Chapter 5: Fourier Spectral Analysis

—  Frequency representations, Fourier series, Fourier transforms, and key properties ——
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Frequency Representations

—= A signal as a sum of sinusoidal components with different frequency, amplitude, and phase +—

Sinusoidal Basis Components
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Fourier Series

Any continuous, integrable, periodic function can be represented by an infinite series of sines and cosines.
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Fourier Transform Properties: Scaling

Scaling in time leads to inverse scaling in frequency.
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If the signal is scaled in time by T, its spectrum is scaled in frequency by %,
and multiplied by 7" to preserve the total transform energy content.




Fourier Transform Properties: Shift

glt-7) > Gl

Time Domain

\

Frequency Domain

Shifting a signal to the right by T seconds.

A time shift introduces a
linear phase factor

in the frequency domain.
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Complex exponential (unit magnitude)
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‘ The magnitude spectrum A linear phase term appears
remains the same. with slope —27T.
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shifting a signal in time does not
change spectral magnitude

+ the shift appears as a phase term
in frequency
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+ phase encodes alignment information
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Fourier Transform Properties: Duality

| G) «— g(-f)
Duality swaps the roles of time and frequency.
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Fourier Transform Pair Properties
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Fourier Transform Pair Properties
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Common 1-D Transforms

—— ﬂ(t)
— Common 1-Dimensional transforms: *—
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Common 1-D Transforms

—s Common 1-Dimensional transforms: +~—
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Common 1—Q Transforms
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Cpmmon 1-Q Transforn_ls

—= Common 1-Dimensional transforms: «—
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Rectangular Pulse
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Common 1-D Transforms

—  Common 1-Dimensional transforms: «~—

1 |t| < 1 Time Domain Frequency I)S%;;Z?
7{t} = rect(t) = 0 ’ (t) sinc(u) = ==
else
14 1
’ sinmu
rect(t) —  sinc(u) = —
t YAVERERV: >
d(t) — 1 =9 i N e
—alt| = 2o
4 y &> b a? +(27ru)2 Time Domain Frequency Domain
x % cos(2mugt) —[6 u—ug) + 8(u+ug)]
Z S(t—mT) <« % Z 5(u—%) 1 1
m=—0o m=—00 2 2
cos(2mupt) - [d(u-ug) +6(u+ )] I I .
—Ug Ug




Fourier Transform Pair: Fundamental Properties

-

——= The Fourier transform pair satisfies several useful properties: +—

(a) Scaling: g(t/T) L TG(’LLT)
(b) snift:  g(t —T) < G(u)e ™
(¢) Duality: G(t) < g(—u)

(d) Linearity: ag(t) + bh(t) <> aG(u)+ bH (u)




Fourier Transform Pair: Fundamental Properties

o
-

—=  The Fourier transform pair satisfies several useful properties: +—
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Common 1-D Transforms

—= Common 1-dimensional transforms:
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Common 1-D Transforms

— Common 1-dimensional transforms:

(1)
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— Common 1-dimensional transforms:

1,

m(t) = rect(t) = { 0.
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Common 1-D¢Transforms

— Common 1-dimensional transforms:

m(t) = rect(t) = {

I

else
& sine(y) = 2
o1 )
I 20

a? 4 (27u)?

1 == it
o 7Y 6(u-T)

B | =



Common 1-D Transforms

Common 1-dimensional transforms:
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Fourier Scaling Property

—=  Compression in one domain produces expansion in the other «—

1D Scaling Theorem

Original (a = 1) Compressed (|a] > 1) Expanded (0 <|a|< 1)
Zoom in (spatial) Zoom out (spatial)

It z(t) <> X(f), then

z(at) <i> <o X(i), a0
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2D Scaling Theorem (Image)

T Fouri Fourier Fourier
If g(m y) s G(’U. U) then Transform Transform Transform
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® Spatial compression (|a| > 1) stretches the spectrum.

