n]e U G lnes M=, =l =1 ‘
13 =0 w=0 7
= p= N
@ ROW TRANSFORMS @ COLUMN TRANSFORMS @ EQUIVALENT ORDER
Apply a 1-D DFT to every row Apply a 1-D DFT to every column Column-first then row-first
G = fW} F =WyG gives the same result F'

f i G (row-transformed) ‘ G (from step 1) DFT F (final 2-D DFT) 3 f R e
(1]2]3]4 o [10 -242] -2 [-2-5] ™10 [2+2] 2 [-2-3 120 [ 8 [ofo| #[1]2]s]a)] _ Coums
5 |u6uilil | 26 |-2+2| -2 |-2-% 26 |24 2 |22 -24+32% 0 [0 |0 5 | 6 [y [i8 =

9 |10] — |42 [243] 2 [2-3 e IEIEE 0 o |0 o 9 10|11 Golumrs then
—— - {1 [ T Rows F
13 — |58 |-2+2j| -2 |-2-2 58 [-242j| -2 |-2-2 ==y & | w0 |0 13|14 ———*
VECTORIZATION / KRONECKER FORM PRACTICAL NOTE
vec(f) This separability is why the 2-D FFT is efficient:
vec (F) = (W W) vee(f
= @ = ( ) ( N® M) ( ) C/ apply fast 1-D FFTs to rows and columns.
&) : Kronecker product Cost: O(MN (logy M +log, N)) versus O(M2N?) for direct 2-D DFT.
— = ——— = & —— —— ——
@/ TAKEAWAY: A 2-D DFT is separable: it is computed by two 1-D transforms, f\/\/\ _
A 5

making implementation and intuition much easier.
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Side 4 of 8 |
2-D DFT Property: Circular Spatial Shift | == =N
Shifting an image in space leaves the magnitude unchanged and adds a linear phase plane \
glmyn] = f[(m—mo)mod M, (n—ng) mod N| Glu,v] = Flu,v] e~ i (3 +5)
Glut]| = [Flue]| | £G[uv] = £Flu,] - 2m (400 4 U00)
1) SPATIAL DOMAIN: CIRCULAR SHIFT \\ T 2) MAGNITUDE SPECTRUM: UNCHANGED T 3) PHASE SPECTRUM: LINEAR PHASE RAMP ADDED b
o fmol | S ||l ) R D

n
0
n
-n

¢ 7 7 ¢
| I
— | 0 0
circular . e
shift l ; e
I L | b - w -
N a— -1 ‘ : g u
| -T

( Shift:  mg = 3 (right), ng = 2 (down) ) | [ Magnitudeiis id;ntic;: ‘ Linear phase ramp: i
X = . J umy VT
| 1G] = [Pl £G[u,v] = £F[u,0] - 2 (50 + 5
) - = )
= = B N B
INTERPRETATION | APPLICATIONS ‘
@ * A circular translation in the spatial domain * lmage registration and alignment. ‘
L corresponds to a linear phase ramp in frequency. >> ) )
-2 * Phase correlation (uses phase differences |

¢ The magnitude spectrum is unchanged, ’
so texture and energy d distribution are preserved. | to detect translation).
—— s &

N

{@ TAKEAWAY: A circular shift in the image domain changes only phase, not magnitude; the phase becomes a linear ramp in frequency.
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Spectrum Centering by Modulation =

g
N
Multiplying by (=1)™*™ shifts the 2-D spectrum so the DC term moves*from-re corner to the center 5
UNCENTERED 2-D SPECTRUM |F[x, v]| g[m,n] = (-'1)m+n f[ﬂ’h nI = €ﬂ(m+n) f[m,'n] CENTERED 2-D SPECTRUM |G[u, v]| ‘
3 : For even M, N, %
M N
Glu,v] = F [(u - ?) mod M, (v— E) mod N:|
This is a special case of modulation / frequency shift.
U I R S e i =SS
MODULATION (MULTIPLY IN SPACE)
| s »
i "
i ® = |
(4] M-1u 0 M-1 u
DC at upper-left corner, (low frequencies ginlmtn) DC moved to center (low frequencies
packed in the corner — hard to see detail) (sign pattern)  9[m.n] = (1) flm,n] now centered — easy to see and process)
J
WHY IT WORKS (DERIVATION SKETCH) ) WHY CENTERED SPECTRA ARE USED Bistarics fom ‘ EXAMPLE (REAL IMAGE) )

glm,n] = gitm gl flm,n] Low frequencies (most energy) are at the center  center = frequency | Original image f[m, n] Centered |Glu, v]| ‘

