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Abstract

LearningBayesiannetworksis often castas an
optimizationproblem,wherethe computational
task is to find a structurethat maximizesa sta-
tistically motivatedscore.By andlarge,existing
learningtoolsaddressthis optimizationproblem
usingstandardheuristicsearchtechniques.Since
the searchspaceis extremelylarge, suchsearch
procedurescanspendmostof thetimeexamining
candidatesthatareextremelyunreasonable.This
problembecomescriticalwhenwedealwith data
sets that are large either in the numberof in-
stances,or thenumberof attributes.

In this paper, we introducean algorithm that
achievesfasterlearningby restrictingthesearch
space.This iterative algorithmrestrictsthe par-
entsof eachvariableto belongto a small sub-
setof candidates. We thensearchfor a network
that satisfiestheseconstraints.The learnednet-
work is thenusedfor selectingbettercandidates
for thenext iteration.We evaluatethis algorithm
bothon synthetic andreal-life data.Our results
show thatit is significantlyfasterthanalternative
searchprocedureswithout lossof quality in the
learnedstructures.

1 Intr oduction

In recentyearstherehasbeenagrowing interestin learning
thestructureof Bayesiannetworksfromdata[9, 19,15,16,
21,24]. Somewhatgeneralizing,therearetwo approaches
for findingstructure.Thefirst approachposeslearningasa
constraint satisfactionproblem.In thatapproach,wetry to
estimatepropertiesof conditionalindependenceamongthe
attributesin thedata.Usuallythis is doneusingastatistical
hypothesistest,suchas ��� -test. We thenbuild a network
that exhibits the observed dependenciesand independen-
cies.Examplesof this approachinclude[21, 24]. Thesec-
ond approachposeslearningasan optimizationproblem.
We startby defininga statisticallymotivatedscore thatde-
scribesthefitnessof eachpossiblestructureto theobserved
data. Thesescoresinclude Bayesianscores[9, 16] and

MDL scores[19]. Thelearner’s taskis thento find astruc-
turethatmaximizesthescore.In general,thisis anNP-hard
problem[6], andthuswe needto resortto heuristicmeth-
ods. Although the constraintsatisfactionapproachis effi-
cient,it is sensitive to failuresin independencetests.Thus,
thecommonopinionis that theoptimizationapproachis a
bettertool for learningstructurefrom data.

Most existing learning tools apply standardheuristic
searchtechniques,suchasgreedyhill-climbing andsimu-
latedannealingto find high-scoringstructures.See,for ex-
ample,[16,15, 7]. Such“generic”searchproceduresdonot
apply any knowledgeaboutthe expectedstructureof the
networkto be learned.For example,greedyhill-climbing
searchproceduresexamine all possiblelocal changesin
eachstepandapply the one that leadsto the biggestim-
provementin score.Theusualchoicefor “local” changes
areedgeaddition,edgedeletion,andedgereversal. Thus,
thereareapproximately����� �	� possiblechangeswhere �
is thenumberof variables.


The cost of theseevaluationsbecomesacutewhen we
learnfrom massive datasets.Sincetheevaluationof new
candidatesrequirescollectingvariousstatisticsaboutthe
data,it becomesmoreexpensiveasthenumberof instances
grows. To collect thesestatistics,we usuallyneedto per-
form a passover the data. Although, recenttechniques
(e.g., [20]) might reducethe costof this collectionactiv-
ity, we still expect non trivial computationtime for each
new setof statisticsweneed.Moreover, if weconsiderdo-
mainswith largenumberof attributes,thenthenumberof
possiblecandidatesgrowsquickly.

It seems,however, thatmostof thecandidatesconsidered
during the searchcan be eliminatedin advancebasedon
our statisticalunderstandingof the domain. For example,
in greedyhill-climbing, mostpossibleedgeadditionsmight
be removed from consideration:If � and � are almost
independentin thedata,wemightdecidenotto consider�
asa parentof � . Of course,this is a heuristicargument,
since � and � can be marginally independent,yet have
strongdependencein thepresenceof anothervariable(e.g.,� is theXOR of � and  ). In many domains,however, it�

Someof thesechangesintroducecycles, and thus are not
evaluated.Nonetheless,thenumberof feasibleoperationsis usu-
ally quitecloseto ��������� .



is reasonableto assumethat this patternof dependencies
doesnot appear.

The ideaof using measureof dependence,suchas the
mutual information, betweenvariablesto guide network
constructionis not new. For example,Chow andLiu’s al-
gorithm[8] usesthemutualinformationto constructa tree-
like network that maximizesthe likelihood score. When
weconsidernetworkswith largerin-degree,severalauthors
usethemutualinformationto greedilyselectparents.How-
ever, theseauthorsdonotattemptto maximizeany statisti-
cally motivatedscore.In fact, it is easyto show situations
wherethesemethodscan learnerroneousnetworks. This
useof mutualinformationis asimpleexampleof a statisti-
calcue.In thispaper, weincorporatesimilarconsiderations
within a procedurethat explicitly attemptsto maximizea
score.We provide analgorithmthatempiricallyperforms
well in massive datasets.

Thegeneralideais quitestraightforward.Weusestatisti-
calcuesfrom thedata,to restrictthesetof networksweare
willing to consider. In this paper, we chooseto restrictthe
possibleparentsof eachvariable.Thus,insteadof having����� potentialparentsfor a variable,we only consider�
possibleparents,where ����� . (This is oftenreasonable,
sincein many domainswe do not expectto learnfamilies
with too many parents.)We thenattemptto maximizethe
scorewith respectto theserestrictions. Any searchtech-
niqueswe use in this casewill perform faster, sincethe
searchspaceis significantly restricted. Moreover, as we
show, in somecaseswe canfind thebestscoringnetwork
satisfyingtheseconstraints.In othercases,wecanusethe
constraintsto improveourheuristics.

Of course,sucha proceduremight fail to find a high-
scoringnetwork: a misguidedchoiceof candidateparents
in the first phasecanleadto a low scoringnetworkin the
secondphase,even if we manageto maximizethe score
with respectto theseconstraints.Thekey ideaof ouralgo-
rithm is thatweusethenetworkwe foundat theendof the
secondstageto find bettercandidateparents.We thencan
find abetternetworkwith respectto thesenew restrictions.
We iteratein this manneruntil convergence.

The rest of the paperis organizedas follows. In Sec-
tion 2, we review the necessarybackgroundon learning
Bayesiannetworkstructure. In Section3 we outline the
structureof our “sparsecandidate”algorithm and show
that there are two orthogonalissuesthat needto be re-
solved:how to selectcandidatesin eachiteration,andhow
to searchgiventheconstraintson thepossibleparents.We
examinetheseissuesin Sections4 and5, respectively. In
Section6 weevaluatetheperformanceof thealgorithmon
syntheticandreal-lifedatasets.Weconcludewith adiscus-
sionof relatedwork andfuturedirectionsin Section7

2 Background: Learning Structur e

Considera finite set  "!$#�� 
&%('�'(')% �+*-, of discreteran-
dom variableswhereeachvariable �+. may take on val-
uesfrom a finite set,denotedby Val �/� . � . We usecapital
letters,suchas � % � %  , for variablenamesandlowercase
letters 0 %)12%)3 to denotespecificvaluestakenby thosevari-

ables.Setsof variablesaredenotedby boldfacecapitallet-
ters 4 %657%	8 , andassignmentsof valuesto thevariablesin
thesesetsaredenotedby boldfacelowercaselettersx % y % z.

