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Abstract 

Linear dynamically varying (LDV) controllers have 
been shown to  be useful in controlling nonlinear dy- 
namical systems on compact sets, especially chaotic 
systems. In this paper it is shown that  the ability to  
stabilize a dynamical system with a n  LDV controller 
is structurally stable in the C' topology, the  Lipschitz 
topology and, in a restricted sense, the topology 
provided that  these systems are near enough t o  an LDV 
stabilizable C' dynamical system. Furthermore, the 
optimal LDV controller is shown t o  depend continu- 
ously on the  dynamical system. 

1 Introduction 

Recently linear dynamically varying (LDV) systems 
were introduce as good linearized models of nonlinear 
dynamical systems on compact sets. Both H ,  [l] and 
optimal linear quadratic [2] controllers have been de- 
veloped for such linear systems. In this paper the sta- 
bilizability of dynamical systems will be investigated. 
Specifically, suppose that the dynamical system f is 
stabilizable in the sense of these LDV methods; what 
can we say about the stabilizability of dynamical sys- 
tems f that  are close to  f in different topologies? F'ur- 
thermore, how does the optimal controller vary as the  
map f varies? 

An LDV system is defined as 

where f : S + S is a continuous map; A : S + E?"'", 
B : S 4 RnX", C : S -+ Bpxn, D : S + W p x m ;  
S c B" is a compact set; and S has the metric structure 
induced by the Euclidean metric. A continuous LDV is 
a n  LDV where the maps A ,  B ,  C and D are continuous. 
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Continuous LDV systems naturally arise when control- 
ling nonlinear dynamical systems. Let 

0 S be compact. 

Consider the nonlinear tracking problem: 

The  objective is t o  find a control U such tha t  
I(cp(k) - e(k)II + 0. In this context ( 0  ( k )  : k 2 0 )  is 
the desired trajectory and cp ( k )  is the state of the sys- 
tem under control. This tracking problem is common 
to many chaos control problems, see [2] and [l] for 
more details. Furthermore, i f f  is invertible, then the  
adjoint of this tracking problem is an observer prob- 
lem. The  observer, or observer/controller problem is 
closely related t o  chaos synchronization [SI. This pa- 
per focuses on tracking; the dualization to  the  observer 
is left t o  the reader. The tracking error is defined as 
z ( k )  = cp(k) - e ( k )  with error dynamics: 

Since f E C', if x and U are small, then v,(z, U ,  e) and 
~ u ( z , ~ , B )  are small. Thus, when z and U are small, 



system 3 is well approximated by system 1 with f (e )  := 
f (0,O).  In this case the LDV system 1 is said to be 
induced by f. 

Robust stability is a important concept in control. A 
system is robust if it remains stable under small varia- 
tions of the system. More generally, structural stabil- 
ity means that  certain properties do not change under 
small variations of the system. Hence, a controller is ro- 
bust if the stability of closed loop system is structurally 
stable. Similarly, t he  optimal linear quadratic or H ,  
controller would be structurally stable if small varia- 
tions in the system only lead to small variations in the 
controller. Thus structural stability is t he  absence of 
bifurcations. The structural stability of LDV systems 
is complicated by the fact that  as f varies not only do 
the system parameters (Ae, Be, CO, De) vary for each 
8 E S but as grows (Afk(e),Bfk(e),Cfk(e),Dfk(e)) 
may greatly vary, for example Afk(e) - Aik(s)/l may 
be large. 

Incomplete knowledge of the map f can arise in dif- 
ferent ways. The map defining the desired trajectory 
may be known, while the map defining the system un- 
der control is only approximated known, i.e. 

/I 

cp ( k  + 1) = f (cp ( k )  ,U (IC)) 
e ( k + i )  = f ( e ( q , o )  

where f is known and f is only known t o  be approx- 
imated by f. This system can be modeled as the  fol- 
lowing LDV system with noise: 

(4) 

e ( k f 1 )  = f ( Q ( k ) , O )  

where w ( k )  = f ( p ( k ) , u ( k ) )  - f ( p ( k ) , u ( k ) )  as is 
known to be small. Standard robustness of time- 
varying systems show that  x remains bounded if w is 
small enough. A more complex situation occurs when 
the map defining the desired trajectory and the map 
defining the system under control are the  same and 
only approximately known. In this case the tracking 
dynamics are 

where f is known to be approximated by f .  This is 
the  scenario tha t  will be investigated here. Other situ- 
ations can be framed as combinations of 4 and 5. That  
is, system 5 with some noise added. 