Spectrum | F[u, v]|
— easier to visualize and interpret &

%
= Glud] = ﬁ(u - uo)n;d My o=/t o2 * Radially symmetric filters (e.g., low-pass, band-pass, S ‘
where ug = ik iy (since M, N even) Gaussian) are easy to design and apply —t=t |

Frequency-domain operations and masks becorne

Multiplying by e’™™ '™ shifts the spectrum more intuitive (distance from center = frequency)

“ High
Essential for filtering, enhancement, and feature analysis Low

.

by _1‘21 columns and % rows.

pe

Vt\
@ TAKEAWAY: The factor (—l)m+ﬂ is a simple modulation that re-centers the spectrum and makes low frequencies visually intuitive. #*:
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2-D DFT Property: Zero Padding

Padding an image with zeros does not add information; it samples the same 2-D DTFT more densely

. —

1)DEFINE ZERO-PADDED IMAGE
Original image size: M x N
Padded image size: M, X N
with M, > M, N, 2 N

2) DFT OF THE ZERO-PADDED IMAGE

3) INTERPRETATION

flmyn], 0<m<M-1, 0<n<N-1
oy = § {1 .
0, othervise
M-1 N-1 um | on
_jom (42t
FP[uau] = Z Z f[m}n] e’ I(MP N,,)’
m=0 n=0

(the original image placed

in the top-left corner;

zeros elsewhere)

u=0,..., M -1, v=0,...,N; -1

Zero padding does not change the underlying continuous-space DTFT of f[m,n].
It evaluates the same DTFT on a denser frequency grid in both dimensions.

1) IMAGE: ORIGINAL vs ZERO-PADDED

Original image
MxN

Zero-padded image
M, x N,

M~-1

N1

J

\

- .- Same
v - . DTFT
. e - (envelope)
. . T ¢ he
e — w1 Nyt 00— M,-1

\

(2) SPECTRUM: SAME DTFT, DENSER SAMPLES

DFT of original image
(sparse samples)
[

DFT of zero-padded image
(denser samples)

u

. Sampleﬁlocations in the iD frequency domain

)

[ @ KEY POINTS

@ Better spectral display
(smoother appearance)

@ Easier peak localization
(more sample points)

(%) No new information added

(%) No true increase in resolution |
(bandwidth unchanged)

Same spectrum envelope,
more samples

A

2 ' Original DFT samples

g

S

TAKEAWAY: Zero padding improves spectral visualization and interpolation in frequency, M
but it does not create new image content.

o
g

.| Slide 6 of 8
P \
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4x4 IMAGE f
1100
. 1 190
‘ f=
0000
0000
4x4 DFT MATRIX W4
W, = o i — —j
il 1 il 1
wy= |1 ~§ <1 4§
1 =1 & =
L g =1 =5y

FORWARD 2-D DFT (MATRIX FORM)

’ F=W,fW/

SPECTRUM F (explicit result)

4 2-2j 0 2+2j
-2j 0 2
0 0 0 o0

“' INVERSE 2-D DFT (REMINDER)

| =W/ FW]

@

(since NyN, = 4 - 4 = 16)

L

Worked 4x4 Example of the 2-D DFT

Explicit matrices for a small image and its spectrum

< >~ slide 7 of8 )

N,
b =

4x4 MAGNITUDE |F| PHASE ZF (radians)

4
| 0 |-mk| - |+
—alg| a3 - | o
2 — S
a
S -
0
Complex value magnitude phase
a+jb = la+jbl=ya*+b  Z{a+ jb) = tan™"(b/a)

inverse DFT
spectrurn image

TAKEAWAY: A tiny 4x4 image already shows the full 2-D DFT story: matrix multiplication, complex coefficients,
and dominant low-frequency energy.

