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€1 Theory (25 points)
Let N denote the set of non-negative integers. Let I'* denote the set of positive integers,

Let E= {a,b).
In this problem (C1) we will make reference to the languages Ly, s, and Ly defined just below.

Definition

(i} Ly 2 {a' |, 7€ I'" A i ond j hove no prime factors in eommon)

i) Ly {a'bte® | i ke N A [igjv ik}

(iii) Let L be a non-computable language over ©. Let Ls = {x | (3y € L)[zy € £*]}

& [9 points)
L Mytall-Nerede to show that Ly is not regulas.!
he {9 poinis)
Use Pumping to show that L is not regular.
o. [T points)
Prove that Ly i regular
Hint for Cler Do this by programming in some relevant syatem(s) and also document your
“code”. Your documentation should e to help the graders understand what you had in mind,
This problem (Clc) eannot be done constructively, so vour programming should feature
finitely many non-constructive (i.e., nog-algorithmic) choices of relevant parameter values,
These choces of pouwrs should net be confused with nen-deterministic choices!

! Aecall that the crucial squivaince ralation for Myhill- Nerode applied to the language L, is g, , where, for words 2,5 € 7,

:E;_.Iyg (Ve & =z & Ly & p2 E L] 1]
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C2 Theory (25 points)

N.B: For this problem you may use without stating how they work or proving them correct dtandard
text book algorithms in sutomata theory o
1. Decide of any (deterministic) finite antomata whether or not it accepts the smpty language.
. Decide of any (deterministic) finite automata whether or not it accepts an infinite language.

a
3. Witt:;s_rs the closure of the regular languages under finitely many applications of the Boolean sat
OpPeralions

Just be sure to state which text book algerithm pou are using when

Devaze, then, an algorithin for deciding of an arbitrary (deterministic) Gnite automaton M, over the
fixed alphabet {a, &}, whether or not foth infinitely many words in the language accepted by A4 contain
the subword abb ond all the words in this lsnguage are of odd length.
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3 Theory (25 points)

Let N denote the set of non-negative integers, Fix a standard programming formalism o for Computing
all the pre-grywment partial computable funetions which map ¥ into N, Code (Godel} numbser the
programs onte V. Let 5y, denote the partial function computed by program (number) pin the o-syatem,
You may assume without proof that, in the p-system, Universality, S-m-n, and the Kleene Recursion
Theorem (KRT) hold. Yo will not need afl these assumptiona (for example, for this problem [(OF) o
unll not need KRT) — just say which ones pou are using whens

You may use without proof any of the standard text book closure properties for the class of primitive
recussive funetions provded you say which closure properties you are u-:in:p where, You may also use
?;l:huut proof any etandard text book examples of primitive recursive functions, but you must say whet

y are.

You may also cite without proof relevant standard text book results about e, sots, but, GGG, Jou
must say what they are.

Lot K% {pe N | gplp) is defined}.

K ACN, then Ca 5 (by definition) the function from N to {0,1) which is 1 on A and 0 on the
complement of A,

Let {-, -} be a fixed primitive recursive function (with primitive recursive Inverses) mapping N = N
one-to-one onto N,
a. (10 points)
Show that, for each z, {w | w € K A w < ] i a primitive recursive set,
b, |10 points)
Show there i8 ne computable f such that, for all £ £ N,
Priz) = Cluw | wekt & wea)s (2)
Hint for C3b: Suppose for contradiction otherwise. Then show K is recursive (i.e., computable)
tor got a contradiction.

. (5 points)
Explicitly nse C3b just above and Kleene's S-m-n Theorem to show that {fw,c} e N = N |w e
K & w<x)is not a recursive (i.¢., computable) set,
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C4 Theory (25 points)
Let N denote the set of non-negative integers. Fix a standard programming formalism 4 for computing
all the sne-argument partial computable functions which map N into N. Code (Gidel) number the
w-programs onte N, Let o, denote the partial function computed by program (number) p in the
w-svatemn. You may asqime without proof that, in the p-system, Universality, S-m-n, and the Kleene
Recursion Theorem (KRT) hold. You may not need olf these assumptions — just say which ones you
&re using where,

Let @ be a run-time function for 2 satisfving the Blum Axioms.

Let & % [p e N | w,lp) is defined};
If A C N, then C4 is (by definition) the function from & to {0, 1} which iz 1 on 4 and 0 on the

complement of A

Definition 4 function [ (mapping N inte V) i limiting-computable b
[f is total A (3 computable y}l{'ﬂ'r.]l[:]:i_‘q:agtz.!} = f(z]]]. (3}

Since the limit in (3} is discrete, (3) is equivalent to

[f is total A (3 computable g)(¥z)(¥t)lglz, ) = fl=)]], 4)

where '[a';t]' means ‘for all but finitely many #'. Intuitively, think of ¢ as a discrete time parameter.
Then f is limiting-computable means that f is total and there is & mind-changing algorithm for
computing f: on any input ¥ &€ N, it outputs a succession of guesses giz,0), g{z, 1), g{z, 2}, ... ns to
the value of flr) ond, eventially, these guesses are all correct, Le., for some time by, for ol times
t > £y, the guess at time ¢, g{x, ), 18, correctly = f{z).

& (10 points)
Prove that Cg 18 limiting-computable,
Hint for Cda: FmeadltE!'-’,lEt Kt x| [z<t A &.00) < 4]}
Let giz,8) = C;;riz]
b, {15 points)

Employ the very useful hint below to prove the follownng.
Theorem (¥ limiting-computable H}{3e [} | I is finite A o, = Cp)[Hie) < card(D}].

Hint for Cdb: Suppese H is limiting-computable. Let g be a computable function such that
(2] [lim, o glx, ) = Hixl].
By convention, let max(@) = 0.
For a suitabie e (from KRET) let

D={zxe N |cardi{w < z | pe{w) =1}) < gle, z)}. (3]

Your ¢ should employ both self-reference and ordinary pro ing language recursion, Of
COUTSE yon must $a ﬂf what your e and 2, a.ml Prove by nmﬂe-matwal m:iud:t.mn that gour g,
is total The fact that vour e employs recursion will help with this?

Suppm we choose ra S0 large that (Yo 2 op)ple, ) = Hie)]. Why does zq exist?

Lot b2 max{{gle, z} | £ = 0}). Show that b = max{{g{e.z) | * < zp} L {H(e]}) < co. Let

Lz| e (DN{we N | w =< z}) Show that (¥ & D)[card(Dfz]) < b]. Show, then, that
Hie) < card{D) < b+ 1. Suppose for contradiceion H(e) > card( D). Suppose x; > mas( ).
Let ry = max({zg,T1}). Show that card{Djzy]} = card(D¥) £ H{z) = gle,z). Show that
#z € [). Show how to use that to obtan a contradiction,
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