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] Electric Sources

H

Magnetic Sources

VxH=JyE+J —-VxE=ZH+ M
-VxE=2ZH VxH=JE
H—1V><A -E = 1V><F

E= Ju[A+ LV(V A)

H=—jw [F+ sz(V F)]

YT
S A

A= 4 I

jk[r—r'|
F= fffM(r e“/‘ | dr’

@ These equations are almost the same.

@ By systematically replacing one quantity with another, we

can get to the right column from the left.

Duality—The Main Idea

BT
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Duality—The Replacements

| Electric Sources || Magnetic Sources |

E H
H —E
J M
A F
y z
z y
k K
" 1

@ Why do we care?
@ There is no such thing as magnetic current, right?
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The First Reason

@ Where there is no “magnetic current” the solution provided
by the “electric vector potential” is a legitimate free space
solution to the Maxwell Equations.

@ We will see why this may need to be done later...

Consider:

E = EA—|—EF
H = Ha+HE

e —jk|r—r'|

R [ P ey
e —Jkr—r'| ,

F(r) = 47T/// T dr o
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The First Reason

As we have seen,

En — —juA+——VV.A
Jwpe
EF = —1VXF
€
HA = 1VXH
m
He — —joF+— VV.F
Jwue

This is the most general solution to the Maxwell Equations in
free space.
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The Second Reason

Consider a loop of
@ Constant current /, and
@ Radius a.

We will compute the radiation of this loop for small a < .
The loop can be parameterized as

I'(¢') = acos ¢'ux + asin ¢'u,

Clearly, the current will produce an azimuthally symmetric A,
and A will be azimuthally directed. We can therefore seek

A¢> = Ay(¢ =0)

and set
r(r,0) = rsinfuy + rcosfus.
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Small Current Loops

Given this,

R = (rsin# — acos ¢') uy + (—asin¢’) u, + (rcoso)u;

Therefore
R? = (rsin6 —acos¢')? + (asin¢')® + (rcos )
= r?sin?0 — 2arsinfcos ¢’ + & cos® ¢’ + a®sin? ¢’
+r?cos? 0

= r’+a —2arsinfcos¢’
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Small Current Loops

Now since
- kR
y - :u'u,V /J(r 47TR

we find the

Magnetic Vector Potential of a Current Loop

ula 2T €Xp (—jk\/r2 + &2 — 2arsinf cos ¢’)

A, =
°" 4n Jo \/r2 + a2 — 2arsinfcos ¢/

cos ¢’ d¢’

Let

exp (—jk\/rZ + a2 — 2arsinf cos (b’)
f(R(a)) =

\/r2 + & — 2arsinf cos ¢/
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Small Current Loops

We are interested in small loops, so we can take the limit as
a — 0. We expand f(R(a)) in a Maclaurin series:

f(R(a)) ~ f(R(0)) + f'(R(0))R'(0)a

N =

R(a) = [rz + & — 2arsinf cos qb'}

R(O) = r
1
R(a) = 1 [rz + & — 2arsinf cos qb’} ? [2a—2rsinfcos ¢']

R'(0) = -—sinfcos¢’
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Small Current Loops

Similarly,
() - e:ﬁ
() = e—rjkr
f(R) = — (jg+,;2> e /KA
f(ry = — <’f+:2> e M
Therefore

ke |
f(R(a)) ~ er + <’f + :2) e sinf cos ¢'a
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Small Current Loops

Given this, we compute A,

la (7 [e ™ ik AN e
a n e —jkr 0 / cos /d /
Ay — “47r/0 [ - +<r+r2>e asin cos¢>] ¢ do
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Small Current Loops

Given this, we compute A,

la 2r e—jkr ]k
Jjkr
Ay — “47r/ [ p +<r+r>e asm@cos¢>]cos¢ d¢’

2 i ) 27
_ Hlﬂa (jk + 2> e‘/k’sine/ cos? ¢’ d¢/
47'[' r 0

/7732 jk e

g <r+ r2) e " sing

is (jk + :2) e/ sing
T

where S = 7&? is the area of the loop. The quantity m = IS is

known as the magnetic moment of the loop.
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Small Current Loops

Once we have computed A, we can compute the fields. Here

we compare them to an electric dipole of moment p =

10.