. w
o Spatial expansion (0<|a| <1) compresses the spectrum. 5 f O‘a‘ f

o The factor 1/|a| preserves total energy under ZOOM IN SPECTRUM ZOOM OUT SPECTRUM
the transform convention. @ ¥ = WIDER —  NARROWER
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Proof of the Scaling Property

—3% A direct change-of-variables derivation — +—
— =
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¢ Change of variables rescales both
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Fourier Convolution Theorem

—= [iltering in one domain becomes multiplication in the other ~—

a Famehition Theorem (lD) . 1) Or}g(ifl]l/)lmage 2) Couv;:(lityizl; Kernel 3){/(Flllt:)re;i 5{9:;?11
00 7
x*ht=/ z(T)h(t—7)dr .
(e h)0) = [ sh(e—n s -
f' {m % h} (f) = X(f)H(f) : (e.g., Gaussian blur)
. J F l s
) Frequency Response
Dual (Multiplication) Property N F(u,v) = F{f(z, )} H(u,v) G(u,v) = F(u, v)H(u,v)
F{z(t)h(t)}(f) = X(f) = H(f). G
4+ Convolution in time or space corresponds to
multiplication in frequency.

+

A smoothing kernel attenuates high frequencies.

2D Convolution Theorem
A sharpening or edge kernel emphasizes high frequencies. J

B < Glu, ) H(u,v).




Proof of the Convolution Theorem

Derwing multiplication in the frequency domain

=

[ Definitions: ‘ (x*h)(t) = /00 z(T)h(t — 1) dr
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Convolution: overlapping shifted kernels

z(r) h(t=7) Partial contribution
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Smooth filtered signal

(zxh)(t) = /I{ﬂ h(t=71)dr —

Note: Interchanging the order of integration is justified under standard integrability assumptions.




Why Scaling and Convolution Matter in Imaging

From zooming to filtering

— Scaling / Zooming *—

wro(%2). ]

Zoom In (a > 1)

[ g(az,ay) —

Zoom Out (a < 1) Original (a = 1)

-

— Filtering / Convolution ~——

[ olass) #h(ap) L GluH ().

Blurred / Denoised Result

Noisy Image g(z,y) Gaussian Kernel h(z, )

Spectrum Expanded
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Sharpening Example

Spectrum G(u,v) Low-Pass Response H(u, v) Product Glu,v)H (u,v)
High-Pass Kernel

Sharpened Result

[+ Magnification in space compresses the spectrum; minification expands it. }
X

‘ ‘$~ Convolution with a kernel shapes the spectrum through multiplication. |

+ @

Scaling explains how
zoom affects frequency content.

Convolution explains
filtering, blur, and sharpening.

+ These two properties are central
to Fourier-based image analysis.
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Fourier Convolution Theorem
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Proof of the Convolution Theorem

Derwing multiplication in the frequency domain
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From zooming to filtering
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Example: Periodic Replication

+ We know:

Z t—mn) Zd(u——)

n=-—=o

4+ Now consider:

repp{g(t)} = Zg(t—mT)

repr{g(t)} = g(t) Zét mT)
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Fourier Transform of the Repeated Signal

F{repr(g(t))} = F{g(t) ) 6(t—mT)}
— G(u)lZcS(u—ﬂ)
= 726(5)5(«-F)

= Leombi [C)]  ed)
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; |
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Periodic Replication and Spectral Sampling

G(u)

“—> A\

repr{g(t)} G(u)
= //?/ //// %///\ R e TT If
6 r1|1 71 N £ - : f’
I

( F{repr{g(t)}} =

*ﬂlr—‘
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\_/
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Fourier-Series Interpretation

i
-

<% Hence:

repr[o(t)] = 9(6) » 7 3 2

< Taking Fourier Transforms:

F{reprlg(0) z_ S(u-7) |
3 i Z Glu (“ B _)
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Final Form of the Rephcated Slgnal Spectrum