This paper proceeds as follows: The next section pro- 
v i d e  background regarding LDV systems and different 

topologies on the space of dynamical systems, that  is, 
what is meant by f being approximated by f. In sec- 
tion 3 the  stabilizability of conjugate dynamical sys- 
tems is investigated. Section 4 presents the main re- 
sults that  stabilizability and optimal LDV controllers 
are structurally stable. And finally, in section 5, an  ex- 
ample illustrates how the optimal LDV controller varies 
with the parameters of the  HBnon map. 

2 Background 

We say that  the pair ( A ,  f )  is exponentially stable if sys- 
tem 1 is exponentially stable. That  is, for U = 0 and 
0, E S there exists a n  a (0,) < 1 and a (e,) < 00 such 

Similarly, the pair ( A ,  f )  is uniformly ezponentially 
stable if the pair ( A ,  f )  is exponentially stable and 
Q and P can b e  chosen independent of O(0). The 
triple ( A , B ,  f )  is stabilizable if there exists a bounded 
feedback F : S -+ R"" such that  ( A  + BF, f) is 
exponentially stable. Note that  uniform exponential 
stability is not required for a system to be stabiliz- 
able. The triple (A ,C,  f) is uniformly detectable if 
there is a uniformly bounded map H : S -+ RnxP 
such that  ( A  + HC, f )  is uniformly exponentially sta- 
ble. That  is, there exists a d  < 1 and pd < 00 such 
that  for all O(0) E S, Ilz(k)II < Pda211z(0)11 where 
2 (k + 1) = (Afqe.) + Hfqe,)Cfk(e,)) z ( k ) .  

It was shown in [l] and [2] t ha t  if the LDV system 1 in- 
duced by f is uniformly exponentially stabilized by the 
control U ( k )  = Fe(k)z (k), then the  nonlinear system 2, 
with control U ( k )  = Fe(k)a: (k) , is locally uniformly ex- 
ponentially stable. By definition locally uniformly ex- 
ponentially stable means tha t  there exist a < 1, P < 00 

and y > 0 such that  if 11z(O)II = lIq~(0) - O ( O ) J I  < y 
then 11z(k)11 < pak 11z(O)II where a, P and y can be 
taken independent of the initial condition e,, i.e. uni- 
formly in 8, and locally in z. Therefore, we say that 
the dynamical system f is LDV stabilizable if the LDV 
system induced by f is stabilizable. In section 3 a n  
example shows that a dynamical system may be stabi- 
lizable but not LDV stabilizable. 

that  if 8 (0) = Bo, then llz (k)II < P (e,) Q (e,)k 112 (O)I(. 

The following theorem is needed in the sequel: 

Theorem 1 Suppose 1 is a continuous, uniformly de- 
tectable LDV sys t em with DiDe > 0 for 0 € s. T h e n  
sys t em 1 is stabilizable i f  and only i f  there exists a 
bounded func t ion  X : S -+ Rnxn with Xh = Xe >_ 0 
that satisfies the functional discrete t ime  algebraic Ric- 
cati equation 

Xe = ALXf(e)Ae + ChCe (6 )  

-AbXf(e)Be (ODe + B;Xf(s)Be)-l B h X f ( e ) A e  

U L Q ( ~ )  = Fe(k)z (k) (7) 

In this case the control 
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is optimal in the sense that it minimizes the quadratic 
cost 

firthermore, this control uniformly exponentially sta- 
bilizes the system and xXXe,xo = minu V(O,, U ,  x,) and 
X is a continuous function. 

Proof: See [2]. 

Note that this theorem implies that  there exists an 
exponentially stabilizing feedback if and only if there 
exists a uniformly exponentially stabilizing feedback. 
Thus, when considering continuous LDV systems, sta- 
bilizability is equivalent t o  the existence of a uniformly 
exponentially stabilizing feedback. 

Given a stabilizable map f ,  we will study maps close 
to f in the following topologies: 

Definition 1 Let f ,  f : R" x R" + R" with f ,  f E C1. 
The C' topology is generated b y  the metric 

where 
to 0 and 11. /1  is the 12 induced matrix nom.  

(0 ,  U )  is the Jacobian matrix o f f  with respect 

Definition 2 Let f , f  : Rn x R" + R", with f , f  E 
LC, where LC denotes the set of Lipschitz continuous 
functions. me LC topology is generated b y  the metric 

Definition 3 Let f , f  : R" x R" + R", with f , f  E 
Co. The topology is generated b y  the metric, 

Remark 1 The supremums in the last three defini- 
tions are over 8 E Rn and U E R". This can be eased to 
the supremum over Af where Af c R" x R" is a tubular 
neighborhood of Sx (0). This modification has no effect 
on the development that follows if Af is large enough, 
i.e. for all 0 E S, suppEEB II'p - 011 is large enough, 
where Ee := {'p E J\/ : 0 := argminVES (l'p - 1111). If 
is not large enough, then minor changes are necessary. 
In particular, the initial error x (0) must be smaller. 

