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1 Theaory (25 pointa) i
Lot & denote the set of non-negative integers.

&[5 pointa)
Explicitly exhabil o reguler expression defining

L= {a®™t b |me Nlu{a:- 8 | n e N) 1

he (10 points)
Usze o Pampimg Lemns to prove that

Ly = {a™t" | m,n € N and either m is even or n < m}. (2

is not regular.

o. (10 paints)
For a (deterministich finite automaton M, LiM) denotes the language acceptad by M,
Show how to directly, algorithmically construct a (deterministic] finite astomaton My =
(A, Q9,85 Fa.q7) from any two (deterministic) finite automata My = (4, Q. &, Fi,q]) and
My = (A, Qs b2, Fa g7}, where, A is a finite alphabet, the ;%s are the state sets, the 4,'s are
the transition functions, the F)'s are the sezs of final (or accepting) states, the q' 's are the initial

slates,
Qa =4 x Qa; {4

and
LiMa) = LMy ) 0 LLAy ). 1)

Hint: Intuitively, bave Mz parallel process the renning of Ay and Ma, That's the point of the
requirement in (3] above! Explicitly, algorithmically, define 5, £ and ¢f to do the job.
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(2 Theory {25 points)
Suppose n is a fAxed integer > 1. Let © = {ap,... 0.} Let

L = {we X" | wis missing at least one symbaol of £}, (5}

In finite automata theory, a f-move s (by definition) a machine state change accompanied by ne
forward move of the rerd head. In some text boolks O-moves are called =-mopes.

a (10 points)
g‘m!lclﬂy exhubat the state diagram of a Qamove, non-deterministic finite automaton, My having cracthy
n + 1 states and such that LM,y ) = L, where L is defined in (5) above,

Hint: Consider O-moves from the atart state to each of the remaining n states. For the é-th of the n
nomestart states, consider having it jam on the symbal a;.

. {5 points)
Erplicitly exhibif the state diagram of a non-deterministic finite automaton, Ay having exsctly n 4+ 1
states and such that L{My) = L, where My has NO zero moves {and where L is defined in (5} above).

Hint: Compile your answer to Problem C2a to get rid of the O-moves or think how to program it
straightaway.

c. (10 points)
For this problem (C2c) you may use the Myhill-Nerode Theorem and for its standard corollaries without
proot; howevsr, you must esplicitly, correctly state any of these results vou are using without proof.
Recall thas the crucial ?uiva!r.'m'r: relation for Myhill-Nerode, ete, applied to L from (5) above 15 =,
where, for words z,y € L*,

P yg-rlj'#zr.—'_ D)xz e Lsyne L) (&)

Suppose My is any (determiniscic] finite automaton such that LAy} = L {(again, where L is defined
i (5} above). Prove that Mg has at least 27 staies!

Hint: For each A C X, let Ly = {w | w containg each symbol in A and oo other symbols),?
How many A are subsets of £7
Suppose A C X and that x,9 € L. Show that x = ».
Suppose A, B C E. Suppose A # B that » € Ly, and that y € L. Show that = £, y. To de
this, consider separately the cases where A £ B and where B & A,
Explain clearly how showing the above is relevent to solving Cle,

"For example, Ly = [0}, where 1 denctes the empdy word.
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C3 Theory (25 points)
Let N denote the set of non-negative integers.

For each x € N, lat

consecutive run of 7's of length = =;

zl, if; in the decimal expansion of &, there s a
Hz) = {
otherwise.

1

Prove that [ s primitive recursive only from the definition of ‘pramitive recursive’ and the assumptions
1 the next sentence. You may assume witheuf proof that the primitive recursive functions are closed
under definition by cases {or if-then-else) and that < is a primitive recursive binary predicate.