] Electric Dipole

I

Magnetic Dipole

E = PCOS9e—jkr (n

re

+

1
Jwer?

)

mos@—
b= gt (F

7]

psma —jkr [ jwp
Ey = e ( Jr z + ]wel’3)

Hy =

msin 0 ~—jkr
5. €

]

Hy =

Pi':‘ge—jkr /k+ 1

f2

_K
r
E¢ — nmsme —jkr (

+5+
_ Kk
re

)

These equations are duals using the

Magnetic Current—Dipole Duality

p = jknm

In short, we can understand magnetic currents as small loops of
electric current.
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Why Bother With Uniqueness?

@ A unigueness theorem tells us what information we need to
get an answer.
@ Under some circumstances, problems do not have unique
solutions. We want to know
e Why, and
e What it means.
@ By deploying the uniqueness theorem intelligently, we
might be able to come up with alternative formulations of
problems that are more useful for our purposes.
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The Uniqueness Theorem

Consider a region of space V,

o filled with linear matter

@ occupied by sources J and M, and
@ bounded by a surface S with outward normal up.
Suppose that two sets of fields (E?, H?) and (E?, H?) solve this

problem. Then:

-V x E2
V x H?
—V x EP
V x HP

ZH? + M
yEZ+J
ZHP 4+ M
JEP +J

Define JE = E2 — E® and 6H = H2 — H?.
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The Uniqueness Theorem

The difference fields solve the source-free Maxwell Equations:

-V xJ0E = ZH
VxdéH = JE

We now apply Poynting’s Theorem to these equations to find
the

Uniqueness Theorem

# (G x 6H") - dS + /// (210H? + 7°|5E) dv = 0
S Vv

Huh??? How is this a uniqueness theorem???
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An Explanation

If we can show that
#(6Ex5H*)-dS:O
5

then we can conclude that

///V (216H2 + 7*|6E?) dv = 0

The real part of this equation is

/// |Re(2)|0H?| + Re(7)|0E?|| dv = 0
"4

If we are in a lossy medium, Re(2) > 0 and Re(y) > 0, and we
can conclude
JE=0H =0. e
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More Explanation

So, for the moment, let’s assume a lossy medium. What does
the condition

(OE x 6H*) - updS = 0
S

mean?
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More Explanation

So, for the moment, let’s assume a lossy medium. What does
the condition

(OE x 6H*) - updS = 0

S
mean?
Suppose we specify the tangential electric field u, x E over S.
Then
o u, xoE=0
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More Explanation

So, for the moment, let’s assume a lossy medium. What does
the condition

(OE x 6H*) - updS = 0

S
mean?
Suppose we specify the tangential electric field u, x E over S.
Then
o u, xoE=0

@ (up x 0E) - 6H* =0, and
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More Explanation

So, for the moment, let’s assume a lossy medium. What does
the condition

(OE x 6H*) - updS = 0

S
mean?
Suppose we specify the tangential electric field u, x E over S.
Then
o u, xoE=0

@ (up x 0E) - 6H* =0, and
@ ()E x 6H*)-u, =0
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Uniqueness So Far

Thus, if we are in a volume V bounded by a surface S which
contains some lossy matter, the solution is unique if we specify

@ The tangential electric field over S,
@ The tangential magnetic field over S, or

@ The tangential electric field over part of S and the
tangential magnetic field over the rest of S.

Infinite surfaces can be thought of as the limit of finite surfaces,
so there is really no problem there if we specify the field
vanishes (or is at least outward traveling) at oc.
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Uniqueness for Lossless Regions

Why do we need loss to prove uniqueness???
Consider an enclosed metal box. It resonates at certain
frequencies so...
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Uniqueness for Lossless Regions

Why do we need loss to prove uniqueness???
Consider an enclosed metal box. It resonates at certain
frequencies so...

A field can be sustained inside without any excitation!

This field can be multiplied by an arbitrary constant and added
to any other solution inside the box!!

In general, we take the solution in lossless cases to be the limit
of the lossy case. Nonetheless, this bizarre fact causes
problem in computational electromagnetics...
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The Field of a Dipole in Free Space

We have seen that a z-directed dipole in free space radiates

Dipole Fields

llcosf _; 1
— 2 g (1L =] 0
or © (r + jwer2> r(r) cos

.
2
14sinf 4, (jwp n 1 .
= _— ]kl' _— _— =
Ey 5 © < . + 2 + s fo(r)sin@

Hy — lﬂsm&e_jk,<jk+1>

47 rore

Let us consider a dipole over a PEC plane.
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Image Theory

T T Muz T T Muz
cli d

Image theory states that the picture on the left may be replaced
by that on the right as far as the field above the plane is
concerned. This requires that the resultant field:
@ Solve Maxwell’s Equations above the plane, and
© Satisfy the boundary condition on the PEC. o
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Proof of Image Theory: Maxwell’s Equations

@ Refer to the source above the plane and the fields it
generates with the subscript “1”

@ Refer to the source below the plane and the fields it
generates with the subscript “2”

@ Subscript free fields are total fields.