- NOTE: Most energy is in the low frequencies (top-left).
~ The 2x2 block is a coarse, smooth structure, so its
spectrum is concentrated near DC (0, 0)

orward DFT F
spectrum

.
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. . .7.f5ﬁdiaorsJ
Large 1024x1024 Image Example and Applications Y
How the 2-D DFT reveal.? structure, scale, and orientation in a real image

P NN
F = DFT2{f} f=IDFT2{F} ‘ Fluv= 3 % Stmn e (R grma)= g ¥ % Fluo] e G0
m=0 n=0 sl p=0

USES & APPLICATIONS —\

=

1024x1024 IMAGE CENTERED LOG-MAGNITUDE SPECTRUM log|F/(x,v]|
0 . = - . N2 [ ERERY DT T
g ’ Image Enhancement
boost contrast, sharpen,
suppress noise

Compression
retain low frequencies,
discard high

Denoising
remove noise in the
frequency domain

Restoration
deblur, dehaze,
improve quality

1023 [ TS R L A o —np £ . :
0 —M)2 M2

Deconvolution
undo blur using
known PSF

(3) ORIENTATION INTERPRETATION

e Horizontal
— atterns —
9 orizontal

D — < =
(1) LOW-PASS FILTERING (@ HIGH-PASS FILTERING

Keeps low | |

ENEREINEIN

| Keeps high i z spectral ridge
irequen:i:s ¢ | ’ | 2 freql;encies mlm"" — * Ve = Pattern Analysis
= smoot! L | * 41| - sharp = T - vertical detect text
o /y/‘ ' tral ric letect textures,
::"/lr;‘;:i’a'!s‘ | ‘ g 4 ;:::S;:E,S' / A ‘ snli’::o;;n(/ge orientations, periodicity
= < f <3 = i pzl(!msl -
I Nl BE-tu
/ \ N patierns —
= o diagonal ridge—
TAKEAWAY: For large images, the 2-D DFT is a powerful lens: low frequencies describe coarse content, . NW‘ _
high frequencies describe detail, and spectral geometry reveals structure and direction. v .j
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Color Image and RGB Spectra (1024x1024) "
A 2-D DFT can be applied separately to the red, green, and blue channels of a color image channel
M-1 N-1 o | Falu,v]|
Frlu,v] = R[m,n] e‘ﬂn(ﬁ)fﬁ)
m=0 n=0
M-1 N-1 -
Fglu,v] = G[m,n] e"z"(ﬁ +%)
m=0 n=0
M—1 N-1
Fglu,v] = B[m,n] (5 +5) Coe
— = channel
m=0 n=0 :
;. : ‘F G [uv 1)] |
Display usually uses centered log-magnitude spectra: i
log(l + [Fc[u,u]l), c € {R,G,B}
Interpretation
 Each color channel has its own spatial-frequency content:
o Low frequencies near the center describe smooth Blue
color variations. channel
+ High frequencies away from the center describe ‘ F, [u v” =
edges, texture, and fine detail. Bre
+ Differences among R, G, and B spectra reveal
color-dependent structure.
Takeaway: A color image is analyzed by applying the 2-D DFT separately to R, G, and B; the resulting
spectra show how spatial detail and structure are distributed in each color channel.
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Ideal Filters in the 2-D Frequency Domain

Binary masks in the spectrum keep some frequencies and reject the rest

—_— \

Ideal low-pass filter Ideal high-pass filter Frequency-domain filtering

G(u,v) = H(u,v) F(u,v)

Centered radial frequency distance

D(u,v):J(uﬂ)Z(ul)z ‘ Hw(u,v)={1* DD | ) =1 Hupluw)

