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Cl Theory (25 points)
Let N denote the set of non-negative integers.
Let B = {{1, EJ}.

In this problem, C1, we will make reference to the languages £, L2, and L3 defined just below.
Definition

(i) L & {w e I | in af least one prefiz of w there are exzactly 4 more b’s than a’sh.!

() Lo = {a®! | 4,5 EN A i)

{iii} Lz “F the set of all w € £° such that every other symbol of w is an a, but stavting at the first

symbol if [w| is odd and starting ot the second symbol for |w| even.?

a. (8 points
Explicitly use Myhill-Nerode to show that L, is not regular,
For credit, you must use Myhill-Nerode for this problem, Cl(a).
b. (8 points) et
Ezxplicitly use the Hint below for this problem, C1l{k), and use the Generalized Pumping Lemma
(GPL) directly to show that Ly is not regular. No fair working with Ls or some such,
Hint for C1(b): Consider the word ™™™ for suitable n.
Be sure to say what YOU mean by n.
Ezplicitly employ an upper bound on |v|, where v comes from a suitable application of GPL.
c. (9 points)

Frove that Ly is regular. N.B. If you do this by Emgmmming in relevant system(s), also document
your “code.” Your documentation should be to help the graders understand what you had in mind

'For example, aonabbboabbbbbbbabba € Ly since the prefix aoocbbboabbbbbbb has exactly 10 &s and & a's.
2For example, ¢, abaaa, baba € Lg, where ‘s’ denotes the empty word, £ isin L3 sinee it eontains no counterexamples.
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2 Theory (25 points)
For this problem, C2, you should assume without proof the following constructive form of Pumping
for Context Free Languases. .

Theorem { Constructive Pumping for CFLs) There is an algorithm for transforming any push-
down automaton A into a corresponding positive integer naq such that

(Wz | 2 € L{M) A |2] 2 i) (Bu, v, w, 2,y | vowry = 2 A Jvws| < npg A vz #£ ) (¥ 2 0)uvdway € L.

a. (6.25 pnints{
Suppose that M s a pda. Prove that

L{M) £ & Tz e LIAM))||z] < naql. (1)
Hint for C2{a): Don't forget to prove each direction. For one direction use Constructive Pumping

for CFLs.

k. {6.25 points)
[/s2 without proof the resuli of C2({a) just above to devise an algorithm for deciding of an arbitrary
pda M, over a fixed alphabet ¥, whether or not

Lim) =i, (2)

e, {6.25 points)
Suppose that A is o pda. Show that

L{AM) is infinite = (dz € L{M))[na = |2] < 2naq). {3)

Hint for C2(c): Use Constructive Pumping for CFLS for each direction!

d. (6.25 points)
Use without proof C2(c) just above to devise an algorithm for deciding of an arbitrary pda M,
over a fixed alphabet £, whether or not L{AA) is infinite.
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C3 Theory (25 points)
Fix a standard programming formalism ¢ for computing all the one-argument partial computable
functions which map the non-negative integers into themselves. Code {(Godel) number the ¢-programs
onto the entire set of non-negative integers. Let e denote the partial function computed by Drogram
[number) p in the @-system. You may assume without proof that, in the w-systemn, Universality and
S-m-n hold., You may not need all these assumptions — just say which ones you are using where. Let

W, ' the domain of .7

In this problem, C3, vou may proceed tnformally and assume without proof standard characterizations
of the r.e. sets. Just be sure to say which resulfs vou are using.

a. {10 points)
Prove there is a computable function f such that

{Wiie | @ € N} = the collection of all finite subsets of V. (4)

Hint for C3(a): The range of such an f would be r.e.
Be sure not to assume or try to show the false statement that

{p| Wy is finite} is r.e.. (5)

Of course it is drrelevant to show the falsity of (3), so don't do it.

b. (15 points)
Prove there is no computable function ¢ such that

{Warzy | @ € N} = the collection of all infinite r.e. subsets of . (6)

Hint for C3(b): Suppose for contradiction otherwise, Create an infinite r.e. set A differing from
each of Wiy, Wy, Wy, ... . To do this, think snformally about how to enumerate algo-
rithmieally such an A4 from dovetailed algorithmic smumerations of Wo: W, Wiy, .. .
Make sure you list into A4 an element from each Wiy and that vou do net list into A at least
one element from each Wy, Be sure to show why this is possible.