In the definition of system 1, the set S is invariant, i.e. 
f ( S )  = S.  As the map f varies it is likely that  S is no 
longer invariant. Indeed, it is possible that arbitrarily 
small variations in the map f lead t o  drastic changes in 
invariant sets. This is problematic since X, the  solution 
to  the Riccati equation 6, is only defined on S where s 
is invariant. It is difficult t o  discuss the dependence of 
X on f if as f varies the domain of X greatly varies. 
Thus we will restrict our attention t o  variations in f 
such that  S only varies slightly. That  is, we will require 

(8) 

f ( S )  = s, f̂  (s) = s 
where H (-, .) is the Hausdorff metric, i.e. 

In the sequel i,t will be understood that  S is an invariant 
set of f and S is an invariant set of f .  

Next we extend the feedback F : S + Rnxm defined 
by equation 7 t o  all of R" by 

Fv := Fqp) (9) 

where 

O ( p ) = a r g m i n { ~ ~ O - ( p ~ ~ : O ~ S } .  (10) 

The cost quadratic X can be extended t o  X in the 
same fashion. Note that  B ( ' p )  is not necessarily well 
defined and X may not be continuous. However, by 
perhaps invoking the axiom-of choice one can properly 
define 0 (p). Furthermore, X is continuous on S and if 
118 - 811 is small and e,@ E S US with H S, S small, 

then Xa - 2, is small. Finally, let X : S + R" and 

X : S --* R"; define 

( -1 
II ll 

d,,b ( X , X )  := 
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Now if f is a hyperbolic on S (see section 3 ) ,  then 

thermore, if f : S -+ S is hyperbolic on S and S 
is a manifold (i.e. f is an Ancsov diffeomorphism) 
and f : S 4 S, then f is hyperbolic on S and S 
is invariant when dct f , f  is small enough. There- 

is small when d c l  f ,  f is small [5]. Fur- ( -) 

( ^> 

fore, if f is an Anosov diffeomorphism, H 

and d,,A ( X , X )  = dco (X,X). On the other hand, 
suppose that S is an attractor for f, that  is for all 
cp E ( S )  is any 
small enough neighborhood of S. Then for a generic f ,  

(S) , we have lim fk (cp) c S where 

is small when dco (f,f) is small [7], where 

( -) 
S is an  attractor for f .  Hence, in these three cases 

fore condition 8 is repetitious. Nonetheless, t o  maintain 
generality, condition 8 will be assumed. 

small implies H S, S is small, and there- 

3 Conjugacy 

Let f be LDV stabilizable and let f and f be C' con- 
jugate. That is, there exists diffeomorphisms 

g : R" + R", g ( S )  = s 
and 

such that f (8 ,u)  = 9-l ( f ( g ( O ) , h ( u ) ) > ,  Define 

G(8)  = 3 (e) ,  H = (0). Since g and h are dif- 
feomorphisms, G(8)  and H are invertible matrices. 
Therefore the following diagram commutes: 

h : R " ~ E % "  

G 

Thus, if (A,B,  f )  is the LDV system induced by f 
and ( A , B , f )  is the LDV system induced by f, then 

A,(,) = Gf(e)AeGS;;), gg(e) = Gf(e$eH;;). That is, 
conjugacy lead t o  an  invertible change of coordinates. 
Therefore, if F : S -+ Rmxn uniformlyAexponentially 
stabilizes (A, B,  f )  , then HeFeG,;'e, = Fg(q uniformly 

exponentially stabilizes (A,  B, f). Thus, LDV stabi- 
lizability is preserved under c1 conjugacy. Similarly, 
LDV uniformly detectability is preserved under C' con- 
jugacy. 

Suppose f and f are C' conjugate, ( A ,  B ,  f )  is stabi- 
lizable, (A, C, f )  is uniformly detectable, DA De > 0 for 

8 E S ,  Cg(e) = COG;(;, and Dg(e )  = DOH;'. Since 
f E C', the LDV system induced by f is continuous 
and theorem 1 implies that there exists a continuous 
function X : S - Etnx" that solves equation 6 .  I t  is 
easy t o  show that  X g ( e )  := (Gib,)'XeGg(s) solves the 
Riccati equation associated with the LDV system in- 
duced by f .  Therefore, LDV systems and optimal con- 
trollers are well defined in a coordinate free approach. 
The topological and geometric issues associated with 
LDV systems on a non-orientable or non-parallelizable 
manifolds S are addressed in [4]. 