A Bayesiannetwork is an annotateddirectedacyclic
graph that encodesa joint probability distribution over . Formally, a Bayesiannetwork for  is a pair 9:!;=< %?>A@ . The first component,namely

<
, is a directed

acyclic graph whoseverticescorrespondto the random
variables� 
&%('�'(')% �+* . The graphencodesthe following
set of conditional independenceassumptions:eachvari-
able�+. is independentof its non-descendantsgivenits par-
entsin

<
. The secondcomponentof the pair, > , repre-

sentsthe setof parametersthat quantifiesthe network. It
containsa parameterBDCFE�G pa HJI E/KL!NM���0O.?P pa �Q�R. �6� for each
possiblevalue 0O. of �+. , and pa �/�+. � of Pa�/�+. � . Here
Pa�Q�R. � denotesthe setof parentsof �R. in

<
andpa �/�+. �

is a particular instantiationof the parents. If more than
one graphis discussedthen we usePaST�Q� . � to specify�+. ’s parentsin graphG. A Bayesiannetwork 9 speci-
fiesauniquejoint probabilitydistributionover  givenby:MVUL�/� 
W%�'('�')% �R* � !�X *.ZY 
 MVUL�/� . PPa�/� . �[� .

The problem of learning a Bayesiannetwork can be
statedasfollows. Givena training set \]!^# x 
 %('�'(')% x_`,
of instancesof  , find a network 9 that bestmatches \ .
The commonapproachto this problemis to introducea
scoringfunction that evaluateseachnetworkwith respect
to the training data,and then to searchfor the bestnet-
work accordingto this score. The two scoringfunctions
mostcommonlyusedto learnBayesiannetworksarethe
Bayesianscoringmetric,andtheonebasedontheprinciple
of minimaldescriptionlength(MDL). For afull description
see[9, 16] and[3, 19].

An importantcharacteristicof the MDL scoreand the
Bayesianscore(whenusedwith a certainclassof factor-
izedpriors,suchastheBDepriors [16]), is theirdecompos-
ability in presenceof full data.Whenall instancesx a in \
arecomplete—thatis, they assignvaluesto all thevariables
in  — theabove scoringfunctionscanbedecomposedin
thefollowing way:

Score� <cb \ � !ed . Score�Q�R.fP Pa�/�+. � bhg I E�i PaHjI E K �
where

g I E/i PaHJI E K arethestatisticsof thevariables� . and
Pa�Q� . � in \ —i.e.,thenumberof instancesin \ thatmatch
eachpossibleinstantiation02. andpa �Q�R. � .

This decompositionof the scoresis crucial for learning
structure. A local searchprocedurethat changesonearc
at eachmove can efficiently evaluatethe gainsmadeby
this change. Sucha procedurecan also reusecomputa-
tions madein previous stagesto evaluatechangesto the
parentsof all variablesthat have not beenchangedin the
last move. An exampleof sucha procedureis a greedy
hill-climbing procedurethatateachstepperformsthelocal
changethat resultsin the maximalgain,until it reachesa
local maximum. Althoughthis proceduredoesnot neces-
sarilyfind aglobalmaximum,it doesperformwell in prac-
tice;e.g.,see[16]. Exampleof othersearchproceduresthat
advancein one-arcchangesincludebeam-search,stochas-
tic hill-climbing, andsimulatedannealing.



Input:k
A dataset lnmpo x �?q)r)r)r)q x sTt ,k
An initial network uwv ,k
A decomposablescore
Score��u�x�l`�ympz�{ Score�/| { x Pa}w�/| { � q l~� ,k
A parameter� .

Output: A network u .

Loopfor �+m7� q?�Wq)r)r)r until convergence

Restrict

Basedon l and uT�W� � , selectfor eachvariable | { a
set � �{ ( x � �{ xW��� ) of candidateparents.
This definesa directedgraph � � m���� q)� � , where� mpoD|����N| { x ��� q���q |L�f��� �{ t .
(Notethat �A� is usuallycyclic.)

Maximize

Find network uT� m ���f� q6� ��� maximizing
Score��u � x�l`� amongnetworksthat satisfy � �7��A� (i.e., ��| { , Pa�-���/| { ����� �{ ,).

Returnu �
Figure1: Outlineof theSparseCandidatealgorithm

Any implementationof thesesearchmethodsinvolves
cachingof computedcountsto avoid unnecessarypasses
over the data. This cachealso allows us to marginalize
counts.Thus,if

g I i   is in thecache,wecancompute
g I

by summingover valuesof � . This is usuallymuchfaster
thanmakinga new passover the data. Oneof the dom-
inating factorsin the computationalcostof learningfrom
completedatais thenumberof passesactuallymadeover
the training data. This is particularly true when learning
from very largetrainingsets.

3 The “SparseCandidate” Algorithm

In this sectionwe outline the framework for our Sparse
CandidatealgorithmThe underlyingprinciple for our al-
gorithm is fairly intuitive. It calls for two variableswith
a “strongdependency” betweenthemto be located“near”
eachotherin thenetwork.Thestrengthof dependency be-
tweenvariablescanoftenbemeasuredusingmutualinfor-
mationor correlation[11]. In fact,whenrestrictingthenet-
work graphto a tree,Chow andLiu’s algorithm[8] does
exactly that. It measuresthemutualinformation(formally
definedbelow) betweenall pairsof variablesandselectsa
maximalspanningtreeastherequirednetwork.

We aim to usea similar argumentfor finding networks
thatarenot necessarilytrees.Here,thegeneralproblemis
NP-hard[5]. However, a seeminglyreasonableheuristicis
to selectpairs �Q� % � � with highdependency betweenthem
andcreatea networkwith theseedges.

This approachhowever, doesnot takemorecomplex in-
teractionsinto account.For example,if the“true” structure
includesa substructureof the form �¢¡ �£¡  , we
might expect to observe a strongdependency between�
and � , � and  , andalsobetween� and  . However,
onceweconsiderboth � and � asparentsof  , wemight

recognizethat � doesnot help in predicting  oncewe
take � into account.

Ourapproachis basedon thesamebasicintuition of us-
ing mutualinformation,but we do so in a refinedmanner.
Weusemeasuresof dependency betweenpairsof variables
to focusour attentionduring thesearch.For eachvariable� , we find a setof variables� 
 %�'('('?% �-¤ thatarethemost
promisingcandidateparentsfor � . We then restrict our
searchto networksin which only thesevariablescan be
parentsof � . Thisgivesusasmallersearchspacein which
wecanhopeto find a goodstructurequickly.

