C1 Theory (25 points)

& (3 points)
Suppose L is regular. Prove thas
Li=(LnaL™
is regular.!
b, (10 points)
Use o Pumping Lesnma to prove that
Ly = {w & {a,b}" | w = w apelled hackwards}

is not regular.?

. {10 F:-ni:ﬂ.‘::-
Use a Pumping Lemma to show that

Ly = (™" |n e N}

i5 not regular.

Hint: {(Ymn & N |n>min? —m? > 2m +1].

LL® in (by definition) the set of all words from L spelled backwards. For example, {a™8 | m,n > 0]F = [4=a™

TFar example, abbba & La, bat abbd & Lq,

http://www.cis.udel.edu/~chester/prelims97/c1th.ipg
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2 Theory 25 points)

a, (0 points)
Suppose that M is a (deterministic) fnite automaton with exactly n states. Suppose that
{(Fe & LiM)[n = |2 (4
Prove that L{A) is infinite;
b. {10 points)
Suppose that A is a (determimistic) Amte automaton with exactly n states, Suppose that LiM) iz
infinite.
Prove that
(3r € L{M))[n < |=f < 2n]. (5)

c. (10 poknts)
In fnite astomata theory, a O-move is (by definition) a machine state change accompanied by ne
forward move of the read head. In scme text books (-moves are called =-moves.
M.B. For this question you may use without stating how they work or prowing them correct standard
compilers to:
1. translate any O-move non-deterministic finite automaton into & non-deterministic finite automaton
with no 0-moves which accepts the same language and
2, translate any non-deterministic finite automaton with no 0-moves into a (deterministic) finite
automaton which accepts the same language.

Devise an algorithm for deciding of an arbitrary [deterministic) finkte automaton A over a fixed
alphabet A, whether or not L{A) has an infinite number of words of odd length.

N.B. Should your algorithm employ any subalgorithms (including standard ones from text books), other
than the compilers mentioned above in this problem, yeu must clearly stote how those subalgorithms
work.!

You may find useful the results of Parta a and b of this question.
You need not verify corvectness of your algorithms, but do be both clear and correct.

x| denotes the length of the string =

TEpr ezample, i you weore to employ a subalgorithm for translating any (deterministic) finite automaton (oo a 0-move
nan-delerministic firite automaton which accepts the Kleene-star af the [anpuage the fnite sutomsts accepts, you woild peed
o gay wery clearly how this subalgorithm works.

http://www.cis.udel.edu/~chester/prelims97/c2th.ipg 23/12/2008



Page 1 of 1

(23 Theory (25 points)
We consider below functions which have non-negative integer arguments and valees. We use Church's
lambda-notation to name functions defined by formulas (as is standard in Lisp). For example, he. [z+1]
denotes the function that maps each non-negative integer # to @ + 1, and Az, y. [z + v denotes the
function of two non-negative integer arguments mapping them to their sum.
Let ¥ denote the set of non-negative integers.

For each x,y € IV, let

aodef fE=y; HEx2y p
Lol i {[}. otherwise; {6)
.{,'r{ﬁ, iz =0 i
Pr = 1 the z-th prime number, otherwise; L
and let =
{z.0) = 272y 4 1) £ 1, (8}

You may assume without proof that Az, y.[iz, y}] maps the set of all pairs of non-negative integers 1-1
onto the set of all non-negative integars. Let £ and r be the left and right inverses of Az, p. [ )],
respectively. Then, we have that, for all =, y, 2,

iz y)) = mriiz, ) = p, and {#{z),r(z)) = =, (8)

You may also assume without proof that the functions in the set & are each primitive recursive, where
ded

{ha, vz + ] Az gz = g Azp. [z =y Az e [z v Bon e ) Az e s OO0 {10
For each n,2,...,2s €N, let
SRR AL LR (11)

You may also assume witheut proof that, for each positive n € N, Az, ., .1, . 20 08 prim-
itive recursive. You may further assume without proof the existence of primitive recursive functions
Az.jLt(z)] and Az, i.[(z):] such that

o Li{) = Lt{1) = 0, and, for each non-negative integer = > 1, for each n € N, if Lt(z) = n, then
P divides z, but ne prime greater than p, divides x; and

o foreach x.i € N, (z)p =0, (0} =0, and, if x4 > 0, [z} = the exponent of g in the uniqee
prime power factorization of x.

