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Bit Packing

Multiple field elements are packed into few bits and
aligned side-by-side to fit within a single machine word:

\

1 iirniinil

Example of the tightest bit-packing for the field of integers mod 3, using three bits
as the packing-factor (pf). Although two bits can store field elements, one bit 1s
needed as a carry bit following arithmetic operations. Assuming 64-bit machine
words, this 1s a twenty-one to one compression ratio.

Bit Slicing
Field elements, represented by few bits, are striped
across multiple machine words:
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Only two bits are needed to represent elements in the field of integers mod 3. No
carry bit(s) necessary due to specialized bit operations on the bit-vectors to
accomplish field arithmetic. On 64-bit machines, compression ratio is thirty-two to
one.

Example

Consider this set of 64 elements 1n F.

index -0 1 2 18119120 - 12122 23 - 61|62 63
value -1 2 0 171 2¢-12 1|0 - 0 1] 2
bits 0 000 001 002

machine word 3 {bits 128-191}

This method can be generically applied across all small finite fields using an
arbitrary number of bits to store values. Fewer bits means more frequent
normalization during arithmetic. Pre-tuning can be done to determine an optimal
packing-factor, in terms of computation-time, for a given field.
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This method could be generically applied to other small fields by adding more
“slices” of bit-vectors. However, bit packing 1s better for any field other than F3.
Bit slicing wins here due to the highly specialized arithmetic enabling the use of the
best possible compression ratio: only two bits used to store each element.

Specializations

Bit packing requires normalization after a number of arithmetic operations
proportional to pf to avoid spilling carry bits. For bit packing on F,, with

pf = 3, we have the concept of Semi-
normalization: Resetting each value's
MSB to zero while maintaining that s e
value's integrity. Once the MSB 1s ) )
“open”, field arithmetic can be " .,
performed freely on the packed " ah
values.

Value (binary) SemiNormalized

Our implementation of bit slicing for F, actually uses bit pattern “11” to

represent field element 2. Addition now consists of just six bit-operations,

which 1s an enormous benefit.
add(SlicedWord lhs, SlicedWord rhs)

a = lhs.bit0 © rhs.bitl

b = lhs.bitl © rhs.bitO

s = a ~ lhs.bitl

t = b ~ rhs.bitl

answer.bitl = a & b [1]
answer.bit2 = s | t

Application & Data

Our aim 1s to implement a complete arithmetic suite for both packing and

slicing. The immediate application 1s computing the rank of large order

Normalized axpy gains: alternate representations for F3
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matrices [2]. This calls for vector add, mul, and their combination (axpy).
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