Then above the plane the fields satisfy

VxHy = }A/E1 +Jq
V x Hg = j\/Eg
Summing these equations gives
V x H=yE + Jq

The other equations are similar, so Maxwell’s equations are .
1 H Py
satisfied.
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Proof of Image Theory: Boundary Conditions

Now
O =7 — 04
SO
Sin®, = sinmcos©®q —cosTsSiN®1 = sinOq
COSOs = CcOSTCOoSOq +sinTsin®y = —cos O ]
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Proof of Image Theory: Boundary Conditions

Up1 Ue
Iéuz 1 o1 ©2

E; = f(r)cos©iugs + f(r)sin©ueq
= aupgi + bueq

E> = f(r)cos®©oups + fy(r)sin ©suegy
= —aups + bugy

Thus, the field is normal to the conductor. [ e
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Image Theory Summary

N
-
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Image Theory Summary

TT—»*—»
i

7

Of course, conductors and dielectrics are also imaged. Why?
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The Equivalence Principle

@ Very often we are interested in finding alternative sources
that produce a given field.

@ The uniqueness theorem provides a way to do this.
(E, H) Un (Ea H) T Un
(0, 0)
J=u, x Ii,vv
M=Exu,

How do we know the fields outside the surface on the left are
identical to fields on the right? e
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Aperture Antennas

t J—u, xH
*M:O
ay N
E, —> Zero ﬁelds; 1'\]4::1]15 XXIIII
72 72
L $ J=u, xH
u, tM=0

We can simplify radiation from an aperture with the equivalence

principle. o
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Aperture Antennas

fJ:uan

3= |

t+ J=u, xH
?M:Eaxun ?M:2Ea><un
fJ:uan

A M =0

@ We can alter the zero-field region to
@ Apply image theory... o
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Aperture Antennas

Thus, if we let
M == Ea X Un

we can write

The Fields
e Jklr— r’I
F(r) — / / ds

H(r) = ——VxF(r)

E(r) = —jwF(r)+

V(V -F(r))

Jwhipeo
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The Induction Theorem

Consider a conductive (PEC) scatterer illuminated by a source.
Define the

Incident field, E' as the field that would exist in the absence of
the scatterer.

Total field, E as the total field that exists in the presence of the
scatter.

Scattered field, ES as the field that must therefore be due to the
scatterer.

In short, the scattered field is defined to be

Scattered Field Definition
E°2E-FE
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The Induction Theorem

The equivalence principle can be applied to this problem
resulting in the following picture.

(Ea H) Un (Ev H) T Un
‘0.0
}
J=u, xH

Here, we clearly see that E® is due to J.
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The Electric Field Integral Equation

Thus,
E® = —jwA(r) — Vo(r)

AN = L // G LA
A = e // \;/k—lrr'r\ 95

Now, on S, we must have

where

Satsifaction of Boundary Conditions

Ei — _ES

Tanto s
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The Electric Field Integral Equation

Defining R =r —r and R = |R|, and noting

i w1+ kAR
_ _paJkR -
V( R > ° "R R

we have the

Electric Field Integral Equation

_ kR
I jw,u / J(r e

_xr1+JjkRR
/- / /kR
/SV J(r)e = R dS

47wa€ Tanto s

This is the starting point for computational methods based on
integral equations. wn
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The Volume Equivalence Principle

@ The surface equivalence principle is only helpful where
homogeneous media are concerned.

@ This is because finding the radiation of a point source (the
Green’s Function) in inhomogeneous media is nearly
impossible.

@ To cope we introduce a volume equivalence principle.

Consider (recalling that ¢ and . are functions of position):

VxE = —jwuH—M
VxH = jweE+J
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The Volume Equivalence Principle

These equations can be rewritten as

VxE = —jwpoH— jw(p — pio)H— M
VxH = jweE+ jw(e —¢)E+J'
or
VxE = —jwugH— M9 — M
VxH = jweE+J%+J!
with

Equivalent Currents

M°®9 £ jo(u — po)H J9 £ ju(e — €)E

The point of this is that these currents, radiating in free space,
create the same field as the scatterer. izl
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Volume Integral Equations

Consider an inhomogeneous scatterer in free space. Inside the
scatterer, we have _
E=FE+FE°

@ E' is known, by definition.
@ E® can be computed if the equivalent current J°9 is known.

e E=
Jw(e—eo)
Thus, the above is an integral equation for the equivalent
current.
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The Main Idea

@ Reciprocity theorems state that the response of a system
is unchanged when source and measurement are
exchanged.