Da put in all the Base Functions (e.g., projection functions), ete, for this problem,

Hint: Do a mon-constructive, possible worlds, case analysis. Do not try to show messy predicates
directly about the decimal expansion of 7 are primitive recursive!
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C4 Theory (25 points)

Let N denote the set of non-negative i.utegjura. Fix a standard programming formalism 2 for computing
all the partial computable fonctions which map arguments from & into N, Code (Godel) number the
o-programs ontoe the entive set N, Let ys':;':' denote the partial function of n > 1 arguments computed
by program (mumber) p in the pesystem. When m = 1, we omit the superscript. We will refer to p
as a weprogram. Let & denote a standard Blum step-counting measure associated with ¢ You may
assumne witheut proof that in the p-system Universality, S-m-n, and the Kieene Recursion Theorem
[KRT} hold, Furthermore, you may assume that your favorite assembly lanpuage can be coanpiled inlo
the p-svstem!

Definition Consider oll the finte seis of equations defining primitive recursive functions and which
confain o special one argument function letter £ and whose remaining function letfers are chosen from
the list £y F5, f5. ... . Gddel number (code number) 1-1 onto N all these finite sets af eqeations.

1. Let B, be (by definition} the finite set of equations with Gadel nurnber g,
L fy ol i primitive recursive fanction whech [ defines i B 8

a. (10 points)
Sketch informally (withowt the messy coding /decoding and programming details) a proof that
BOINE W-Program computes Ag, x. f,(x).!
Himt: Think ahout how one can compile g's representing £, into your favorite assembly lan-
LREE.
& step-wise refinement of programming such a compiler, alse i vour favarite assembly
language, sketch only the top level refinements.
For example, yon should give some top level hints {only) on how to code/decade g, et
For another example, for the subtask of compiling & definition by primitive recursion of some
function, it suffices to sketch how to implement iteratively this kind of recursion in vour
favorite assembly language
Don't Torget to relevantly cite any assumptions given above about @ when you are using them.
b. {15 points)
Suppose r and # are any partial functions mapping N into N. g{z)] & niz) is defined.

ol
g == 0% (3z)ln(z) = 8(z)].*
Assuming what you need re standard primitive recursive functions and their standard closure
properties, prove the following
Theorem it i NOT the case that there 1 o parbial computable o such thet, for all p for which
iy ts prientive recursive, we have that Qip)) and

Feip) =™ wp (7

This theorem saye that one canmot algorithmically transform any geprogram for @ primitive

recursive function into a finite sef of equations defining a primitive recursive funetion so that the

two primitive recursive functions agree at least infinitely often!

Hint: Suppose for contradiction otherwise. By KRT there is a self-referential @-program e such
that &, on input r, checks whether or not #(e}] in < = steps (with respect to some fixed
i-program for o) and ... . What else shanld & do? You may use without proof the result of
Problem Cda. Show that vour & vielids a contradiction.

9H¢||.-¢Q, in '.“l'pﬂﬂ(uhain[@,. = -'Jl.'lm:i]ll[wr]]. and i) H[:l. £, 1] | ‘I'.[z] o t] in an algorithmically decidable sei].

*Fer erample, consider equations by which f; defines twoeargument addition as primitive recorsbve (in the usial way), fy
defines two-argument multiplication as primitive recursive (welag i in the wsual way), and T delines factorial as primitive
recursive (using fy In the omial way). Let B be sll and oaly the resaltant fnite set of equations. Let g be E's code numibser
Then Ey = F and [ I8 the factorial Tunetion

4 Church’s lambda-notation i used o name functions defined by farmulas {as is standard i Lisp). For example, J.z..!r + '|!
denotes the function that maps rach non-pegative integer 3 10 ¢ + 1; and {relevantly 10 this problem) Ag, r. f (2] denotes that
funétion of two non-negalive integer arguments which, on input [g, 2}, returns the wlee fo(z].

*If you know and like it, you can use far your favorite assembly language the assembly(-like) language C© from the textback
by Diavis, Sigal and Weyuker.

by
FThe quantifier *( 2£)" means ‘thar are infinitely many natursl numbers ¢ such that”,
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