. g

‘ 4 Hence:
1 ] [ . 7\‘ i
repr[g(t)] = g(t) * T Z bR Replicated-Signal Spectrum [
L &
< Taking Fourier Transforms: FireprloBl}
1 = n Amplitude \
Flreprlg®)]} = G(u)- 7 X 5(u_ T) | i
n=—co
1 n . ‘
— Gu)d(u— = X [ [ [ g
7 L G (u-7) Ll 05 Y
St G(2)5(u-2) e ] \<_T_+T |
T T 7 1
i 1 “ A line spectrum with spacing %, |
| { = fcomb% (G (u)] } 1 with weights +G/(Z) at u=12. ’ |
\ \
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2-Dimensional Systems

In 2 dimensions, the input and output of a system are functions of two independent variables.
In image processing, the variables are the spatial coordinates (z, y) and the value of the
function is the intensity of the image at that point.

! ; Example: Image Intensity Function
<+ A 2-D system is described by flz,y) | 4
a function of two variables. \
s ] * f(zy)
(7:R> >R | |
|
< For images, f(x,y) gives the { 4 !
intensity (brightness) at the 0 ; S
spatial location (z,y). 6 High
e intensity
Y ('z ) y)
< Here, r and y are spatial
e . : e .
COOlldmatCS‘ (.horlzontal and The height f(x,y) represents the intensity / Low
vertical p051t10ns)' Lof the image at spatial location (z,y). [ intensity

<4 Thus, a 2-D system maps each point in the plane (,y) to a value f(r, y) — the image intensity at that point.
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Impulse Response and 2-D Convolution

ELEG404/604

4 Impulse response characterizes a linear shift-invariant 2D system +

o(a,y) — — h(z,)

<% 2-D convolution
Gl = ] / W@ -0,y Ao, B) do dB

Uz,y) — — g(z,y)
4 Input-output relation Tnput image _ Output image
e Kernel h(z,y) 9z, )
Uz —»M_. 2,) = hlz,y)* bl
(2,9) 9(@,y) = h(z,y) * L(z,) T
gl -8/ 1
g g
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2-D Sinusoidal Basis Functions

bl

‘ < Any 2-D image can be synthesized by
superimposing infinitely many sinusoidal
components of the form

cos 27 (ux + vy)

< Lines of constant amplitude (constant phase) satisfy
2m(ur +vy) =k

< Example

v =0 (vertical frequency is zero) = cos2m(uzx +0)

1) 2-D Sinusoidal Surface

( 2) Lines of Constant Amplitude (v = 0)

Y
<— Lines of
constant
amplitude
—J—‘l—t«—




General Pattern of cos 2m(ux + vy)

ELEG404/604

< creates oriented stripes whose constant-phase

lines satisfy

ur +vy =c¢

i

\
< In general, the basis function Y \<v)
cos 2m(uzx +vy) \( )
1

¢ Spacing= ———
Ve gl

14/48



Fourier Transforms of Images

ELEG404/604

image spectrum

Jt fourier = fftshift(fft2(image)) }

4 0 gives angle of sinusoid

o]
4 T gives spatial frequency ;

< brightness gives amplitude
of sinusoid present in image i)

< complete spectrum is
two images —
sines and cosines

—— 15/48 ~



A Typical Photograph

ELEG404/604

image
-— 0= ——

spectrum
—O—F

\

L

{ <+ Most image energy is concentrated near low spatial frequencies around the origin. ]

16/48
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An Image with Higher Frequencies

spectrum

&

17/48

%

Fine detail and rapid intensity variations produce
broader high-frequency content.

t
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Blurring in the Fourier Domain

7 f
image spectrum z
- % < / ﬁ.’{ .'
2
T
43
; i :
;i
i
¥
Low-pass (ideal) filter
Blurring suppresses high frequencies and i Dasoss Towiociiencice
preserves mainly low-frequency content. H(u,v) = ‘ . (center) nd removes
high frequencies (outside).

