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H.
Now, let
y(k+1)= (A _ By R;A L )+[H1 Ha,, | Cou y(k)  (77)
(k) 6(k) Yo (k)0 (k) (k) o(k) Va(k)LVa(m
- [ Hy,py  Hay, ] v (k) + 706 (k—J),

that is, y is an estimate of . Since system (77) is uniformly exponentially stable, there exists an
R < o0, such that

lyll, < Rllr—[ H Hy |v|,, <R|rl, +HR|vl|,

< Riro| + HR\/((12P + Xoo) + P) |ro|

< <R+ RFI\/((72P+X'OO) + P)> ITol -

On the other hand, if the system is initially at rest, that is, y (0) = = (0) = 0, then y (k) = z (k).
Thus [ly|,, = [|2],,, and therefore ||z, < <R+RH\/((72P+XOO) +P)) iro|. Let @, (k,7)

be the state transition matrix of system (74) with initial conditions 6 (0) = 6,, = (0) = 0 and let
7 (i) = 7,6 (i — j). Then we have

ol ey = > ) = Y- 190, () DI < (R+ RGP+ %) £ P) ) Il

_ — 2
Furthermore, for i > j, ||®q, (i,7)||> < (R—i— RH\/(('72P + Xoo) + P)) . Applying standard
techniques we find that

K

K ||®e, ( + K, 5)|? le% G+ K, )|
i=j

<Z||<I>e G+ K, 91" 1@, (i, 5)II”

i=j
2

K
Z”‘Pe

)P
)

<R+RH\/ (12P + Xs0) + P)

<R+RH\/ (12P + Xs0) + P)

Choosmg K € Z such that K > /2 (R—I—RH\/ (V2P + X&) + P) ) yields || (j + K, 5,6,) |

. Since this is true for all j and all 6, setting M € Z w1th M>0and k— (j+ MK) < K, we
conclude that

M
1o, (k. 5)I| < [|@q, (k,j + ME)| T 126, (j +mkK,j + (m —1) K)|

m=1

< (R+ RH\/((72P+XOO) +P)) (%)M

k—j

< (R+RH\/((72P+XW) +P)) 2 (%)71
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That is, the system (74) is uniformly exponentially stable.
As N — 00, Xy (0, N +1) — X, uniformly in 6 and X, is a continuous function.

Let z(k+1) = (Ag(k) - B@(k)Ra_(]ic)Lg(k)> z (k). Then by Lemma 5.1, z (k) — 0 uniformly
exponentially fast. Set woo (k) = Fu,,, 7 (k) as in equation (62) and define

- | woo (k) for k < N,
Wy (k) = { 0 otherwise.

Since X, is uniformly bounded and Vg4 < —pI, it follows that F,, is uniformly bounded. Since
z (k) — 0 uniformly exponentially fast and F,, is bounded, we — 0 uniformly exponentially
fast. Therefore, imy oo [[Woo — W ||, = UMN—so0 [[Woo[[x11,00) = O Where the convergence is
uniformly exponentially fast.

Recall the following: Equation (31) states that

z, Xo, (0,N + 1)z, (78)

= su inf 2|2 v =P lwll v+ (N+1)Xe, (N+1,N+1)z(N+1)}.
Lt el =" el + o OV 1) Xo, )z (N+1)}

From Equation (19) of Theorem 3, it follows that

TN +1) Xz 1,2 (N +1) = 10 [[2ll{y 11,00 (79)
From (64),
inf 20, (4w, %0)fo,00) =7 10,00 = 120, (G, (w0, 20) ,w,20) [fo,00) = 7V [@lfo,00) - (80)
Combining (64) and Lemma 5.1 yields
126, (G, (Woo, To) s Wao, o) [0,00) = 7 l|woolls, = ThXocs, To- (81)

From (66), we have
126, (Go, (w,0),w,0)]lfo,ccy < 7* Iwllfo,cc (82)

and, from Inequality (71), we have
2 2
[weolly, < Plzol”. (83)
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Combining the preceding relations yields the following string:
z,Xo, (0, N + 1))z,

_ inf { Jw, z)|% =72 |w])? "(N+1)X N+1)}
we?f[EN}uezlﬁo,N} 20, (u,w, zo)lljo,ny =" wlljo,ny +2" (N +1) Xa s, 2 (N +1)

. 2 2
= s inf {Jle, (0,20)f ) — 7 0] o |

{welgw(k)=0, k>N} UEL2

= s {0, (Go, (w,20) 0,30 [fy ) = 7 [0l ) }

{welg:w(k)=0, k>N}

Y

120, (Go, (N, To) , TN+ To)[fo,00) = V> BN 1) 00)
= |26, (Go, (Woo, To) ; Woo, To) + 28, (Ge, (BN — Woo,0) , BN — Wao, 0) 17 oy — ¥ 8 10,009
2 - - 2 ~ 2
= [|l2e, (Go, (Woo, o) , Wos, -'EO)”[o,oo) + |26, (Go, (WN — Woo, 0) , WN — Woo, 0)”[0,00) -7 ”wN”[O,oo)

+2 <Z9o (G9o (wom .’120) y Woo, .’120) 7 %0, (G9o (wN — Woo, 0) yWN — Woo, 0)>

2> ”z9o (Gao (woo, 330) ) Woo $0)| [20700) - '72 ||71~)N||[20,oo)
+2 <Z9o (G9o (wom .’120) y Woo, .’120) 7 %0, (G9o (wN — Woo, 0) yWN — Woo, 0)>
> |20, (Go, (Woos To) s Woo, To) Iy 00y — 7> 1Wos [ 00y

—2/ze, (Go, (Woo; Zo) , Woos o)