2 2 | 0, otherwise g[m,n] = IDFT,{G(x,v)}
’ 1) Input image and centered spectrum | | 2) Ideal low-pass filter | 3) Ideal high-pass filter
Mask H, p(u, v) Filtered image g,»[m, n] Mask Hyp(u,v) Filtered image gyp[m,n)

Input image f[m,n] (1024x1024)  Log-magnitude spectrum log(1 + |F.(u,)])
|

s

X0 *-_-'
R

s Keeps coarse (low-frequency) structure.

f

= Suppresses DC and low frequencies.

s Removes fine detail and texture. * Emphasizes edges, fine detail, and texture.

|

Low frequencies are concentrated near the center; ‘

 Sharp cutoff in frequency (ringing may occur). | | * Can reduce smooth background variations.
|

high frequencies lie farther from the center.

Takeaway: Ideal filters are simple binary frequency masks: low-pass keeps a centered disk of low frequencies,
while high-pass removes it and preserves detail-rich high frequencies.




ELEGA04/604 Imaging & Deep Learning

Ideal Band-Stop and Band-Pass Filters

Ring-shaped binary masks reject or preserve a selected band of spatial frequencies

Centered radial frequency distance

o= (- ) oo B) | = {

Ideal band-reject (band-stop) filter
0, D; < D(u,v)X Dy

otherwise

Frequency-domain filtering
G(u,v) = H(u,v) F(u,v)
g[m,n] = IDFT,{G(u,v)}

Ideal band-pass filter

HB_D(H,’U) =1- HER(M,'U)

1) Ideal band-reject (band-stop) filter

Input spectrum F(u,v) Ring-shaped binary mask Hpp(u,v)

Filtered image gz [m,n]

/Do

® Rejects a band of mid frequencies between D and Ds.

© Preserves very low frequencies (illumination, coarse structure) and very high
frequencies (fine detail and edges).

| Useful for removing repetitive textures or specific frequency bands (e.g., moiré).

2) ldeal band-pass filter

Input spectrum F(u,v) Ring-shaped binary mask Hpp(u,v) Filtered image ggp[m,n]

/Da

® Passes only the band of frequencies between D, and Ds.
e Suppresses very low and very high frequencies.

e Emphasizes details and textures within a selected range of scales.

Note on ringing: Because the mask has abrupt discontinuities,
the spatial impulse response oscillates and ringing
artifacts may appear near edges.

‘ Sharp cutoff in frequency — oscillatory (sinc-like) response in space
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Butterworth Filters in the 2-D Frequency Domain

Distance from the frequency center

D(u,v) = (u - 1;—4)2 + (v - %)2

Butterworth low-pass filter

i

Hyp(u,v) =

- Smooth frequency-domain filters replace the hard cutoff of ideal masks

Butterworth high-pass filter

HHP(’U,U) =1- HLP(’U-,’U) = i

W

. Dy : cutoff radius
n : filter order

Dlu.s) (positive integer)

3) Butterworth high-pass masks (varying order n)

Hyp(u,v) magnitude

=2 n=735

N
1) Concept: radial transfer magnitude ‘ 2) Butterworth low-pass masks (varying ordern) |
|Hip(D)| ‘ H; p(u,v) magnitude
L0 n=1 n=2 n=>5 n=1
|
|
0.5 e .
0 ; l
0 Dy D (radial distance) | | |
‘ Smoother 5 Sharper Smoother
Higher order n gives a sharper transition (gentle roll-off) (steeper roll-off) (gentle roll-off)
around the cutoff radius Dy. Same cutoff radius Dy (brighter region passes) !
- — = > A= —— = C—
4) Interpretation: why Butterworth filters are useful
o Butterworth filters provide a smooth o The order n controls the steepness of o They generally produce less ringing in |

transition between passband and
stopband in the frequency domain.

the transition: higher n approximates
the ideal (but never truly binary).

the spatial domain compared to ideal
filters with the same cutoff.

—_ » Sharper

Same cutoff radius Dy (darker region passes)

(steeper roll-off)

s The transition is smooth rather than
abrupt, reducing sensitivity to small
shifts in the cutoff frequency.