18/48
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Original Flower
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<+ image <+

-

4 spectrum <

+ Reference image before frequency-domain filtering. }
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- Sharpening in the Fourier Domain

ELEG404/604

4+ image <

=~

<+ spectrum <

Sharpening emphasizes high frequencies
and enhances edges and detail.

H(u,v) =

-

High-pass (ideal) or
high-boost filter.
Passes high frequencies
(outside); attenuates or
boosts them.

=t
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f

What Does this Filtering Operation Do?

-
4 spectrum < '
fi"

4 image <

{ @ What visual effect results from retaining only a narrow vertical band of frequencies? + "
21/48
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AL
(et

What Does this Filtering Operation Do?
<+ image < 4 spectrum <
. A

+ Predict the image produced by this directional spectral selection. +

22/48
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Blurring in x, sharpening in y

4+ 1mage < <+ spectrum <

{ argh, astigmatism! }

{ A vertical passband preserves variation in y while suppressing high frequencies in . }

93/48
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Filtering — Band-pass Filter

ELEG404/604

<4 Filtered Image (Band-pass Output) <

<4 Frequency-Domain Band-pass Mask <

{ Band-pass filtering retains only a selected range of spatial frequencies. }

24/48
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Filtering — Oriented Band-pass Filter

e = ™
Spatial-domain result (vertical edges emphasized) 4 Fourier-domain mask (oriented annular sector) 4

AV

o J

<4 Frequencies in a narrow angular band around the horizontal u-axis (left and right annular sectors)
are passed. Consequently, vertical-oriented edges and structures are retained, while horizontal details
are largely suppressed. 25/48
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Example: Fourier Transform of rect|z,y]

=
< Consider the separable 2-D rectangle:

rect[z,y] = rect(z) rect(y)

<4 Using separability of the Fourier transform:

G(u,v) = / rect (z)e 2™ dy / rect (y)e 72 dy

<4 Result:

{ G (u,v) = sine (u) sinc (v) J}

4 Spatial domain: rect[z,y] <

4 Frequency domain: |G (u,v)| = |sine(u) sinc(v)| +

I |G (u,v)l

1

26/48
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Sampling with comb yy [g(x, y)]

abs-
et

’ <4~ Some notation:

< Original g(z,y)

<+ CombXY[g(xry)]z ZZQ(WX,TLY) 6(x—mX,y—nY) 9(z:9) :
wy)ZZd(x—mX,y—nY) o _ & i
m n :

Y

< Replication along z (using repy )

+ repx,colg( Zgz kX,y)
k

4+ Tepgo, v [g( ngy kYY)
k

20/48
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Example: Take F T. of combr, y]

4+ comblz,y] = Z Z 0z —m, y—n)

=22, de-m)(y-

<4 2-D impulse lattice in the spatial domain.

n)

ELEG404/604

4 Spatial domain: comb[z,y] +

30/48



2-D Replication Operator

ELEG404/604

repyy [9(z,9)] = Y Y g(@ — mX,y - nY)
m n

4

< Replicates a 2-D pattern on a lattice
with spacings X and Y.

< Each copy is shifted by integer
multiples of X and Y.

4 Single 2-D function g(z,y) +
Yy
g(z,y)

&5

o

0

-
4+ Replicated pattern repyy [g9(z,y)] +

; y
/ /
Sy SRRy W Ry W
’& & !
/ / / /
/ f / /
7 7S
/ / /
NS TS TS =
7 7
; ;
¥ -
0 /< -,

28/48



Common 2-Dimensional Functions

ke
-+

V=

N

< 1) 2-D Rectangular Function (rect)

rect[z,y] = rect(z)rect(y) = f(z,y) =

< 2) 2-D Sinc Function (sinc)

sinc[z,y] = sinc(z) sinc(y) =

4 3) 2-D Comb Function (comb)

comb[z,y] =
=00 N=—00

™I

L

0,

5(z—m,y—n) =0(z-m)d(y-n)

il
I"E‘v |y| < 2

else

sinTz sinmy

TY

Z z d(z—m,y—n)

+ rect[z,y] 4

ELEG404/604

27/48
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Spatial Replication and Spectral Sampling

ELEG404/604

+ g(z,y)

+ G(u,v)

+ repyy [9(z,y)]

-
AAA
/AAA
\T\.