Now, suppose that  f is hyperbolic on S. That is, 
there exists an  E > 0 such that for all 8 E S ,  there 

values of A with eygenvedors in E have a real part 
that is greater than -E. If f is hyperbokic and f is 
C' close t o  f, then f is hyperbolic and f is topolog- 
ically conjugate to  f (for exact result see [SI). How- 
ever, f and f are not_ necessarily C' conjugate. If 
hyperbolicity implied f and f are C' conjugate, then 
LDV stabilizability would clearly be structurally sta- 
ble in the hyperbolic case. Note that in the case 
of topological conjugacy the nonlinear control G(k)  = 
h-' (Fg(k) (g-' (cp(k)) - g-' (0 ( k ) ) ) )  might not expo- 
nentially stabilize f. Consider, for example, a system 
with no input: 

and the induced LDV system 

1 
2 

5 ( k  + 1) = -5 ( k )  . 

Under homemorphisms 

the conjugate system is 

and the induced LDV system is 

w ( k + l )  = f ( w ( k ) )  

The above system is not uniformly exponentially sta- 
ble because for every p < 00 and Q < 1, 112 (k)ll > 
pak 112 (0)II for some k .  Of course fk (w) - 0, just not 
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exponentially fast. Thus f and f are topologically con- 
jugate, 12 is LDV stabilizable and 11 is not. Therefore, 
since hyperbolicity only leads to topological conjugacy, 
hyperbolicity will not help to  prove the C' structural 
stability of LDV stabi.lizability. We must rely on the 
fact that f and f are C' close to  infer LDV stabiliz- 
ability of f. 

Remark 2 The  example above illustrates the weakness 
of the L D V  approach over nonlinear methods. T h e  
L D V  approach implies that f is no t  stable, when, in 
fact,  it is stable. 

4 Structural Stability 

In this section it will be shown that if f is near an 
LDV stabilizable f in the C' topology and H S , S  
is small, then f is LDV stabilizable (proposition 3). 
In fact, the LDV optimal quadratic cost varies contin- 
uously with d c l  (f, f) + H ( S ,  S) - that  is the map 
(f, S )  I+ X is continuous where X is the positive semi- 
definite function which solves equation 6 (proposition 
5). Furthermore, iff  is near f in the Lipschitz topology 
and H S, S is small, then f is also LDV stabilizable 

(proposition 6). Finally, i f f  is near f in the topol- 
ogy and H S S is small, then an LDV controller may 

only stabilize f in the sense that limsupk Ilx(k))I < E ,  

where the control objective is z ( k )  -+ 0 (proposition 

( -1 

( -1 
( 7:) 

7). 

Lemma 2 Let  s y s t em I be a continuous L D V .  If the 
pair (A ,  f )  is uniformly exponentially stable, t hen  there 
exists a 6 > 0 such that if dco (f, f) + dco  (A ,  A)  + 
H S S < 6,  then  the pair A,  f is uni formly expo- 
nentially stable. f ir thermore,  the a and p in the de- 
f ini t ion of uniformly exponential stability can be taken 
to only depend o n  A, f and 6. 

( 7 - 1  ( -  ̂> 

Note, this lemma is only examining LDV systems and 
therefore does not require that  A = g. 

Proposition 3 A s s u m e  f E C' induces a stabilizable 
L D V  system, that is, there exists a continuous map  
F : S 4 RmXn such that  ( A + B F ,  f )  is uniformly 
exponentially stable. T h e n  there exists a 6 > 0 such 
that i f  d c l  (f, f) + H (S, S) < 6,  t h e n  f is L D V  stabi- 

lizable and is stabilized by the feedback p where p is the 
extension of F as  _defined by equation 9. f i r thermore ,  
with this feedback F ,  the a,  p and y in the definit ion of 
locally uni formly exponentially stability can be chosen 

to depend only o n  f ,  F and 6.  Thus L D V  stabilizability 
is a structurally stable property. 