Takeaway: Butterworth filters offer a tunable, smooth alternative to ideal filters—choose the order n to balance
sharpness of transition and spatial-domain ringing.
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Butterworth Band-Reject and Band-Pass Filters

Smooth ring-shaped transfer functions attenuate or preserve a selected frequency band

Butterworth band-reject filter

1 Butterworth band-pass filter D, : center radius of the rejected band
Hpp(u,v) = Dl W % Hpp(u,v) = 1 — Hgp(u,v) W : bandwidth (thickness of the band)
1+ (m) n : order (controls transition steepness)

Butterworth band-reject filter

Centered spectrum Band-reject mask Hpp(u,v) Filtered image gpr(m, n)

Butterworth band-pass filter

Centered spectrum Band-pass mask Hpp(u,v) Filtered image gpp(m,n)

e =
0
D =

% 77z
|
|

; ;
Do-W/2 Dy Do+W[2

Smoothly suppresses frequencies in an annular band.
Effective for removing periodic patterns, ripples, and repetitive texture/noise.
Preserves both low and high frequencies.

. Note: Because the transition is gradual, Butterworth band filters usually produce less ringing
(fewer oscillations in the spatial domain) than ideal binary ring filters.

Dy-W/2 Dy Dy+W[2

e Smoothly passes frequencies in an annular band.
s Keeps structures and details within a selected frequency range.
 Useful for isolating texture scales or specific pattern frequencies.




ELEGA04/604

Imaging & Deep Learning

( Slide 5 0f 5 |

Ideal versus Butterworth Filtering

Hard cutoffs are simple but ring: smooth transitions reduce artifacts

Input image f[m, n] (1024x1024)
3 -

Low-pass transfer functions ¢
1, D(w, ”) <Dy
0, otherwise

(deal: Higea(wt,v) = {

Commcn input

=te__¥T1

Centered log-magnitude spectrum
log(1 + [F(u,)[)

High-pass transfer functions

ideal: Hib,(u,v) = {0’ Dy, ) < Dy
1, otherwise

L 1
A= ey

Butterworth
(order n):

Butterworth (order n):

‘Hmmm=

LOW-PASS COMPARISON =

|deal Low-Pass (cutoff Dy) Butterworth Low-Pass (order n=4, Dy)
Mask Hp(u,v) Mask Hp(u,v)

Filtered image g[m, 7] Filtered image g[m, n]
* : 3 *

¢+ Smooth transition reduces ringing.
+ Edges remain clear but without halos.
 Order n controls sharpness of transition.

+ Hard cutoff — ringing (Gibbs phenomenaon).
« Preserves sharp edges but creates halos.
* More visible artifacts near high-contrast edges.

~ HIGH-PASS COMPARISON
Ideal High-Pass (cutoff Dy) Butterworth High-Pass (order n=4, D)

Mask Hyp(u,v) Filtered image g[m, n]

Mask Hyp(u,v) Filtered image g[m, n]
c )

D,

~

) + Sensitive to noise (edges look noisy). | o

Smooth transition reduces ringing and noise.
Edges enhanced without harsh halos.
Cleaner, more natural high-frequency emphasis.

+ Hard cutoff = ringing around edges. [iFo=
« Emphasizes edges strongly (but with halos). .

Pros & Cons

Ideal Filters
b * Simple, exact binary support.
L Maximally sharp cutoff.

* Strong ringing in spatial domain.
in.

+ Not robust to noise near cutoff.

Artifacts around edges.

Butterworth Filters
e .
* Smooth transition band.

* Less ringing, cleaner results.

Tunable order n for trade-off.

i + Slightly less selective near cutoff.