The main drawback of this procedureis, that oncewe
choosethecandidateparentsfor eachvariable,wearecom-
mittedto them.Thus,amistakein thisinitial stagecanlead
usto find aninferior scoringnetwork.We thereforeiterate
the basicprocedure,usingthe constructednetworkto re-
considerthecandidateparentsandchoosebettercandidates
for thenext iteration. In theexampleof �¥¡"�¦¡§ , �
wouldnot bechosenasa candidatefor  , allowing a vari-
ablewith weakerdependency to replaceit.

The resultingprocedurehasthe generalform shown in
Figure1. This framework definesa whole classof algo-
rithms,dependingon how we choosethecandidatesin the
Restrict step,andhow we performthesearchin theMax-
imize step.Thechoiceof methodsfor thesetwo stepsare
mostly independentof oneanother. We examineeachof
thesein detail in thenext two sections.

Beforewe go on to discusstheseissues,we addressthe
convergencepropertiesof theseiterations.Clearly, at this
abstractlevel, we cannotsaymuchabouttheperformance
of thealgorithm.However, wecaneasilyensureits mono-
tonicimprovement.Werequirethatin theRestrict step,the
selectedcandidatesfor �+. ’s parentsinclude �+. ’s current
parents,i.e., theselectionmustsatisfyPaS � �/�+. �f¨ª© *�« 
.
for all �+. .

Thisrequirementimpliesthatthewinningnetwork 9 * is
a legal structurein the �¬�� iteration. Thus,if thesearch
procedureat the Maximize stepalsoexaminesthis struc-
ture, it must returna structurethat scoresat leastaswell
as 9f* . Immediately, we get that Score��9f*�« 
 P`\ �¯®
Score��9 * P°\ � .

Anotherissueis the stoppingcriteria for our algorithm.
Therearetwo typesof stoppingcriteria: a score basedcri-
terion that terminateswhen Score��9 * � ! Score��9 *O± 
 � ,
andacandidatebasedcriterionthatterminateswhen © *. !© *O± 
. for all ² . Sincethescoreis a monotonicallyincreas-
ing boundedfunction, the scorebasedcriterion is guaran-
teedto stop.However, thecandidatebasedcriterionmight
beableto continueto improveafteraniterationwith noim-
provementin thescore.It canalsoentera non-terminating
cycle, thereforewe needto limit the numberof iterations
with no improvementin thescore.

4 ChoosingCandidateSets

In this sectionwe discusspossiblemeasuresfor choosing
thecandidateset. To choosecandidateparentsfor � . , we
assigneach�A³ somemeasureof relevanceto � . . As the
candidateset of �+. , we choosethosevariableswith the



highestmeasure.Thisgeneraloutlineis shown in Figure2.
It is clearthat in somecases,suchasXOR relations,pair-
wise scoringfunctionsarenot enoughto capturethe de-
pendency betweenvariables.However, for computational
efficiency we limit ourselvesto this typeof functions.

Whenconsideringeachcandidate,weessentiallyassume
thattherearenospuriousindependenciesin thedata.More
precisely, if � is a parentof � , then � is not independent
(or “almost” independent)of � , givenonly a subsetof the
otherparents.

A simpleandnaturalmeasureof dependenceis mutual
information:

´ �/�¶µ[� � ! d C i · ¸M+��0 %?1 ��¹»ºh¼
¸MR��0 %)1 �¸M+��0 � ¸M�� 1 �

Where
¸M denotestheobservedfrequenciesin thedataset.

Themutualinformationis alwaysnon-negative. It is equal
to 0 when� and � areindependent.Thehigherthemutual
information,the strongerthe dependencebetween� and� .

Researchershave tried to constructnetworksbasedon´ �Q�¶µ6� � , i.e., addedgesbetweenvariableswith high mu-
tual information[8, 12, 22]. While in many casesmutual
informationis a goodfirst approximationof thecandidate
parents,therearesimplecasesfor whichthismeasurefails.

Example4.1 : Consider a network with 4 variables½ % 9 % © , and \ suchthat 9§¡ ½
, © ¡ ½

, \:¡ © .
We caneasilyselectparametersfor this networksuchthat´ � ½ µ ©~�¿¾ ´ � ½ µ)\ �¾ ´ � ½ µ)9 � . Thus,if we selectonly
two parentsbasedonmutualinformation,we wouldselect© and \ . Thesetwo, however, areredundantsinceonce
we know © , \ addsno new informationabout

½
. More-

over, this choicedoesnot takeinto accounttheeffect of 9
on
½

.

This exampleshows a generalproblemin pairwiseselec-
tion, which our iterative algorithmovercomes. After we
select © and \ ascandidates,andthe learningprocedure
hopefullyonly sets © asa parentof

½
, we reestimatethe

relevanceof 9 and \ to
½

. How canthisbedonewith the
mutualinformation?We outlinetwo possibleapproaches:

Thefirst approachis basedonanalternativedefinitionof
the mutual information. We candefinethe mutual infor-
mationbetween� and � asthedistancebetweenthedis-
tribution

¸M��Q� % � � andthedistribution
¸M¿�/� � ¸M��Q� � , which

assumes� and � areindependent:´ �/�¶µ6� � !�\~ÀfÁ�� ¸M��/� % � � P P ¸M+�Q� � ¸M��/� �6�
where \ ÀfÁ ��MÂP P Ã � is theKullback-Leiblerdivergence, de-
finedas:

\`ÀfÁ���M��Q� � P P Ã��/� �[� ! d I M��Q� ��¹»ºh¼ M��Q� �Ã��Q� � '
Thus,themutualinformationmeasurestheerror we in-

troduceif weassumethat � and � areindependent.If we

Input:Ä
Dataset \Å!Æ# x 
 %�'('�')% x _+, ,Ä
A network 9 * ,Ä
a score

Ä
parameter� .

Output: For eachvariable� . asetof candidateparents© .
of size � .
Loop for each�+.Ç²Ç!È� %�'('('?% �Ä

CalculateM �/�+. % � ³ � for all � ³É!n�+. suchthat � ³ÉÊ
Pa�/� . �Ä
Choose0 
 %�'('�')% 02¤ ±ÌË with highestranking, whereÍÇ!PPa�/�+. � P .Ä
Set © . ! Pa�Q� . �ÇÎ #W0 
�%('('�')% 0 ¤ ±ÌËQ,

Return # © . ,
Figure2: Outlineof theRestrictstep

alreadyhaveanestimateof anetwork 9 , wecanuseasim-
ilar testto measurethe discrepancybetweenour estimateM U �/� % � � andtheempiricalestimate

¸M��/� % � � . We define

MDisc �Q�R. % � ³ PW9 � !�\`ÀfÁ�� ¸M��Q�R. % � ³ � P P M U �/�+. % � ³ �6�
Noticethatwhen 9�Ï is anemptynetwork,with parameters
estimatedfrom thedata,we getthatMDisc �/� % �ÐP29 Ï � !´ �Q� b � � . Thus,our initial iterationin this caseusesmu-
tual informationto selectcandidates.Later iterationsuse
thediscrepancy to find variablesfor whichourmodelingof
their joint empiricaldistribution is poor. In our example,
wewouldexpectthat M U � ½ % 9 � in thenetwork,whenonly© is a parentof

½
, is quitedifferentfrom

¸M�� ½ % 9 � . Thus,9 would measurehighly relevant to
½

, while M U � ½ % \ �
would be a goodapproximationof

¸M+� ½ % \ � . Therefore,
even “weak” parentshave theopportunityto becomecan-
didatesatsomepoint.