—>=T

1
+ 2y combil 1 [G(u,v)]
&
p 4 i\
1Ly 44 b4
= |
’fn dl
‘ u
v
X

33/48
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Fourier Transform of comb |z, y]

——
— fl

4 Dual lattices ¢

-

4 Derivation:

Spatial domain: comb|z,y]
F{comb[z,y]} = {2536 m)Zd(y—n)} -

= comb [u,v]

v

4 Result: |
! il { Comb [Qj’y] <« — > comb [u,v] }

)

{ CombXY [Qj7y] — % Comb)l(_’% [u, U] }

— — N
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Fourier Transform of a Replicated 2-D Function

a = - i
{

< Replication in space:

<4 Spectral interpretation

repxy [9(z,9)] = g(x,y) * combyy[z,y]
Spatial replication ‘

< Taking Fourier transform: corresponds to

1 m n spectral sampling.
. Firep) = Gluo) - g5 Y 6(u-F.0-g) ;
m,n
< Using sifting property of impulse: R ' | '
e eli—8 @
1 m n m n ¥
- HE o@D | T
XY m% ey X ¥ m—}—g—gl % ).Z( u
< Final form: I .‘g | |
=07
= — comb G(u,v

32/48
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3-D Geometry ijhe Block Paﬁ}el_‘r_l__ _
{g(w,y) = rep,; [rect (%’ _Z_)] rect (_%, %)}

6 3-D view of g(z,y) o— y.

4 Outer support window: A x B

< Repetition periods: a along z, b along y

g <+ Individual block size: ¢ along z, d along y =
e &
? Top view (parameter map) =
s i y ¢ ’
| =
| 1 .J Cld

e o | | l_\L\ -

[ Lo |_1_|D | B
S J
[l 8 T
i —% a

41/48
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3-D Spectrum of the Block Pattern

o G(u,v)

ABed y
G(u,v)=a—bc z Z 1.0I

m=—00 N=—00

Smc (c;n db ) Sl?c (A (u- %),B(v;— %)) il

replica weights
set by c,d

0471
cvenll :Zigmde scale replica weights set by 9-D sinc lobe
= - ; em dn mon
- ab smc(T, T) centered at ( 3

+ Parameter Interpretation +
4 Replica spacing: % inu, % inwv

4 Lobe width (main-lobe): ~ — in u, ~ Liny

A B
; wal e CCH IR
4+ Replica weights: sinc (T’ T)
. ABed + Spectrum replicas are located at (m/a, n/b),
4+ Overall scale factor: ab ( shaped by sinc lobes and weighted by sinc(cm/a, dn/b).

+42/48
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Two-Dimensional Convolution Example

ELEG404/604

<4 Let fi(x,y) and fa(z,y) be as shown below,
where the shaded area represents a value of 1,

else 0.

<4 a. In the first case,
— o
flesy) = rect(A, A)
_ L il
and f?.(x:y) - reCt(Ba B):
where A < B.

B

< b. In the second case,
fl(xv y) = f2($: y) = circ(m, y)'

+ Convolve the two sets of functions
and plot the results.