(transition band not zero)

Takeaway: The choice of transfer function H (u, ) controls both the frequencies you keep and the artifacts you see in space.
Butterworth filters are usually preferred in practice for smoother, more natural results with less ringing.
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Ideal Filters in the 2-D Frequency Domain

Binary masks in the spectrum keep some frequencies and reject the rest

—_— \

Ideal low-pass filter Ideal high-pass filter Frequency-domain filtering

G(u,v) = H(u,v) F(u,v)

Centered radial frequency distance

D(u,v):J(uﬂ)Z(ul)z ‘ Hw(u,v)={1* DD | ) =1 Hupluw)

2 2 | 0, otherwise g[m,n] = IDFT,{G(x,v)}
’ 1) Input image and centered spectrum | | 2) Ideal low-pass filter | 3) Ideal high-pass filter
Mask H, p(u, v) Filtered image g,»[m, n] Mask Hyp(u,v) Filtered image gyp[m,n)

Input image f[m,n] (1024x1024)  Log-magnitude spectrum log(1 + |F.(u,)])
|

s

X0 *-_-'
R

s Keeps coarse (low-frequency) structure.

f

= Suppresses DC and low frequencies.

s Removes fine detail and texture. * Emphasizes edges, fine detail, and texture.

|

Low frequencies are concentrated near the center; ‘

 Sharp cutoff in frequency (ringing may occur). | | * Can reduce smooth background variations.
|

high frequencies lie farther from the center.

Takeaway: Ideal filters are simple binary frequency masks: low-pass keeps a centered disk of low frequencies,
while high-pass removes it and preserves detail-rich high frequencies.




ELEGA04/604 Imaging & Deep Learning

Ideal Band-Stop and Band-Pass Filters

Ring-shaped binary masks reject or preserve a selected band of spatial frequencies

Centered radial frequency distance

o= (- ) oo B) | = {

Ideal band-reject (band-stop) filter
0, D; < D(u,v)X Dy

otherwise

Frequency-domain filtering
G(u,v) = H(u,v) F(u,v)
g[m,n] = IDFT,{G(u,v)}

Ideal band-pass filter

HB_D(H,’U) =1- HER(M,'U)

1) Ideal band-reject (band-stop) filter

Input spectrum F(u,v) Ring-shaped binary mask Hpp(u,v)

Filtered image gz [m,n]

/Do

® Rejects a band of mid frequencies between D and Ds.

© Preserves very low frequencies (illumination, coarse structure) and very high
frequencies (fine detail and edges).

| Useful for removing repetitive textures or specific frequency bands (e.g., moiré).

2) ldeal band-pass filter

Input spectrum F(u,v) Ring-shaped binary mask Hpp(u,v) Filtered image ggp[m,n]

/Da

® Passes only the band of frequencies between D, and Ds.
e Suppresses very low and very high frequencies.

e Emphasizes details and textures within a selected range of scales.

Note on ringing: Because the mask has abrupt discontinuities,
the spatial impulse response oscillates and ringing
artifacts may appear near edges.

‘ Sharp cutoff in frequency — oscillatory (sinc-like) response in space
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Butterworth Filters in the 2-D Frequency Domain

Distance from the frequency center

D(u,v) = (u - 1;—4)2 + (v - %)2

Butterworth low-pass filter

i

Hyp(u,v) =

- Smooth frequency-domain filters replace the hard cutoff of ideal masks

Butterworth high-pass filter

HHP(’U,U) =1- HLP(’U-,’U) = i

W

. Dy : cutoff radius
n : filter order

Dlu.s) (positive integer)

3) Butterworth high-pass masks (varying order n)

Hyp(u,v) magnitude

=2 n=735

N
1) Concept: radial transfer magnitude ‘ 2) Butterworth low-pass masks (varying ordern) |
|Hip(D)| ‘ H; p(u,v) magnitude
L0 n=1 n=2 n=>5 n=1
|
|
0.5 e .
0 ; l
0 Dy D (radial distance) | | |
‘ Smoother 5 Sharper Smoother
Higher order n gives a sharper transition (gentle roll-off) (steeper roll-off) (gentle roll-off)
around the cutoff radius Dy. Same cutoff radius Dy (brighter region passes) !
- — = > A= —— = C—
4) Interpretation: why Butterworth filters are useful
o Butterworth filters provide a smooth o The order n controls the steepness of o They generally produce less ringing in |

transition between passband and
stopband in the frequency domain.

the transition: higher n approximates
the ideal (but never truly binary).

the spatial domain compared to ideal
filters with the same cutoff.