Definition Suppose n € N. Suppose f has n+ 1 arguments.
Fis d'eﬁnad ‘ﬁ'gfm h .Ely COurSe uf valies recuriion 'T:!:EI for each This =5 Ema sy
FEty e = Al T - o i B {00 e El 0 -TSWRRIE. S T | | A TR U U

Finally, you may also assume withowt proof that the class of primitive recursive functions is closed
under definition by course of values recursion.

Definition [ iv defined from gy, gu, ond & by interfuined primifive recursion =3

(v € NIF(0,9) = m vl (13)
(e € N)[flz +1,0) = palz)]; (14)

and
(¥r.y € N)[f(z+1,p+1) = hizw, flzp+ 1), flz + L))l {13}

Prove from any or all of the assumptions without proof above and the definition of primitive recursive
function that, if gy, gz, and b ave primitive recursive and [ s defined from g7, g2, and b by intertwinesd
primitive recursion, then f s also primitive recursive. You need not put in all the Base Functions (e.g.,
projection functions), but give encugh detail to show you know what you are doing and don't say false
things.

51t is to he understood that predicates (such as Ar.|z > 0f) bave value 1 when they are tree and 0 when they are fals.
BOF pourse, as is standard, an smpty product saleates to 1.
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Cd Theory (25 points)
Fix a standard programming formalism o for computing all the ene-argument partial computable
functions which map the non-negative integers into themselves, Code (Gdel) number the -programs
anto the entire set of non-negative integers. Let 2, denote the partial funetion computed by program
{nurmber) p in the w-system. Let @ denote a standard Blum step-counting measure associated with
w7 Lot W, 2 the domain of wpo You may assume without proof that in the wsystem Universality,
S-m-n, and the Kleene Recursion Theorem (KRT) hald.

The first two parts of this question will lead you (with very useful hintz] through a proof of the ollowing
Theorem Suppese A is a collection of roe. sets. Let
Py = {n | W, € A} (16]

Suppose Fa is r.e.

Then
(Vp)[W, € & & (3 a finite set D C W, )D€ Al (17)

The third and fourth parts of this question each asks you to apply the theorem and also provides very
useful hists. In that interest and for later use, let

A={p| W, ={0}). (18)

a. (6.25 points)
Assume all the hypotheses of the Theorem. Explicitly wse KAT in the w-system (formally or
informally — as you choose) to prove that

(WpI[W, € A = (3 a finite set D € W,)[D € Al]. (19)

Hint: Suppose that W, £ A. Suppose for contradictbon that (V finite sets D © W, )[D & Al
Apply KRT to obtain an self-referential e which determines its I,/0 hehavior on input © in
part according to whether or not “e appears in Py, within r steps.” Make this precise, figure
out what to have & do in each case, ete., and get a contradiction.

b, (625 points)

Assume all the hypotheses of the Theorem. Erplicitly wse KRT in the g-system (formally or

informally — as you choose) to prove that

(¥p)[(3 a Bnite set D € W, )[D € &] = W, £ Al (20)

Hint: Suppose (3 a finite set D C W,)[D £ Al Let I be an example, Suppose for contradiction
that W, & A. Apply KRT to obtain an self-referential ¢ which determines its I/ 0 behavior
on input T in part according to whether it eventually discovers that *[z € D W e appears in
Pa)™ Make this precise, figure out what to have e do if it makes this discovery, éte.

c. {6.25 points)

Explicitly use the Theorem stated above in this guestion to show that A is not re., where A 05

defined in (18) above.

Hint: Suppose for contradietion otherwise. Clearly A = Py for A = {{0}}. Therefore, from (17)
above, we have that (Vp)[W, = {0} & (3 a finite set D € W) [0 = {0}]]. Pick I and W, s0
that I = {0} € W, £ {0}. Get a contradiction

d. (6,25 points)

Erplicitly use the Theorem stated above in this guestion to show that A is mot v, where A s

defined in (18) above.

Hint: Suppose for contradiction otherwise. Clearly A = Py for & = {W, | W, # {01}, Therefore,
from (17) above, we have that (Wp)[W, # {0} < (3 a finite set D C WD £ {0]]]. Pick a
D and W, to get a contradiction.

THence, (i) (Yplidomain(®,) = domainize]]. and (i) [{{p,x ) | $#plz] < €} b= an algorithmically decidabde set|
SThen Wa, W, Wi, ... provides a standard listing of off the re. st (of pon-negative integers).
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