C1 Theory (25 points)

8. (6.25 points)
sShow that
Ly = {we {a,b}" | w containg the subword bbe or w ends in baa} (1)

is regular. You may use withowt proof any standard text book results about regular sets provided
yau clearly say which results you are using when!

b. {6.25 points)
Find a deterministic finite automata M’ which accepts the same language (over {a,b}) as the
non-deterministic finite automata A4 depicted in table form just below.

dl| a h
start 1 | {1} {1,2}

2/ {3 {3}

3| {4} 14}
final 4 i@ I

o, (6.25 points)
Employ an appropriate pumping lemma to show that

i e o
L-_, = {f},n.um | = E.ru} (2

is not regular.

d. {6.25 points)
Employ an appropriate pumping lemma to show that

Ly = {a™b" | m,n € N and either m is odd or n < m} (3)

is nof regular,

PR

L1y is not a standard text book regular language, EE)
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C2 Theory {25 points)

Suppose n is a fixed integer > 1. Let £ = {ay,...,an}. Let

L={we X" | wis missing at least one symbol of X} (4)

In finite automata theory, a J-move iz (by definition) a machine state change accompanied by no
forward move of the read head. In some text books O-moves are called =-moves,

a. (10 points)
Explicitly exhibit the state diagram of a 0-move, non-deterministic finite automaton, M, having exactly
n + 1 states and such that L{A;) = L, where L iz defined in (4) above.

Hint: Consider O-moves from the start state to each of the remaining n states. For the i-th of the n
non-start states, consider having it jam on the symbol a;.

b. |5 points)
Explicitly exhibit the state diagram of a non-deterministic finite automaton, M; having exactly n + 1
states and such that L{Maz) = L, where M; has NO zero moves {and where L is defined in (4) above],

Hint: Compile vour answer to Problem C2a to get rid of the D-moves or think how to program it
straiphtaway.
e Eﬁlj:il_ltcf
For this problem {C2¢) you may use the Myhill-Nerode Theorem and /or its standard corollaries without
proof; however, you must explicitly, correctly stafe any of these results you are using without proof.

Recall that the erucial equivalence relation for Myhill-Nerode, ete. applied to L from {4) above is =,
where, for words o,y € £7,

r=ry Y (Wi )aze L yz e L. (5)

Suppose Mj 18 any (deterministic) finite antomaton such that L{Ma) = L (again, where L is defined
in (4) above). Prove that My has at least 2% stales!

Hint: For each A C ¥, let L4 = {w | w contains each symbol in A and no other symbols}.®
How many A are subsets of E7
Suppose A T © and that &,y € L4. Show that x =1 ».

Suppose A, B C X. Suppose A £ B, that # € L4, and that y € Ly. Show that ¢ Zr y. To do
this, consider separately the cases where 4 £ B and where B € A,

Explain clearly how showing the above is relevant to solving C2c,

Por example, Ly = {0}, where 0 denotes the empty word,
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C3 Theory (25 points)

a. (12.5 points)
It is convenient to use the symbol ‘o' for functional composition: fogiz) denotes fig(x)).

Definition (Tterated Self-Composition) For each natural number £,

kog's

PkY daf m—— \
H"kj':fﬂj L Q':'Q':"“Cﬂl:r.l'- :GJ

For example, g'¥(z) = g{g(g(z))).
Suppose g is primitive recursive (mapping the natural numbers into the natural numbers). For
each pair of natural numbers ¢ &y, let

hiz,y) = gii']l;:':]. (7

Show that h is also primitive recursive.?
b. (12.5points)

Suppose g is primitive recursive, mapping the natural numbers into the natural numbers., For
each natural number , let

flx,0) = glz), (8)

anil, for each natural number y, lot

flz,y+1) = f(f(z.4),4) (9

Clearly Eguations (8] and (9 do ned define f from g by primitive recursion.
Show that, nonetheless, f is primitive recursive!
For full credit, you need rot explicitly detail all the projection or other base functions you use,