One of the issueswith this measureis that it requires
us to computeM U �Q�R. % � ³ � for pairsof variables. When
learningnetworksover largenumberof variablesthis can
becomputationallyexpensive. However, wecaneasilyap-
proximatetheseprobabilitiesby usinga simplesampling
approach. Unlike computationof posteriorprobabilities
givenevidence,the approximationof suchprior probabil-
ities is not hard. We simply sample

g
instancesfrom the

network,andfrom thesewe canestimateall pair-wise in-
teractions.(In ourexperimentsweuse

g !c��ÑFÑhÑ .)
The secondapproachto extend the mutual information

score is basedon the semanticsof Bayesiannetworks.
Recall that in a Bayesiannetwork �+. ’s parentsshield it
from its non-descendants.This suggeststhat we measure
whethertheconditionalindependencestatement“ �+. is in-
dependentof �A³ givenPa�Q� . � ” holds.If it holds,thenthe
currentparentsseparate�Ò³ from � . and �Ò³ is notaparent
of �R. . Ontheotherhand,if it doesnothold,theneither � ³
is a parentof � . , or �A³ is a descendantof � . .

Insteadof testingwhetherthe conditionalindependence
statementholdsor not,we estimatehow stronglyit is vio-



lated.Thenaturalextensionof mutualinformationfor this
task,is thenotionof conditionalmutualinformation:´ �Q�¶µ6��P  � !d)Ó ¸M+�� � \ ÀfÁ � ¸M+�Q� % ��P  � P P ¸M`�/�pP  � ¸M¿�/��P  �6� '
This measurestheerrorwe introduceby assumingthat �
and � are independentgiven differentvaluesof  . We
define

MShield�Q�R. % � ³ PW9 � ! ´ �Q�R.	µ[� ³ PPa�/�+. �6�
Onceagain,we have that if 9 Ï is theemptynetwork,then
this measureis equivalentto

´ �/� . µ6�A³ � . Althoughshield-
ing can remove � ’s ancestorsfrom the candidateset, it
doesnot “shield” � from its descendants.

A deficiency of both thesemeasuresis that they do not
takeinto accountthecardinalityof variousvariables.For
exampleif both � and  arepossiblecandidateparentsof� , but � hastwo values(onebit of information),while haseight values(threebits of information),we would
expectthat � is lessinformative about � than  . On the
otherhand,we canestimateM��Q�pP � � morerobustly thanM��Q�ÔP  � sinceit involvesfewerparameters.

Suchconsiderationsleadusto usescoreswhichpenalize
structureswith moreparameters,whensearchingthestruc-
turespace,sincethemorecomplex themodelis, theeasier
we are misledby the empiricaldistribution. We usethe
sameconsiderationsto designsucha scorefor theRestrict
step.

To seehow to definea measureof this form, we startby
reexaminingtheshieldingproperty. Usingthechainruleof
mutualinformation:´ �Q� . µ[�A³�PPa�Q� . �[� ! ´ �Q� . µ[�A³ % Pa�Q� . �6� � ´ �/� . µ Pa�Q� . �[�
Thatis, theconditionalmutualinformationis theadditional
informationwegetby predicting�+. using � ³ andPa�/�+. � ,
comparedto our predictionusingPa�/�+. � . Sincethe term´ �Q�R.	µ Pa�/�+. �6� doesnot dependon � ³ , we don’t needto
computeit whenwecomparetheinformationthatdifferent� ³ ’s provide about �+. . Thus,an equivalentcomparative
measureis

MShield�/�+. % � ³ PW9 � ! ´ �/�+.	µ6� ³ % Pa�/�+. �[�
Now, if we considerthe scoreof the Maximize stepas
cautiousapproximationof the mutual information,with a
penaltyon thenumberof parameters,wecangetthescore
measure;

MScore�/�+. % � ³ P°9 � ! Score�Q�R.	µ[� ³ % Pa�/�+. � % \ � '
Thissimplymeasuresthescorewhenadding� ³ to thecur-
rentparentsof � . .

CalculatingMShieldandMScoreis moreexpensive than
calculatingMDisc. MDisc only needsthe joint statistics
for all pairs � . and �Ò³ . Theserequireonly onepassover
thedataandthecomputationcanbecachedfor later itera-
tions.Theothermeasuresrequirethejoint statisticsof �+. ,

� ³ , andPa�Q�R. � . In generalPa�/�+. � changesbetweenitera-
tions,andusuallyrequiresanew passoverthedataseteach
iteration.Thecostof calculatingthesenew statisticscanbe
reducedby limiting ourattentionto variables� ³ thathave
large enoughmutual informationwith �+. . Note that this
mutualinformationcanbecomputedusingpreviouslycol-
lectedstatistics

5 Learning with Small CandidateSets

In this sectionwe examinethe problemof finding a con-
strainedBayesiannetworkattaininga maximalscore.We
first show why the introduction of candidatesets im-
provestheefficiency of standardheuristictechniques,such
as greedyhill-climbing. We then suggestan alternative
heuristic“divide andconquer”paradigmthat exploits the
sparsestructureof theconstrainedgraph.

Formally, weattemptto solvethefollowing problem:

Maximal Restricted Bayesian Network
(MRBN)
Input:Ä

A set \Å!Æ# x 
 %�'('�')% x _~, of instances
Ä

A digraph Õ of boundedin-degree �Ä
A decomposablescoreÖ

Output: A network 9¢! ;=< %)>A@ so that< ¨ Õ , that maximizesS with respectto \ .

As canbeexpected,this problemhasa hardcombinato-
rial aspect.

Proposition 5.1: MRBNis NP-hard.

This followsfrom aslightmodificationof theNP-hardness
of findinganoptimalunconstrainedBayesiannetwork[6].

5.1 Standard Heuristics

ThoughMRBN is NP-hard,even standardheuristicsare
computationallymoreefficient andgive a betterapproxi-
mationcomparedto theunconstrainedproblem.Thisis due
to thefactthatthesearchspaceis substantiallysmaller, asis
thecomplexity of eachiteration,andthenumberof counts
needed.