@ More generally, they deal with the reaction of on set of
sources to the fields of another set.

To get a mathematical statement:
@ Call the two sets of sources J2, M2 and J°, MP

@ Let the fields of each set of sources operating along be
E2 H2 and E°, HP
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V x H? = JE? 4 J2 V x HP = yE2 + J°
~V x E2 = 2H? + M@ ~V x EP = 2H2 + MP

Dot
@ The first equation with E®, and
@ The last equation with H2

and subtract. This gives

V. (beHa) — JE3.EP 4 2H3 . HP + EP.J% + H2 . MP
Switching a and b,

—V-(Eabe):j/Eb.Ea+2Hb.Ha+Ea-Jb+Hb-Ma -
i
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Subtracting given the

General Reciprocity Theorem (Differential Form)

—V-(Eabe—beHa) —E2.J°_H2. MP_EP.J2+ HP. M@

Integrating over an arbritrary volume gives the

General Reciprocity Theorem (Integral Form)

ﬂ(Eabe—beHa)dS:
///(Ea-Jb—Ha-Mb—Eb-Ja+Hb-Ma>dv
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The Lorentz Reciprocity Theorem

Where there are no sources we have the

Lorentz Reciprocity Theorem

v-(Eabe—beHa)zo

which becomes

Lorentz Reciprocity Theorem

#(Eabe—beHa>~dS:0

in integral form.
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The Lorentz Reciprocity Theorem

Where there are no sources we have the

Lorentz Reciprocity Theorem

v-(Eabe—beHa)zo

which becomes

Lorentz Reciprocity Theorem

#(Eabe—beHa>~dS:0

in integral form.
There is no currently known use for this theorem.

D. S. Weile Theorems



Whole Space Reciprocity

Far from all sources and matter, we have seen that the field has the

property
E= ’170H X Uy.

Consider applying reciprocity to a large sphere S; of radius a. Now,

Iim#(Eabe—beHa)dS

a—oo
Sa
=10 ali_)mg(}ﬂ [(H* x u;) x H° — (H® x u,) x H%] - dS
Sa
= 1o aILmOO# [ur (H2 - H°) — H® (u, - H°) —u, (H?*- H°) + HP (u, - H?)].dS

Sa
=0
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Whole Space Reciprocity

Thus, considering all of space, we have

The Reciprocity Theorem

///(Ea.Jb—Ha-Mb)dv:///(Eb.Ja—Hb.Ma)dv

We call this

Reaction

<a,b>:///(Ea~Jb—Ha~Mb)dv

The Reciprocity Theorem

and write

(a,b) = (b, a)
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Reciprocity and Circuits

For a current source b
(a,b) = /Ea./b dl — lb/Ea'dI _ _vap
By similar reasoning, for a voltage source b
(a,b) = VPP

Consider now a two-port network. Such a network can be
characterized by a

Impedance Matrix

[W]Z[Zﬁ Z12}[/1}
Vo 2oy 2o b
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Reciprocity and Circuits

Let Vj bet the voltage at port / due to a source at port j with all
other ports open circuited. Then

V..
Zj=—"
i

Now, we have seen that, in general
U, iy == Vil

Thus, we have

Symmetry of the Impedance Matrix
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More Important Applications of Reciprocity

Nothing on the previous slide restricted the result to

@ Two ports, or

Q@ “Circuits”
Indeed, our circuit might be composed of two antennas. Then
reciprocity tells us that if we put a current source in the
terminals of one antenna, and a voltmeter in the terminals of
the other, the reading on the voltmeter does not change if we
switch them.

Reciprocity also demonstrates that antennas next to perfect
conductors do not radiate. (Why?)
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More Important Applications of Reciprocity

Nothing on the previous slide restricted the result to

@ Two ports, or

© “Circuits”
Indeed, our circuit might be composed of two antennas. Then
reciprocity tells us that if we put a current source in the
terminals of one antenna, and a voltmeter in the terminals of
the other, the reading on the voltmeter does not change if we
switch them.
Reciprocity also demonstrates that antennas next to perfect
conductors do not radiate. (Why?) This is true no matter how
hard the military funding agencies wish otherwise.
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