—_ » Sharper

Same cutoff radius Dy (darker region passes)

(steeper roll-off)

s The transition is smooth rather than
abrupt, reducing sensitivity to small
shifts in the cutoff frequency.

Takeaway: Butterworth filters offer a tunable, smooth alternative to ideal filters—choose the order n to balance
sharpness of transition and spatial-domain ringing.
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Butterworth Band-Reject and Band-Pass Filters

Smooth ring-shaped transfer functions attenuate or preserve a selected frequency band

Butterworth band-reject filter

1 Butterworth band-pass filter D, : center radius of the rejected band
Hpp(u,v) = Dl W % Hpp(u,v) = 1 — Hgp(u,v) W : bandwidth (thickness of the band)
1+ (m) n : order (controls transition steepness)

Butterworth band-reject filter

Centered spectrum Band-reject mask Hpp(u,v) Filtered image gpr(m, n)

Butterworth band-pass filter

Centered spectrum Band-pass mask Hpp(u,v) Filtered image gpp(m,n)

e =
0
D =

% 77z
|
|

; ;
Do-W/2 Dy Do+W[2

Smoothly suppresses frequencies in an annular band.
Effective for removing periodic patterns, ripples, and repetitive texture/noise.
Preserves both low and high frequencies.

. Note: Because the transition is gradual, Butterworth band filters usually produce less ringing
(fewer oscillations in the spatial domain) than ideal binary ring filters.

Dy-W/2 Dy Dy+W[2

e Smoothly passes frequencies in an annular band.
s Keeps structures and details within a selected frequency range.
 Useful for isolating texture scales or specific pattern frequencies.
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Ideal versus Butterworth Filtering

Hard cutoffs are simple but ring: smooth transitions reduce artifacts

Input image f[m, n] (1024x1024)
3 -

Low-pass transfer functions ¢
1, D(w, ”) <Dy
0, otherwise

(deal: Higea(wt,v) = {

Commcn input

=te__¥T1

Centered log-magnitude spectrum
log(1 + [F(u,)[)

High-pass transfer functions

ideal: Hib,(u,v) = {0’ Dy, ) < Dy
1, otherwise

L 1
A= ey

Butterworth
(order n):

Butterworth (order n):

‘Hmmm=

LOW-PASS COMPARISON =

|deal Low-Pass (cutoff Dy) Butterworth Low-Pass (order n=4, Dy)
Mask Hp(u,v) Mask Hp(u,v)

Filtered image g[m, 7] Filtered image g[m, n]
* : 3 *

¢+ Smooth transition reduces ringing.
+ Edges remain clear but without halos.
 Order n controls sharpness of transition.

+ Hard cutoff — ringing (Gibbs phenomenaon).
« Preserves sharp edges but creates halos.
* More visible artifacts near high-contrast edges.

~ HIGH-PASS COMPARISON
Ideal High-Pass (cutoff Dy) Butterworth High-Pass (order n=4, D)

Mask Hyp(u,v) Filtered image g[m, n]

Mask Hyp(u,v) Filtered image g[m, n]
c )

D,

~

) + Sensitive to noise (edges look noisy). | o

Smooth transition reduces ringing and noise.
Edges enhanced without harsh halos.
Cleaner, more natural high-frequency emphasis.

+ Hard cutoff = ringing around edges. [iFo=
« Emphasizes edges strongly (but with halos). .

Pros & Cons

Ideal Filters
b * Simple, exact binary support.
L Maximally sharp cutoff.

* Strong ringing in spatial domain.
in.

+ Not robust to noise near cutoff.

Artifacts around edges.

Butterworth Filters
e .
* Smooth transition band.

* Less ringing, cleaner results.

Tunable order n for trade-off.

i + Slightly less selective near cutoff.

(transition band not zero)

Takeaway: The choice of transfer function H (u, ) controls both the frequencies you keep and the artifacts you see in space.
Butterworth filters are usually preferred in practice for smoother, more natural results with less ringing.