The searchspaceof possibleBayesiannetworksis ex-
tremely large. By searchingin a smallerspace,we can
hopeto have a betterchanceof finding a high-scoringnet-
work. Althoughthesearchspacesizefor MRBN remains
exponential, it is tiny in comparisonto the spaceof all
Bayesiannetworkson the samedomain.To seethis, note
thatevenif werestrictthesearchtoBayesiannetworkswith
atmost � parents,thereare ���D× * ¤�Ø � possibleparentsetsfor
eachvariable.On theotherhand,in MRBN, wehave only����Ù ¤ � possibleparentsetsfor eachvariable. (Of course,
theacyclicity constraintsdisallow many of thesenetworks,
but it doesnotchangetheorderof magnitudein thesizeof
thesets).

Examining the time complexity for each iteration in
heuristicsearchesalsopointsin favor of MRBN. In greedy
hill climbing the scorefor the ����� �D� initial changesare



calculated,after which eachiteration requires �¿��� � new
calculations.In MRBN webegin with �����2� � initial calcu-
lationsafterwhicheachiterationonly requires�¿��� � calcu-
lation.

A large fractionof the learningtime involvescollecting
thesufficientstatisticsfromthedata.Hereagain,restricting
to candidatesetssavestime. When � is reasonablysmall,
wecancomputethestatisticsfor #(�R.[, Îf© . in onepassover
the input. All thestatisticswe needfor evaluatingsubsets
of © . asparentsof � . canthenbecomputedby marginal-
ization from thesecounts. Thus,we candramaticallyre-
ducethenumberof statisticscollectedfrom thedata.

5.2 Divide and Conquer Heuristics

In this sectionwedescribealgorithmsthatutilize thecom-
binatorialpropertiesof the candidategraph Õ in orderto
efficientlyfind themaximalscoringnetwork,giventhecon-
straints.To simplify the following discussion,we abstract
the detailsof the Bayesiannetworklearningproblemand
focuson theunderlyingcombinatorialproblem.Thisprob-
lem is specifiedasfollows:

Input: A digraph Õ$!Å#��A³~¡"� . b �A³ Ê © . , , anda set
of weightsÚ~�Q� . %[5 � for each� . and 5 ¨¯© . .

Output: An acyclic subgraph
< ¨ Õ thatmaximizesÛÝÜ�Þ <�ß ! d . Ú`�/� . % PaS �Q� . �6� '

Oneof themosteffective paradigmsfor designingalgo-
rithmsis “Di videandConquer”.In thisparticularproblem,
theglobalconstraintwe needto satisfyis acyclicity. Oth-
erwise,we would have selected,for eachvariable � . , the
parentsthatattainmaximalweight. Thus,we want to de-
composetheprobleminto components,sothatwecaneffi-
ciently combinetheir maximalsolutions.We usestandard
graphdecompositionmethodsto decomposeÕ . Oncewe
havesuchadecomposition,wecanfind acyclic solutionsin
eachcomponentandcombinetheminto a globalsolution.

5.3 Strongly ConnectedComponents:(SCC)

Thesimplestdecompositionof this form is onethatdisal-
lows cycles betweencomponents,i.e, strongly connected
components. A subsetof verticesà is stronglyconnected
if for each � % � Ê à , Õ containsa directedpath from� to � anda directedpath from � to � . The set à is
maximalif thereis nostronglyconnectedsupersetof à . It
is clearthat two maximalstronglyconnectedcomponents
mustbedisjoint, andtherecannotbea cycle that involves
verticesin bothof them(for otherwisetheirunionwouldbe
a stronglyconnectedcomponent).Thus,we canpartition
theverticesin Õ into maximalstronglyconnectedcompo-
nents. Every cycle in Õ will be containedwithin a sin-
gle component.Thus,oncewe ensureacyclicity “locally”
within eachcomponent,wegetanacyclic solutionover all
thevariables.Thismeanswecansearchfor amaximumon
eachcomponentindependently.

To formalizethis idea,we begin with somedefinitions.
Let à 
 %('�'(' à�á beapartitionof #(� 
 %�'('('6% � * , . Wedefine

the following subgraphs:Õ I E !§#(��¡â�R.	P � Ê © .[, ,ÕA³¦!äã I E/å àæ Õ I E . For
<èç ÕA³ , let

Û àæ Þ <Òß !z I E å à æ Ú~�Q�R. % PaS �/�+. �6� .
Proposition 5.2: For à 
 %('�'(')% à¿á strongly connected
componentsof Õ , if for each é , < ³ ç Õ ³ is the acyclic
graphthatmaximizes

ÛÝê æ Þ <Òß thenÄ
Thegraph

< ! Î ³ < ³ is acyclic.Ä <
maximizes

Û Ü Þ <�ß
.

DecomposingÕ into strongly connectedcomponents
takeslineartime(e.g.,see[10]), thereforewecanapplythis
decomposition,andsearchfor themaximaoneachcompo-
nentseparately. However, when the graphcontainslarge
connectedcomponents,we still facea hardcombinatorial
problemof finding the graphs

< ³ . For the remainderof
thissectionwewill focusonfurtherdecompositionof such
components.

5.4 SeparatorDecomposition

We now decomposestronglyconnectedgraphs,therefore
we mustconsidercyclesbetweenthe components.How-
ever, ourgoalis to find small“bottlenecks”throughwhich
thesecyclesmustgothrough.Wethenconsiderall possible
waysof breakingthecyclesat thesebottlenecks.

Definition 5.3: A separator of Õ is a set Ö of verticesso
that:

1. ÕÅëfÖ hastwo componentsÕ�ì
 and Õíì� with noedges
betweenthem.For é Ê #�� % Ù�, let Õ . !ªÕ�ì. Î Ö .

2. For each� . , îFé Ê #�� % Ù�, sothat #�� . ÎÝ© . , ¨ ÕA³
For eachvertex wesearchfor themaximalchoiceof par-

entsin only onecomponent( Õ 
 or Õ � ). Let
½ 
 and

½ �
be a disjoint partitionof all verticesinto two sets,so that
if �+. Ê ½ ³ , then �+. Î¶© . ç Õ ³ . The secondproperty
of the separatorensuresthat sucha partition exists. This
propertyholdswhen Ö “separates”themoralizedgraphofÕ , (whereeach�R. ÎÝ© . appearasa clique)into two com-
ponents.