$Then Wo, Wh, Wa,... provides a standard listing of all the re. sets (of non-negative integers),
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4 Theory (25 points) :
Fix a standard programming formalism ¢ for computing all the one-argument partial computable
functions which map the non-negative integers into themselves. Code [Gédel) number the @g-programs
onto the entire set of non-negative integers. Let o, dencte the partial funetion computed by program
(number) p in the @g-system. Let ¢ denote a standard Blum step-counting measure associated with

.t Let W, ! the domain of wp.® You may assume without proof that in the g-system Universality,
S-m-n, and the Kleene Recursion Theorem (KRT) hold.

"The first two parts of this question will lead you (with very useful hints) through a proof of the following

Theorem Suppose A is a collection of r.e. sets, Let
Py ¥ fp | W, e A} (7)

Sﬁppa.'se B isre
Then
(Wp)[W, € A« (T a finite set D C W,)[D € Al (8]

The third and fourth parts of this question esach asks vou to apply the theorem and also provides very
uzseful hints, In that interest and for later uze, lat

A= {p| Wy, = {0}}. (9)

a. (6.25 points)
Aszsume all the hypotheses of the Theorem. Erplicitly use KAT in the p-system (formally or
informally — as you choose) to prove that

(VD) [Wp € A = (T a finite set D C W,)[D € A (10)

Hint for C4{a): Suppose that W, £ A Suppose for contradiction that (¥ finite sets D C
Woll? € Al Apply KRT to obtain an self-referential e which determines its 1/0 behav-
ior on input & in part according to whether or not ¥e appears in Pa within o steps.” Male
this precise, figure out what to have e do in each case, etc., and get a contradiction.

b. (6.25 points)

Assume all the hypotheses of the Theorem. Erplicitly use KRT in the w-system (formally or

informally — as you choose) to prove that

(vp)((3 a finite set D T W,)[D € A] = W, € Al. (11)

Hint for C4(b): Suppose (3 a finite set D C Wi)[D € A]. Let D be an example. Suppose for
contradiction that Wy & A, Apply KRT to obtain an self-referential & which determines its
1/0 behavior on input & én part according to whether it eventually discovers that “[z € D v e
appears in Ps].” Make this precise, figure out what to have e do if it males this discovery,
ati
¢ (6.25 points)
Frplicitly use the Theorem stated above in this question, C4, to show that A is not re., where A
is defined in (9} above. i
Hint for Cd{c): Suppose for contradiction otherwise. Clearly A = Py for A = {{0}}. Therefore,
from (8) above, we have that (¥p)|W, = {0} & (3 a finite set D C W,)[D = {0}]]. Pick D
and W, so that D = {0} € W, # {0}. Get a contradiction.
d. {6.25 points)
Erplicitly use the Theorem stated above in this guestion, C4, to show that A is not r.e., where 4
is defined in {9) above.
Hint for C4({d): Suppose for contradiction otherwize, Clearly A = Py for & = {W, | W, # {01}
Therefore, from (8) above, we have that (¥p)[WW, # {0} < (3 a finite set D C W)[D # {0}]].
Pick a 7 and a W), to get a contradiction.

YHence, (i} (vp)[domain{dy] = domainieg)], and (i) [{{p,2, 1) | Bple) <t} is an slgorithmically decidable set).
SThen W, W, Wa, ... provides a standard listing of all the r.e, sets (of non-negative integers).
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