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Cl Theory (25 points)
Let N denote the set of non-negative integers,

Let £ = {a, b}.
In this problem (C1) we will make refecence to the languages Ly, Lz, smd Ly defined just below.

Definition

(i) Ly £ {w € E* | in at least one prefic of w there are evactly § more b than a's)?

(i1} fzzt{{ﬂ'b‘ |i,7EN A i 7).

(Ei)] La 9o he set of all w € E* such that every other symbol of w 5 an a, but starting af the first
spmmbhal of |II.'| a5 owdal aored startang af the second sypmbal for |w| euen?

a. (8 points]
Use Myhill-Nerode to show that L; is not regular.”

b. (8 points)
Use Pumping directly to show that Ly is not regular. No fair working with Ly or some such.
Hint for Clh: Consider the word a™6+ for suitable n.

. {9 polnts)
Prove that Ls is regular, N3, If vou do this by programming in relevant system(s), also document
vour “code” . Your documentation should be to help the graders understand what you had in mind.

-"Zi;n.-r campde, eoaehblbaabbdbbbdabba ¢ L) since the profis coocbbdeabbhbbd has 10 &5 and 6 o's.
FFar exampe, O abana, debo & Ly, where ‘0 depodes the empty word, 0 i8 in Ly gince it containg ne counierocsmples,
iRecall that the crucial equivalence relation for Myhill-Nerade applied to the language Ly is 2, whese, for words =,y £ £°,

r=p, p S (Wre B ez e by Sy e L] (1
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C2 Theory (25 points)
Suppose n 15 o fived integer > 1. Lat £ = {a_b}. Let

L= {a,b}" - {a} - {a.6}"" (2}

A (10 poinks)
Erplecetly exhibat the state diagram of a non-deterministic finite antomaton, My, having ezactly
n -+ 1 states and swch thae LA} = L, where L is defined in (2} above.

b (153 points)
For this problem (C2h) you may use Myhill-Merode 9
Suppose M is any (deterministic) finite automaton such that LiM) = L {again, wheme L is
defined in {2) above). Prove that A4 has af least 27 states.

Hint for C2b: Suppose .4 € £ and ¢ # g.
Consider an i such that

l=<i<n A [rpdiffer in their i-th symbaol (reading left to right}]]. (4)

For each of the words +4'~" and yb‘_l r.'mﬂ-.ﬁu'll:,- shvow 1-x,w_:t|:.: b ey sl\rr|:|'|_'||::||s there are
from the o + I-st through the last, mclusive. g
Use the above to show that

[z6 1 £ Loyt g L] ]

Conclude from (5) just above something interesting and relevant about =i 1, g1 and =5,
Develop and justify a useful formola for |E’;L
Explain clearly how showing the above is vant to solving C2b.

YRecall that the crucial equivalence relation for Myhill- Nerode apgdied 1o £ from (2) above 3= =5, where, for words z,pEE",

Tr=r n"glf'ﬁ{- L*)zz e L+ yz € L]. (3
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C3 Theary (25 points)
Let V denote the set of non-negative integers.

We write real numbers r in the closed interval between the real numbers 0 and 1 {inclusive) in hinary
notation as
dgrirargc, (6]

where each vy is a0 or a 1 (a bit) and where

r=3 =t {7

HEN

Definition Suppose r 15 a real number in the closed interval bebween the real naumbers 0 and 1 {mein-
sive), where v @5 written in bingry as in (6) above.

{1} We say r is computable W otha function

A(r) i computable (8)

{i} We sayr is primitive recursive = e Jumetion
Ab.ir, ) 48 primdtive recursioe. 9]

Diefinition We associafe with each real © befween 0 and 1 inclusive & corresponding function g, fhus,
For cach x & N, et

L. of, m the binary expansion of ¢, there i 0
consecutive run of I's of length
(&) duf exactly & and with a & on cach (10)
e i side of the run;

01, otheruase.

For example, if r = 010110111011110 -+ | then g, is 1 at all arguments > 0 and is §F at argument (.
If inastend r = 1011100000000 --- | then g 5 1 at arguments 0 and 3 and its 0 elsewhere. For this
lntter pxample, the initial 1 in the binary expansion does net make g.(1) = 1 since this initial 1 doees
not have a B on each side. g.(0) = 1 since, for example, the 6th and Teh digits are ©'s and have a block
of 0 1's between them,

a. (2 points)
Prove there is a computable real r such that g is net computable.
Hint for Cla: You may establish computability by exhibiting an informal algorithm (and showing
totality), and you may use without prool any standard text book results about re sets
provided you say which resultfs) you are using where,

b (5 points)
Prove there is a primitive recursive real © such that ge is not computable.

Hint for C3b: You may use without proof any of the standard text book closure properties for
the class of primitive recursive functions provided you say ahich closure properties you are
wsing where. You may also wse without proof any standard text book mmpm of primitive
recursive functions, but you must say what they are. Again you may cite without suitable
results about re. sets.

“For example, the real mumber £ (in binary) is 1000000000 --- | the real number 2 (in binary) is 1010101000 -+, and the
real mumber 1 (in bnary) is 0111101000 -« To see the latter two, fust sum corresponding Infinlie gecmmetrie serles,

SHere we use Church's bambda-notation to name a function delined by a foemula {as is standard in Lisp). For example,
Az, . (r+y) denotes the function that maps each pair of non-negative integer r,y to their sum, and Ai.jr;) denotes the function
of une non-negative integer i argument mapping it to the bit .
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C4 Theory (25 poincs)
Fix a standard programmming formalism @ for compiiting all the one-s menwrsiaﬂ conputakle
functions which map the non-negative integers into themselves. Code {Gu&?} number the -programs
onbe the entire set of non-negative integers. Let o, denote the partial function computed by program
{nimber) p o the pesyvstem. Yoo may assume without proof that, in the w-system, Universality, S-m-n,
and the Rleene Recursion Theorem (KRT) hold., You may not need off these assumptions — just say

der

which ones you are using where, Let W, S the domain of .7

a. (10 peints
Frove il is a computable function f such that

{Weiey | # € N} = the collection of all finite subsets of V. (11}

Hint for Cda: You may establish computability by exhibiting an informal algorithm (and showing
totality).
b. (15 points)
Prove there is ng computable function g such that

{W,i.y | £ € N} = the collection of all infinite r.e. subsets of V. (12}

Hint for Cdb: Suppose for contradiction otherwise, Create an omfinste roe set A differing from
each of Wy, Wiy, Wi, oo . To do this think idformally about how to enumerate algo-

rithmically such an A from dﬂ'ﬂ".“‘l:-d.lll.‘d algorithmic enumerations of Woey, Wiy, Wi,
Make sure you list into 4 an element from each W and that you do net list into A at least
one element from erch Wop . Be sure to show why s i possible.

TThen Wi, Wi, Wy, . provides & standard listing of aff the re sets (of non-negative integers),
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