Unlike theSCCdecomposition,however, this decompo-
sition doesnot allow us to maximize

Û
for each ÕA³ in-

dependently. Supposethatwe find two acyclic graphs
< 


and
< � that maximize

Û ê�ï Þ ß
and

Û êÇð Þ ß
, respectively. If

thecombinedgraph
< ! < 
 Î < � is acyclic, thenit must

maximize
Û Ü Þ ß

. Unfortunately,
<

might be cyclic. The
first propertyof separatorsensuresthat the sourceof po-
tentialconflictsbetween

< 
 and
< � involveverticesin the

separatorÖ .
For � % � Ê Ö , if thereis a path from � to � in

< 

and in addition thereis a path from � to � in

< � , then
the combinedgraphwill be cyclic. Conversely, it is also
easyto verify, thatany cycle in

<
mustinvolveat leasttwo

verticesin Ö .
Thissuggestsawayof ensuringthatthecombinedgraph

will beacyclic. If we forcesomeorderon the verticesinÖ , andrequireboth
< 
 and

< � to respectthis order, then



Separator-AlgorithmÄ
for of eachpossibleorder ñ on Ö

– For each ²+!"� % Ù , find
< . i ò ç Õ+. , that maxi-

mizes
Û Ü E Þ <�ß amonggraphsthatrespectñ .

– let
< ò ! < 
 i ò Î < � i òÄ

Return
< !eóWô ¼Tõ ó°ö SÇ÷ ÛøÞ < ò ß .

Figure3: Outline of usinga separatorto efficiently solve
MRBN

we disallow cycles. Formally, let ñ be a partial orderon#�� 
W%�'('�')% �R*-, . Wesaythata graph
<

respectsñ , if when-
ever thereis a directedpath �A³�¡ '�'(' ¡ù� . in

<
, then�+. Éú ò � ³ .

Proposition 5.4: Let Ö be a separator in Õ and let ñ be
a completeorder on Ö . Let

< 
 ç Õ 
 and
< � ç Õ � be

two acyclicgraphsthat respectñ . Then,
< ! < 
 Î < � is

acyclic.

Given Ö , a smallseparatorin Õ , this suggestsa simple
algorithmdescribedin figure 3. This approachconsidersP ÖfPJû pairsof independentsub-problems.If thecostof find-
ing a solutionto eachof the sub-problemsis smallerthan
for thewholeproblem,and P ÖfP is relatively small,thispro-
cedurecanbemoreefficient.

Proposition 5.5: Using the same notation as in the
separator-algorithm,if üýñ for é Ê #WÑ % �W, , < ³ i ò maximizesÛ Ü æ Þ ß amongthegraphsthat respectñ then:Ä < ò maximizes

ÛÝÜ+Þ ß
amongthegraphsthat respectñÄ < !ªó°ô ¼�õ óWö SÇ÷ ÛøÞ < ò ß maximizes

Û Ü Þ ß
.

Proposition5.5impliesthatalgorithm3 returnstheoptimal
solution.

5.5 Cluster-TreeDecomposition

In this sectionwe presentcluster trees, which are repre-
sentationsof the candidategraphs,implying a recursive
separatordecompositionof Õ into clusters. The idea is
similar to thoseof standardclique-treealgorithmsusedfor
Bayesiannetworkinference(e.g.,[17]). We usethis repre-
sentationto discussa classof graphsfor which

Û�Ü�Þ ß
can

befoundin polynomialtime.

Definition 5.6: A ClusterTreeof Õ is apair ��þ %[ÿ � , whereÿ ! � � % � � is a treeand þ"!N#�� ³ P é Ê � , is a family of
clusters, subsetsof #(� 
 %�'('('?% � * , , onefor eachvertex ofÿ , sothat:Ä

For each �+. , thereexists é2��² � Ê �
suchthat #(�R. Î© .[, ¨ � ³ H . K .Ä

For all ² % é % � Ê �
, if é is on the path from ² to � inÿ , then �Ç.����Ç¤ ç � ³ . This is called the running

intersectionproperty.

We introducesomenotation:Let ��² % é � beanedgein ÿ .
Then Ö-. i ³ !��Ç.	�
� ³ is a separatorin ÿ , breakingit into

two subtreesÿ 
 and ÿ � . Define
½ ³ to bethesetof vertices

assigned(with their parents)to �Ì³ : ½ ³Â!Å#(� . P é���² � ! é�, .
Define

½ Þ ÿ . ß !¦ã ³ å��2E ½ ³ . In contrast,define  Þ ÿ . ß to be
thesetof verticesappearingin ÿ . , notnecessarilywith their
parents.

Whenever P Ö . i ³2P is smalland P ÿV
 P��øP ÿ � P , then Ö . i ³ canbe
efficiently usedin algorithm3. We now devisea dynamic
programmingalgorithmfor computingthe optimal graph
usingtheclustertreeseparators.First,let usrootthecluster
treeat anarbitrary ��Ï Ê þ , inducinganorderon the tree
vertices. Eachcluster � ³ Ê þ is theroot of a subtreeÿ ³ ,
spanningawayfrom � Ï . Ö ³ is thetreeseparator, separatingÿ ³ from therestof ÿ ( ÖyÏL!�� ). Thesub-verticesof �Ì³ are
its neighborsin ÿ ³ .

Definefor eachcluster � ³ andeachtotal order ñ on Ö ³
theweight

ÛøÞ � ³ % ñ ß of themaximalpartialsolutionwhich
respectsñÛøÞ � ³ % ñ ß ! õ óWö

acyclic
<cç Õ Þ ÿ�� ß

respectingñ
Û ê	� � æ�� Þ <�ß ' (1)

The crux of the algorithmis that finding theseweights
can be done in a recursive manner, basedon previously
computedmaxima.

Proposition 5.7: For each cluster �Ì³ Ê þ and order ñ
over Ö�³ : Let � 
&%('�'(')% � ¤ be the sub-verticesof �Ì³ . ThenÛøÞ � ³ % ñ ß is equalto

õ óWöò�� � õ ó°ö
acyclic

<cç Õ Þ ½ ³ ß
respectingñ-ì

Û�ê æ Þ <Òß ¬ ¤d .ZY 

ÛøÞ �Ç. % ñ ì P � E ß �

where ñ-ì rangesonall orderson � ³ thatareconsistentwithñ , ,and ñ-ì P � E is therestrictionof ñ-ì to anorderover Ö-. .
Proposition5.7facilitesrapidevaluationof all thetablesÛøÞ � % ñ ß in onephase,working our way from the leaves

inwardstowards ��Ï . At theendof this traversal,we have
computedtheweightof eachorderingonall separatorsad-
jacentto therootcluster � Ï . A secondphasethentraversesÿ from therootoutwards,in orderto back-tracethechoices
madeduringthefirst phase,leadingto themaximumtotal
weight

Û Ü Þ <Òß
.

Examiningthecomplexity of this algorithm,weseethat
eachcluster � ³ is visited twice, thefirst (moreexpensive)
visit requiring ���?P�� ³ Pjû��ÌP ½ ³ P���Ù ¤ � operations,where � is
the sizeof the candidatesets.Thus,we get the following
result:

Theorem 5.8: If � is the sizeof the largestcluster in the
cluster tree,thenfinding

<
that maximizes

ÛøÞ <�ß
can be

donein ����Ù ¤ �F����¬�� � û���P � P � .
In summary, thealgorithmis linear in thesizeof theclus-

ter treebut worsethanexponentialin thesizeof thelargest
clusterin thetree.