(

[ (a) Rectangular Functions W

Ay =rect(5. %) falzy) =rect(F, %)
Yy Yy
A B
x
—A A —B B yi
A
—B

Shaded area represents a value of 1, else 0. ]

( 7(13) Circular Functions

fa(@,y) = circ(z,y)

fi(z,y) = circ(z, y)

[ Shaded area represents a value of 1, else 0. ]

274

4+ 42/48
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2-D Convolution Setup

1 W (a, B) — plane
<+ The 2 — D convolution is given by © &
B A
A ”H [l
9@ = [ [ fiw-ay-p)hiaB)dads
B ____ i
2 no ..overlap
< - -l
f A+B =, _E el
< for |y|,|z| > ==, g(z,y)=0. 2 ]
A A
2 2

+ 43/48
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Convolution of Two Rectangles — Central and Side Regions

abe

e

+ 1 for |yl el < E52,
2
g(xz,y) = A°.
|+ 2. for B22 <z < 448,
B¢

N

~

b
B T

< Center region ( |z|, |y| < B_A):

2
full overlap gives constant A%,

O

<4 Side regions Al

ly| < B;A): overlap decreases

linearly with |z|.

(732 < lal <

2 :)

+ 44/48
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Convolution of Two Rectangles — Top and Corner Regions

A+ B
1’—@ for <\|< o
B—A
2] < =5
_alB_(,_4
P
B—A A+4+B
+(2) for -2 < lal, Iyl < 23
s[5~ (- DllE- -
’ 2, 2 2

=

vVAY A
—

v

Ll
8

B

<4 Top-edge case: the overlap length in y
decreases linearly with y.

4 Corner region: overlap equals the
product of two linear factors in = and y.

+ 45/48



Example

Final worked example: a replicated pair of
shifted rectangles convolved with a large support window.

—B/2 1

< 1) Spatial-domain view: g(x,y) <

ELEG404/604

i

< We derive G(u,v) and then visualize its 3-D spectrum.

Replicated pair of shifted rectangles
inside a large support window A x B.

y

00 00 oo

Offsets (¢, d) inside each block;
replication periods (a, b); window A x 5.

<+ 2) Spectral preview: G(u,v) <

3-D spectrum of the replicated pattern:
a lattice of weighted sinc-like lobes.

Gl(uw,v)

Replica spacing: (L in w, Lo v;

shaped by sinc lobes Sin('(c:'m/a. dn/b).

+ 46/48



3-D Spatial Pl

g ELEGA404/604
ot of the Final Example
+ g(z,y) =repy 4 [1"3013(1 +11/2, ?J_Il) + rect (_z__lﬁ) y—zﬂ) * rect —196—6’ %)} ‘ 2
( < Parameter Interpretation + 9(@,y)
< periods: 2inz,4iny

5 (85
1x2 g =
10 1 e oGS T e— g— al |
<~ support window: 16 x 8 ,/ ) | H H H =
: g |
< heights: 1 on the blocks, 0 elsewhere Qs _/ H : .
%( Yy Top view (z-y plane) ) ,/ H _ H
1 R e e i e " e B . :
D cer: er .| L | | | |
: (_551) A y / i | H
il 180 358 iR ’
Le
|
0 1 Bl
. | | center ]
f =4 4 e 5=l

ol
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Final Example — Analytical Spectrum

<~ 1. Spatial-domain definition:

" g(z,y) = repa 4 [rect(m+11/2, %) +rect($—11/2, y+ )]

t(16 3

N

replication lattice 1/2 by 1/4 window envelope 16 by 8

<~ 2. Frequency-domain expression:

¥ Gu,v) = % comb%’ 1 [2sinc(u,2v) (e_j%(_%H’) I ej%(_%“’))] * 2sinc (16w, 8v)

R

<> 3. Expanded form:

=4 G(u,v) =24 ; ; sinc(g, g) cos |:7T (%)} sinc[16 (u = g), 8 (1; . g)}

X

+ 47/48
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Spectrum of the Final Example

G(u,v) 50633 Final Sopectrum
1.00 : + Replica spacing: 1
0.75 3 inu,  inv ;
0.50 4+ Amplitude modulation
0.25 from sinc and cosine
) welght.mg
(0]
Punir A TR
0BT - cos {2 (k— E)J
= -0.50 } )
& _om .

I
—1.00

(Y =14)

= : 0.500
= I A
3 -0.500
[ + Replicas centered at u = g, = g for integers k, £. + ]
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