Thus, if the fe_edback F stabilizes f , then stabilizes 
any function f near f in the C' topology.- A natural 
question is, how good of a controller is F? For in- 
stance, if F is the LDV quadratic co-ntroller for the 
LDV system induced by f , how far is F from the LDV 
quadratic controller for f. That  is, are LDV quadratic 
controllers structurally stable? First, note that  uniform 
detectability is a structurally stable property. That  is: 

Lemma 4 A s s u m e  that A,C and f are continuous 
and (A ,  C, f )  is uni formly detectable. I n  this case there 
exists a 6 > 0, such that if dco (f , 

dco (C,C) + H ( S , S )  < 6,  then  
f o r m l y  detectable. T h a t  is, there exists a &d < 1, 
j?d < 00 and a feedback H such that ll[(k)ll < 
ad&:  11<(0)11where [ ( k  + 1) = ( A  + H C )  ~ ( k ) .  f i r -  

thermore, f f d  and 8, only depend o n  f ,  6 and ad 

and p, that are implied by the un i form detectability of 
(A,  c, f )  

Proposition 5 L e t  f E C'. A s s u m e  that the L D V  
sys t em induced by f is stabilizable, (A,C, f )  is uni- 
formly  detectable and for all 8 E S,  DbDe > 0. 
T h e n  for all E > 0, there exists a 6 > 0 such  that i f  
d c l  ( f , f ) + d c o  ( C , C ) + d c o  ( D , D ) + H ( S , S )  < 6 ,  

t hen  ds,S ( X , X )  < E ,  where X is the positive semi- 
definite solution to the Riccati equation 6 induced b y  
(C, D,  f )  and X ,is the solution induced by  (C,D, f ) .  

Next we weaken the assumptions in proposition 3. We 

and find that  proposition 3 still hold. 
examine the case where f E LC with d L c  

Proposition 6 Let f E C' induce a stabilizable LDV. 
T h e n  there exists a n  6 > 0 such that i f f  E LC and 
d L c  (f,f) + H ( S , S )  < 6,  then  the L D V  controller 
induced by  f locally uni formly exponentially stabilizes 
f .  

If we only restrict dco (f, f)  < 6, then we cannot guar- 
antee asymptotic stability. For example, consider the 
dynamical system f (9,~) = bq. Then f is globally 
uniformly exponentially stable with Iq(lc) - t9(k)l 5 
b k  Iq(0) - e(0)I. Define f ( q , u )  = 39 + Ssin ( f : ) .  
Then dco  (f, f)  5 6 and f has three fixed points cor- 
responding to  the solutions to  sin ($:) = $. Hence, 
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f6 are stable fixed points and zero is an unstable fixed 
point. Thus if cp > 0 and 0 < 0, then Iq(k)  - O(k)l +, 
0. Thus f is 
stable; not asymptotically stable, but asymptotically 
cp ( k )  - 8 ( I C )  approaches a small set around zero. This 
form of stability is often referred to  as asymptotically 
bounded and the attractive set that cp ( k )  - 0 ( k )  enters 
is called a residual set. 

However, limsup Icp(k) - O(k)l < 26. 

3- 

2 -  

1 -  

0 -  

Proposition 7 Let f E C' be LDVstabilizable via the 
feedback F.  Then there exists an 6 > 0 such that if 

asymptotically bounded, with the diameter of the resid- 
ual set continuous in 6. 

< 6, then the feedback F makes f 

@ o  0 0  0 

000 0 

aY 0 0  

= b o  0 
00 0 

WOO 0 

0 
0 

0 0  0 

0 3 0  

. l - 8  a 

e" ,  

0 

Remark 3 Typically one assumes that control meth- 
ods of nonlinear maps based on linear approximation 
are only applicable to differentiable maps. However, 
the last two propositions show that this assumption is 
not necessary. 

5 Structural Stability of the Optimal LDV 
Controller of the HBnon Map 

The HCnon map is defined as 

The LDV approximation of this system is: 

e ( k f 1 )  = f ( d ( k ) , O ) .  

The HCnon map has been studied for a wide variety of 
parameters. I t  was first introduced with a = 1.4 and 
b = 0.3 [3]. With these parameters it is not yet known 
if this system is chaotic. However, computer simula- 
tions show that the system has an attractor. An LDV 
controller for the H h o n  map was found in [2]. Accord- 
ing to  proposition 5 the  optimal controller should not 
change too drastically for small changes in the parame- 
ters if the attractor does not change to much. However, 
the HCnon map is a very difficult since it is not struc- 
turally stable. For example, if a = 1.392 and b = 0.3, 
then the attractor S is non-trivial with aperiodic orbits 
and the map appears to  be chaotic. However, there 
are parameters 6 arbitrarily close t o  1.392 such that 
the attractor is simply an infinite set of periodic orbits 
[$I. Figure 1 shows log 
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Figure 1: See text for discussion. 

where X is the solution to  the func- 
tional algebraic Riccati equation 6 with a = 1.4 and 
b = 0.3 and X is the solution for other value 

is small when dci 

b. Note that as predicted by proposition 5, d,,S 
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