Thediscussionuntil now assumeda fixedclustertree.In
practicewe alsoneedto selectthe clustertree. This is a
well-known andhardproblemthat is beyond thescopeof
this paper. However, wenotethatif thereis a smallcluster
tree,thenit canbefoundin polynomialtime [2].



Method Iter Time Score KL Stats
Greedy 40 -15.35 0.0499 2656
Disc5 1 14 -18.41 3.0608 908

2 19 -16.71 1.3634 1063
3 23 -16.21 0.8704 1183

Disc10 1 20 -15.53 0.2398 1235
2 26 -15.43 0.1481 1512
3 32 -15.43 0.1481 1733

Shld 5 1 14 -17.50 2.1675 915
2 29 -17.25 1.8905 1728
3 36 -16.92 1.5632 1907

Shld 10 1 20 -15.86 0.5357 1244
2 35 -15.50 0.1989 1968
3 41 -15.50 0.1974 2109

Score5 1 12 -15.94 0.6756 893
2 27 -15.34 0.0550 1838
3 34 -15.33 0.0479 2206

Score10 1 17 -15.54 0.2559 1169
2 30 -15.31 0.0352 1917
3 34 -15.31 0.0352 2058

Table1: Summaryof resultson syntheticdatafrom alarm
domain. Theseresultsreport the quality of the network,
measuredbothin termsof thescore(BDescoredividedby
numberof instances),andKL divergenceto the generat-
ing distribution. Theothercolumnsmeasureperformance
both in termsof executiontime (seconds)andthenumber
of statisticscollectedfrom thedata.Themethodsreported
areDisc– discrepancy measure,Shld – shieldingmeasure,
andScore – scorebasedmeasure.

5.6 Cluster-TreeHeuristics

Althoughthealgorithmof theprevioussectionis linear in
the numberof clusters,it is worsethanexponentialin the
sizeof thelargestcluster. Thus,in many situationswe ex-
pect it to be hopelesslyintractable. Nonetheless,this al-
gorithmprovidessomeintuition on how to decomposethe
heuristicsearchfor ourproblem.

The key ideais that althoughafter computinga cluster
tree,many of theclustersmightbelarge,wecanuseamix-
tureof theexact algorithmon small clustersandheuristic
searchessuchasgreedyhill climbingonthelargerclusters.
Dueto spaceconstraints,we only briefly outline themain
ideasof thisapproach.

When � ³ is sufficiently small, we can efficiently store
the tables

ÛøÞ � ³ % ñ ß usedby the exact cluster tree algo-
rithm. However, if theclustersarelarge,thenwecannotdo
themaximizationof Proposition5.7. Instead,we perform
a heuristicsearch,suchas greedyhill-climbing, over the
spaceof parentsfor verticesin

½ ³ to find a partialnetwork
that is consistentwith theorderinginducedby thecurrent
assignment.

By proceedingin thismanner, weapproximatetheexact
algorithm. This approximationexaminesa seriesof small
searchspaces,thatarepresumablyeasierto dealwith than
theoriginal searchspace.This approachcanbeeasilyex-
tendedto dealwith clustertreesin which only someof the
separatorsaresmall.

6 Experimental Evaluation

In thissectionweillustratetheeffectivenessof thesparse
candidatealgorithm. We examineboth a syntheticexam-
ple anda real-lifedataset.Ourcurrentexperimentsarede-
signedto evaluatetheeffectivenessof the generalscheme

and to show the utility of variousmeasuresfor selecting
candidatesin the Restrict phase. In the experimentsde-
scribedhereweusegreedyhill-climbing for theMaximize
phase.We arecurrentlyworkingon implementationof the
heuristicalgorithmsdescribedin Section5, andwe hope
to reportresults.Somestatisticsaboutstronglyconnected
componentsizesarereported.

Thebasicheuristicsearchprocedurewe useis a greedy
hill-climbing thatconsiderslocalmovesin theformof edge
addition,edgedeletion,andedgereversal. At eachitera-
tion, the procedureexaminesthe changein the scorefor
eachpossiblemove, andappliesthe onethat leadsto the
biggestimprovement. Theseiterationsare repeateduntil
convergence.In orderto escapelocal maxima,the proce-
dureis augmentedwith a simpleversionof TABU search.
It keepsa list of the

g
last candidatesseen,and instead

of applyingthebestlocal change,it appliesthe bestlocal
changethatresultsin a structurenot on the list. Note that
becauseof the TABU list, the bestallowed changemight
actuallyreducethescoreof thecurrentcandidate.We ter-
minatethe procedureafter somefixed numberof changes
failed to resultin an improvementover thebestscoreseen
so far. After termination,the procedurereturnsthe best
scoringstructureit encountered.

In the reportedexperimentswe use this greedy hill-
climbing procedureboth for the Maximize phaseof the
sparsecandidatealgorithm,andasa searchprocedureby
itself. In the former case,the only local changesthat are
consideredarethoseallowedby thecurrentchoiceof can-
didates.In thelattercase,theprocedureconsidersall pos-
sible local changes.This latter caseservesasa reference
point againstwhich we compareour results. In the ex-
pandedversionof thispaper, wewill alsocompareto other
searchprocedures.

To comparethesesearchproceduresweneedto measure
both their performancein the taskat hand,andtheir com-
putationalcost.

Theevaluationof quality is basedon thescoreassigned
to the networkfound by eachalgorithm. In addition, for
syntheticdata , we can also measurethe true error with
respectto the generatingdistribution. This allows us to
assessthesignificanceof thedifferencesbetweenthescores
duringthesearch.

Evaluatingthe computationalcostis morecomplicated.
Thesimplestapproachis to measurerunningtime. We re-
port runningtimesonanunloadedPentiumII 300mhzma-
chinesrunningLinux. Theserunningtimes,however, de-
pendonvariouscodingissuesin our implementation. We
attemptedto avoid introducingbiaswithin our codefor ei-
therprocedure,by usingthesamebasiclibrary for evaluat-
ing thescoreof candidatesandfor computingandcaching
of sufficient statistics.Moreover, the actualsearchis car-
riedby thesamecodefor greedy-hillclimbingprocedure.

As additionalindicationof computationalcost,we also
measuredthenumberof sufficientstatisticscomputedfrom
the data. In massive datasetsthesecomputationscan be
the mostsignificantportion of the runningtime. To min-
imize the numberof passesover the datawe usea cache
thatallowsusto usepreviouslycomputedstatistics,andto
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Figure4: Graphsshowing the performanceof the differentalgorithmson the text andbiological domains. The graphs
on the top row show plotsof score( 1 -axis)vs. runningtime ( 0 -axis). Thegraphson thebottomrow show thesamerun
measuredin termsof score( 1 -axis)vs.numberof statisticscomputed( 0 -axis).Thereportedmethodsvary in termsof the
candidateselectionmeasure(Disc – discrepancy measure,Shld – shieldingmeasure,Score – scorebasedmeasure)and
thesizeof thecandidateset(k = 10or 15). Thepointson eachcurve for thesparsecandidatealgorithmaretheendresult
of aniteration.

marginalize statisticsto get the statisticsof subsets.We
report the numberof actualstatisticsthat werecomputed
from thedata.

