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What is the goal?
To find examples of discrepancies between two data sets using
Interpretable statistical divergences

2 Methodology

We consider a feature domain X ✓ Rd. Let P (X ) be the set of Borel probability measures on the
metric space (X , d) where d(x, y) is the distance metric for x, y 2 X . Let µ, ⌫ 2 P (X ) be the
probability measures and X,Y 2 X be the random variables such that X ⇠ µ and Y ⇠ ⌫. For any
p � 1, using the Euclidean distance, d(x, y) = kx� yk, the Wasserstein-p distance is given as

Wp(µ, ⌫) =
h

inf
�2�(µ,⌫)

Z

X⇥X

kx� ykp d�(x, y)
i 1

p
. (1)

[10] shows that Eq. (1) gives a metric on P (X ) [11, 1]. The max-sliced Wasserstein-p distance is
given by the following saddlepoint problem

W
⇤

p (µ, ⌫) = sup
w2Rd:kwk2=1


inf

�2�(µ,⌫)
E(X,Y )⇠� |hX � Y,wi|p

� 1
p

, (2)

where k(ww>)(X � Y )k = khX � Y,wiwk = |hX � Y,wi| kwk.

2.1 Divergences in the Reproducing Kernel Hilbert Space (RKHS)

Consider a symmetric (real-valued) positive definite kernel function  : X ⇥ X ! R.  defines
H, a reproducing kernel Hilbert space, if the following conditions are met: 8x 2 X , (·, x) 2 H
and 8x 2 X , f 2 H, f(x) = hf,(·, x)iH [12]. Let � : X ! H be the implicit feature map
(mapping elements x 2 X to elements in RKHS �(x) = (·, x)) such that h�(x),�(y)iH = (x, y).

Assuming a bounded kernel EX⇠⇠[(X,X)]  1, 8⇠ 2 P (X ), for bounded family of functions
in the RKHS F = {! : h!,!iH  1} on X where ! : X ! R, the maximum mean discrepancy
(MMD) is given by

MMDH(µ, ⌫) = sup
!2F

EX⇠µ,Y⇠⌫ [h�(X)� �(Y ),!i] = sup
!2F

E[!(X)� !(Y )] = kmµ �m⌫kH,

(3)
where mµ = EX⇠µ[�(X)] 2 H and m⌫ = EY⇠µ[�(Y )] 2 H.

Using the kernel-induced distance d(x, y) = k�(x)� �(y)kH, Eq. (1) can be extended to the kernel
Wasserstein distance [7] as

W
H
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�2�(µ,⌫)

�
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where k�(X) � �(Y )kp
H

= ((X,X) � 2(X,Y ) + (Y, Y ))p/2. For p =
2, this simplifies such that the joint expectation moves inside and W

H

2 (µ, ⌫) =
inf�2�(µ,⌫)

p
E[(X,X)] + E[(Y, Y )]� E(X,Y )⇠�2(X,Y ). If one were to pursue the one-

dimensional case as the easiest way to compute Wasserstein distance, the implicit feature map
�(·) seems to be an obstacle to slicing compare to Eq. (2). However, by the reproducing property
of the RKHS, the sliced distance defined by ! 2 H, k!kH = 1, is k(! ⌦ !)(�(X)� �(Y ))kH =
|h�(X)� �(Y ),!i|k!kH = |!(X)� !(Y )|, where !(X) and !(Y ) are real-valued random vari-
ables with pushforward measures !]µ and !]⌫, respectively. The max-sliced kernel Wasserstein-2
distance can be expressed in terms of witness functions as
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= sup
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(6)

From the second line it is clear that the optimal � can be solved analytically by coupling the largest
values of !(X) with the largest values of !(Y ), this can be done using their inverse cumulative
distribution functions, which exist under mild conditions [13]. Even with analytic solutions for the
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Divergence as a Learning Problem
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Maximal Discrepancy Divergences as a Learning Problem
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Existing Maximal Discrepancy Divergences
• Maximum mean discrepancy (MMD)

• Max-Sliced Wasserstein-2 (squared)
• Saddlepoint optimization problem
• Sample based O(𝑁log 𝑁 )

• Max-Sliced Bures (MSB) distance
• (One-sided) Max-Sliced Bures
• (One-sided) Max-Sliced Kernel Bures
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New Maximal Discrepancy Divergences

Wasserstein-2 distance between Gaussians is the Fréchet distance: 
(Squared Difference of Means + Squared Bures between Cov.)

Prove: Sliced Bures ≤ Sliced Fréchet ≤ Sliced Wasserstein-2

• Only detects differences in 1st or 2nd moments
• For higher moments, rely on pre-trained learning representation (Inception codes):

• Interpret the Fréchet Inception Distance
• Kernel approach

• MMD is the difference of means in RKHS
• Exploit characteristic kernels, estimate witness function in RKHS
• Scale with random Fourier features (Rahimi and Recht, 2007)

Max-Sliced Bures Divergence
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3Optimal witness functions:

Alg.1: Find the max-slice for Bures is 1D bounded line search and 
primary eigenvector 

Alternative: Gradient approach using smoothed square roots
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Kernelized Max-sliced Bures (MSB) is more localized than 
Maximal Mean Discrepancy (MMD)

Interpret: examining the top-K 
examples from each sample 
from the witness function

Detecting discrepancies in domain transfer

Images represented using Inception Codes

Interpreting GANs: examining the top-5 examples from each sample from each witness function

Precision of the witness function in detecting dropped modes
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Precision of the witness function in detecting underrepresented classes

CIFAR10 using Inception Codes (linear slicing)
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Conclusions:
• Identify localized discrepancies through interpretable divergences
• Highlight opportunities for better dataset calibration
• Max-slicing the Bures distance is scalable and interpretable
• Dropped modes can be detected by looking at instances where the 

witness function has the largest magnitude
• Class imbalances can be recognized efficiently

Max-sliced Fréchet via Max-sliced Bures is more accurate than 
saddlepoint optimization approach for max-sliced Wasserstein-2

MNIST (raw pixels with linear slicing)


