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(1 Theory (25 points)

a. 1125 points)
Lat
Ly = {w & {a,b}” | Gth from last symbol of wis b A |w| is a multiple of 2}. i)

Show that Ly is regular.

b. {12.3 points)
Employ an appropriate pumping lemma to show that

Ly={a™t" | m,neN A m>n} i2)

15 nod regular.
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C2 Theory (25 points)
The purpose of this problem is to take vou throngh an argument showing that there s & noen-regular
language that can’t be shown non-regular by pumping.

For any language L, let

P(L) = (Fn)(Vey, w2, 25 | 2172wy € L A |2z = n) (B, v, w)[uvw = 22 A o] 2 1 A () [ziuv'we, € L))

Then Pumping can be stated as follows.
PUMPING. (¥ regular L)[P{L]].
For all w € {a, b1, let #,(w) = the number of a's in w.

Let
La={we {a,b}* | #alw) is prime Vv e is a substring of w}

a. {12.5 points)
Show that Ly is not regular.
Hint for C2a: Suppose, by way of contradiction, otherwize.
Let
L' = {w € {a,b}" | ea is not a substring of w ).

Shew that L7 is regular.
Let
L' = [w e {a,b}" | #a(w) is prime A aa is not a substring of W}

Sheowg, by eiting the asswmption that La s requlor and relevandt, standand resull(s) in cutomatae
theary, that LY is, then, itself regular
Hence, by Pumping, P{LY).
Let n be as in the statement P{L”). Let p be any prime such that 2p > n. Let © = (ab)™.
Let oy = £, Let og = the first w symbols of 2. Let oy be such thal xyzaxy =z Clearly, then,
ryxemws € L and |xz] = n. Let w, v, and w be from P(L") for this choice of x1, x2, and 3.
Consider the following cases and get a contradiction in each case.

CASE OF v beging and ends in b

{CasE OF v begins or ends in a.

b. {12.5 points)
Prove that P{Lg).
Hint for C2b: Choose n = 3. Let w1, ma, 22 be such that @yxexs € Ly and |2a| = n. Consider

the following cases, the first with subeazes to consider,

(JASE OF xe containg a b Choose v = b, Choose u and w such that waw = zs.

To show that, for all i, zyuvtwes € La, consider the lollowing subcases.

SUBCASE OF #t.(212213) is prime.
SUBCASE OF aa is a substring of @myogrs.
CasE OF 7o = aon, Choose u = an, © = o, and w = &,
Shenw that, for all 4, oyuv'wrs € La.
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C3 Theory (23 points)
Lat &V = the set of non-negative integers.

We write (f;

i € N) for the infinite sequence of functions (fo. fi. fa, ...

m o 1 ; [ - il . i e |1";I i
Definition A sequence of functions (f; | { € N) ds said fo be uniformly computable & the funclion
At @ fi(x) 45 computable.

Fxample 1 For each 1,2, lel
filz) = %% + 4i. (3)

Then this (f; [i e N} is clearly uniformiy computable.

e 3 o T 3 AL j lof ;
Definition A sequence of functions (f; | 4 € N ds uniformly primitive recursive S the Junction
Aty x. fi(x) ds primitive recursive.

Example 2 Define M, 2. fi(r) as in [3) of Frample 1 above. Then (f; |1 € N} is, in fuet, wniformiy
primitive recursive.

a. {12.5 points)
Prove, employing the Find jusi below that there is a sequence of functions (F; | i € &) such that
1. (¥i)|E; is computable] and
2. (Fy | i€ N) is nel uniformly computable,
Hint for C3a: Let A be an r.e. nol computable set. Write 4 as {ag < a1 < a2 < ...}. For each
p ¢ def
i;2, et File) = a;.
Show that, for each, fired 1 € N, Az.Fi(z) is a primitive recursive (hence, computable)

funetion.
Suppose for contradiction (F | € € P'.":l ig uniformly computable. Then A, x. Mz is com-
putable.

Show, then, that Af.Fi{0) is computable, monotone increasing, and has range A.
Show hew to obtain a confradiction from this.

b (125 points)
Prove, emnploying the Mint just below that there is a sequence of functions (G |4 € &) such that
1. (¥i)|5; is primitive recursive],
20 {G |4 e N is not uniformly primitive recursive, and
3. (G, |4 & N ds uniformly computable.

Hint for Cib: Fix a standard algorithmic coding of the fnite sets of equations each defining a
one argument primitive recursive function 1-1 ento . Let &) be the one argument. primitive
recursive function defined by the finite set of such equations with code number i. Do not
waste time providing details about such a coding.

Trivially, (¥i)|(7; is primitive recursive].

Suppose for contradiction (75 | £ € N) is uniformly primitive recursive, Henee, A, 2. Gy (x)
is primitive recursive. Define gix) = 1 + G.{z). To get a contradiction, shew fhat g is both
primnitive recursive and nol primitive recursive.

Argue very informally and briefly that A, x. G (x) s computable,
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Cd4 Theory (25 points)
Let & denote the set of non-negative integers.

Fix a standard programming formalism ¢ for computing all the one-argument partial computable
functions which map N into N.' Code {Gédel) number the @-programs onto N. Let i, denote the
partial function computed by program (number) p in the @-system.

Let ®,{x} = the number of steps @-program p executes on input z if p on = halls and undefined if p
an x does not halt, You may assume: ®,(z) defines a partially computable function of p,x; Bz is
defined exactly when w,i(x) is defined; and

[{p, 2, t) | Pplx) < £} is a computable set. (4)

We write Bp(z) = § to mean eifher $,(x) is defined to be some number > ¢ or $plx) is undefined.

You may assume without prool thal, in the g-system, Universality, S-m-n, and the Kleene Recursion
Theorem {KRT) hold.

Suppose
A= {x |, is total and strictly increasing} (o)

g
B = {x|y; is total and not strictly increasing}. (G}

Prove by explicit application of KRBT that there is no r.e. set ¢ such that A C C € B.

Hint for Cd: Suppose for conlradiction otherwise. Then we have the following picture.

e e

-
e
H/

N

o
\\

Explain why there is a ¢ such that demain{iz.) = C.

Employ KRT to oblain a sell-referential ¢ (lor computing ¢} and which, on inpul @, considers
whether or not € (e} < .

Obtain a contradiction.

N.B, We are using & lower case Greek phi for this notation, Below weemploy the upper case of this Greek letrer but for a
different purpese,

http://www.cis.udel.edu/~chester/prelims06/c4th.gif 23/12/2008