Finally, in all of ourexperimentsweusedtheBDe score
of [16] with auniformprior with equivalentsamplesizeof
ten. This choiceis a fairly unformedprior that doesnot
codeinitial biastowardthecorrectnetwork. Thestrength
of the equivalentsamplesizewassetprior to the experi-
mentsandwasnot tuned.

In thefirst setof experimentsweusedasampleof 10000
instancesfrom the“alarm” network[1]. This networkhas
beenusedfor studiesof structurelearningin variouspa-
pers,andis treatedasa commonbenchmarkin the field.
This network contains37 variables,of which 13 have 2
values,22 have 3 values,and2 have 4 values. We note
thatalthoughwe do not considerthis datasetparticularly
massive, it doesallow us to estimatethe behavior of our
searchprocedure. In the future we plan to usesynthetic
datafrom largernetworks.

Theresultsfor thissmalldatasetarereportedin Table1.
In this table we measureboth the scoreof the networks
found and their error with respectto generatingdistribu-
tions. The resultson this toy domainshow that our algo-
rithm, in particularwith the �! º ô#" selectionheuristic,finds
networkswith comparablescoreto theonefoundby greedy
hill climbing. Although the timing resultsfor this small
scaleexperimentsarenottoosignificant,wedoseethatthe
sparsecandidatealgorithmusuallyrequiresfewer statistics
records. Finally, we notethat the first iterationof the al-

gorithmfindsreasonablyhigh scoringnetworks.Nonethe-
less,subsequentiterationsimprove thescore.Thus,there-
estimationof candidatesetsbasedon our scoredoeslead
to importantimprovements.

To testour learningalgorithmson morechallengingdo-
mains we examineddata from text. We used the data
set that containsmessagesfrom 20 newsgroups(approxi-
mately1000from each)[18]. We representeachmessage
asa vectorcontainingoneattributefor thenewsgroupand
attributesfor eachword in thevocabulary. We constructed
datasetswith differentnumbersof attributesby focusing
on subsetsof the vocabulary. We did this by removing
commonstopwords,andthensortingwordsbasedontheir
frequency in thewholedataset.Thedatasetsincludedthe
groupdesignatorandthe99 (text 100set)or 199(text 200
set)mostcommonwords.We trainedon 10,000messages
thatwererandomlyselectedfrom thetotal dataset.

Theresultsof theseexperimentsarereportedin figure4.
As we cansee,in the caseof 100 attributes,by usingthe
�! º ô#" selectionmethodwith candidatesetsof sizes10 or
15, we canlearnnetworksthatarereasonablycloseto the
onefoundby greedyhill-climbing in abouthalf therunning
time andhalf thenumberof sufficient statistics.Whenwe
have 200 attributes,the speedupis larger than3. We ex-
pect that as we considerdatasetswith larger numberof
attributes,this speedupratio will grow.

To testthat,wedevisedanothersyntheticdataset,which
originatesin real biological data. We usedgeneexpres-
sion datafrom [23]. The datadescribesexpressionlevel



of 800cell-cycleregulatedgenes,over76experiments.We
learnedanetworkfromthisdataset,andthensampled5000
instancesfrom thelearnednetwork.Wethenusedthissyn-
theticdataset.See[13] for furtherdetails.

Theresultsarereportedin figure4. In theseexperiments,
thegreedyhill-climbing searchstoppedbecauseof lack of
memoryto storethecollectedstatistics.At thatstageit was
far from therangeof scoresshown in thefigure. If wetry to
assessthetimeit wouldtakeit to reachthescoreof thenet-
worksfoundby theothermethods,it seemsat least3 times
slower, even by conservative extrapolation. We alsonote
that the discrepancy measurehasa slower learningcurve
thanthe scoremeasure.Note that after the first iteration,
wherethe initial O(� � ) statisticsarecollected,eachitera-
tion addsonly a modestnumberof new statistics,sincewe
only calculatethe measurefor pairsof variablesthat ini-
tially hada significantmutualinformation.

7 Conclusion

Thecontributionsof thispaperaretwo fold.
First,weproposeasimpleheuristicfor improving search

efficiency. By restricting our searchto examine only a
small numberof candidateparentsfor eachvariable,we
can find high-scoringnetworksefficiently. Furthermore,
we showed that we canimprove the choiceof the candi-
datesby taking into accountthe networkwe learned,thus
gettinghigherscoringnetworks. Wedemonstratedbothof
theseeffects in our experiments.Theseresultsshow that
our procedurecanleadto dramaticreductionin the learn-
ing time. This comeswith small lossof quality, at worse,
andsometimescanleadto higherscoringnetworks.

Second,we showed that by restrictingeachvariableto
a smallgroupof candidateparents,we cansometimesget
theoreticalguaranteeson thecomplexity of thelearningal-
gorithm.This resultis of theoreticalinterest:to thebestof
our knowledge,this is the first non-trivial casefor which
onecanfind a polynomialtime learningalgorithmfor net-
works with in-degreegreaterthan one. This theoretical
argumentmight alsohave practicalramifications. As we
showed,even if the exactpolynomialalgorithmis too ex-
pensive,wecanuseit asa guidefor findinggoodapproxi-
matesolutions.We arein theprocessof implementingthis
new heuristicstrategy andevaluatingit.

In additionto theexperimentalresultswe describehere,
our algorithm is alreadyappliedin otherongoingworks.
In [4], the sparsecandidatemethodis combinedwith the
structuralEM procedurefor learning structurefrom in-
completedata. In that setup,the costof finding statistics
is much higher, since insteadof countingnumberof in-
stances,we have to performinferencefor eachof the in-
stances.As a consequencethereductionin thenumberof
requestedstatistics(asshown in our results)leadsto sig-
nificant saving in run time. Similar cost issuesoccur in
[14], wherea variantof our algorithm is usedfor learn-
ing probabilisticmodelsfrom relationaldatabases.Finally,
this procedureis a crucialcomponentin ourongoingwork
in analysisof real-life geneexpressiondata that contains
thousandsof attributes[13].

Thereareseveraldirectionsfor future research.Our ul-
timateaim is to usethis type of algorithmfor learningin
domainswith thousandsof attributes.In suchdomainsthe
cost of the Restrict stepof our algorithm is prohibitive
(sinceit is quadraticin the numberof variables).We are
currently examining heuristic methodsfor finding good
candidates.Oncewe learna networkbasedon thesecan-
didates,we canuseit to help focuson othervariablesthat
shouldbeexaminedin thenext Restrict step.Anotherdi-
rectionof interestis thecombinationof our methodswith
otherrecentideasfor efficient learningfrom largedatasets,
suchas[20].
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