Hint: Trv computing a few values in the sequence flz 0), f(z, 1), f(z 2), ... until vou zee a
relevant pattern yvou can and do subsequently exploit,

01 course, o' %) =
AFor Tull eredit, vou need not explicitly detail all the projection or other base functions you use.
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C4 Theory (25 points)
Let N denote the set of non-negative integers,
If 4 is a partial function mapping N into N, then §¢b denotes the domain of ¥, i.e, {z | (Jy)[(z) = ¢},
and pt) denotes the range of ¢, e, {y | (3x)é(z) = y]}. For partial functions v, # mapping N into
N, ¢ =" # means that (Zw)(¥z > w)(z) = #(z)].
Fix a standard programming formalism ¢ for computing all the one-argument partial computable
functions which map N inte N." Code (Gadel) number the o-programs onto N. Let i, denote the
partial function computed by program (number) p in the w-svstem,
Let &,(x) “ the number of steps w-program p executes on input r if p on r halts and undefined if p
on r does not halt. You may assume: $,(z) defines a partially computable function of p,x, $,(x) is
defined exactly when ¢, {2) is defined, and

{(p,z,t) | Bp(z) < t} is a computable set. (10
We write ®,(z) >t to mean either $.(z) is defined to be some number > £ or ®,(z) iz undefined.

You may assume witheout! proof that, in the p-svatem, Universality, S-m-n, and the Kleene Recursion
Theorem (KRT) hold.

You may asswme there is a fixed coding from A 1-1 onto the set of finite {partial) lunclions each
mapping a finite subset of & into &, Let F. be the finite function with code number 2z in this coding,
You may assume there is an algorithm for extracting from any z € N a table of all and only the
input foutput pairs for F.

You may also assume withow! proof that the following theorem holds

Theorem Suppose H is any computeble function® Then there s a computable function [ sueh that
pf C {01} ()

and

(Vg € N |y = £)(Fw)(Vz > w)(@,(x) > H(z)) (12)

In your working this problem, clearly say which assumptions you are wsing when. Not all assumptions
are needed,
a. (6.25 points)

Show that there is a computable function g such that, for all =, p, 2,

v PlGERY, HEE 0, :
Patr)(®) = { wplz), otherwise. (13)
b. (6.25 points)
Suppose b 18 any computable function mapping N into N,
For each z € N, let
H(z) = max({®gp.0(z) | [z €2 A $p(x) < Mx)]}). (14)

Informally shew that H is computable,
{Problem C4 continues onto the next page.)

SNVB. We are using a lower case Greek phi for this notation. Below we employ the upper case of this Greek letter but for a
different purpose,

“This theorem holds for any computable | but it is especiallv interesting when H is very fast growing and with large values,

T(12) implies that svery program for f bas run time on ell bul finitely many inputs worse than H of those inputs (again,
H may be horrendous), Intuitively: [ is mderently more compuatationally complex than H on all but finitely many inputs:
there iz no last way o compute f. Furthermore, s inherent computational complexity is not because it's cutpui values are so
large it takes a long time to output them — by (11}, the output values are in {0, 1} — instead, the {inherent) computational
complexity 15 1 figuring out which of O and 1 to output.
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(This page is the continuation of Problem C4.)
c. (6.25 points)

Let f a computable function which then exists, for the H just above, from the assumed Theorem
above. Suppose p is a p-program such that

05 =* 1. (15)
For the computable function g from Cda ahove, show that

d. (6.25 points)
Under the assumptions above, prove that

(Fw)(¥e > w)[B,lz) > hix)]. (17)

Hint: Let z be from Cde above. Apply the assumed theorem above to the w-program gip, z).°
Consider & suitably large and suppose for contradiction $,(x) < hl(z). You have to say how
large is suitably large: malke r = some bound from vour applying the assumed theorem ahove
to w-program g(p, z) end also make x > both p, 2. Then, chain some inequalities to get a
contradiction,

SWhile q in this context is a (computable) function, its selue at (p, z), e, glp.z), §8, of course, the code number of a
prOEram.
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