[0,00) |20, (Go,, (N — Wos, 0) , DN — woo,o)”[o,oo)

> X, 5= 2 (V72 el + 24 X, 0 ) 1 0 =

> 2 Xoos, To — 2|20 <\ /2P + X’oo) Y [ weo — @ |ljg,00) -

Lemma 5.1 implies that X, — Xg, (0, N+ 1) > 0. Thus

0 <z, (Xoos, — Xo, (0, N +1)) 2o < 27|, (. /72P+Xoo) lwoo — W]

Since |[weo — WN||[g,00) — O uniformly in 6 and exponentially in N and 2y ( ~v2P + Xoo) does

[0,00)

not depend on 6,, we have Xy, (0, N + 1) — X, uniformly in § and exponentially in N.
Since Xs is continuous, Xy (0, N + 1) is continuous in § for N < co. Since © is compact, and
X (0, N +1) - X in the uniform metric, Theorem 7.1.4 in [24] implies that X, is continuous.
The time-invariant version of the first claim of this lemma can be found in [31].

5.2 sufficiency

Suppose that the assumptions of the theorem hold and that (32), (33), and (34) hold. It will be
shown that the control given by equation (36) is internally stabilizing and, if u = u, as defined
by (42), then Objective B is satisfied. This proof is similar to the proof given in [17].

Under the above conditions, Equation (32) can be written as

Xooy = CpCo + ApXoo g Ao — Loy Ry Loy — L'y, Vg ' Ly,.
It follows that
AL O Xoo;p 01 Ao B,
B, Dj, 0 I || Cs Dy,

Xooy + Lio Vo'Ly, 0 ! 1
TR T ot 3232 Ry [ Ly, Rs, |.

22



Multiplying both sides of this equality by [ on the right and by the transpose on

the left and taking the (1,1) block yields

I 0
—R3 'Ly, I

Xoop = (Ao — B2y R3'La,) X
— L5, Vy'VeVy' Ly, +
(Co — D2y R3 Ls,)" (Co — Do, R3 Lo, ) .

005 (6) (A9 — By, RZ’TelL?e) (84)

Since Ag—ByRy 'Ly = Ag—Ba,R3 'Ly, — (B1, — Bo,R3,' L, ) V' Ly, is assumed to be uniformly
exponentially stable, we conclude that the triple

((A9 - B29R3_91L29) ’ (v(;lLVe) ’f)

is uniformly detectable. Since Vo < —pl, V;l is uniformly bounded. Since X, is uniformly
bounded, VglLve is uniformly bounded. Thus (84) is a Lyapunov equation and Corollary 3
implies that
€ (k+1) = (Ao) — Baugsy Ry Loy ) € (K) (85)

is a uniformly exponentially stable system. Therefore, the control u = uy, is uniformly exponen-
tially stabilizing.

Since system (85) is uniformly exponentially stable, if u = uy, and w € ly, then z € ly and
limg_,00 z (k) = 0. Thus, if u = us, then equation (28) implies that, for all N,

2 2
121 3y =72 ol + 2 (N 4+ 1) Xog iy @ (N 4 1) (86)
= &' (0) Xogy, @ (0) +

N
+ > (w(k) = weo (k) Ve, (w (k) — weo (k)
k=0
where wy (k) 1= —V;,}(e YA YN (k). Since z,w € lg, it follows that u, z € ls. Furthermore, V
is bounded. Thus, we can let N — oo in equation (86) and for z, = 0,

o

Izl = llwlz, = Y (w (k) = woo (k) Vsr(a,) (w (k) — woo (K))- (87)
k=0

Since system (85) is stable and causal, the closed-loop system with u = u, viz.,

z(k+1)
o et (%)
—1 —1
B (Ae(k) - B29(k)R30(k)L29(k)) (Ble(k> - B29(’9)R36(k)R29(’9)) { z (k) ]
= _1 YK
(Vo L9y I w (k)
is lo-stable and causal. The inverse of this system [36] is
[ E(k+1) ] _ { Aoy —Bow } [ £ (k) ]
w (k) Cok)y  Docry w (k) — woo (k)

with
Ag = Ag — By,R3'Lo, — (By, — B2, R3'Ra,) Vi'Lv,

= Ag — BoRy " Ly,
By = — (By, — B2, R5;' Ry, ),
ée = —Ve_lLvs,
Dg = 1.
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Since £ (k+1) = (Ag(k) — Bg(k)Re_(}c)Lg(k)> & (k) is uniformly exponentially stable, the inverse of

system (88) is uniformly exponentially stable and hence I stable. Thus there exists a § > 0 such
that, for all 6, € O,

1

2 2
ol <5 o~ vl
Since V < —pl, equation (87) implies that

2 2 2 2 2
217, =7 lwll, < —ellw —weoll, < —beJwll, = —ellwlly, -

6 controlling nonlinear systems with linear dynamically vary-
ing H* controllers

In the preceding section, a technique for stabilizing an LDV system subject to an H* disturbance
rejection requirement was developed. Here, it will first be shown that the LDV controller for the
linearized tracking error (LDV) system can also be used to stabilize the nonlinear tracking error
dynamics, in a scheme that works along every trajectory, provided that the initial tracking error
be small enough (Section 6.1). Next, some issues quite specific to the H* implementation of the
tracking scheme (to be published elsewhere) will be briefly surveyed.

6.1 stability of closed loop nonlinear system

To make H design relevant to nonlinear tracking performance improvement, the guiding idea is
to write the nonlinearity 7 in the tracking error dynamics (6) as a feedback from an output z(k)
to a disturbance w(k). To this end, introduce the factorization

n(z,u,0) = [ 1 (2,4,0) 1. (z,u,0) ] [ . ] = B1,ii (z,4,0) [ Co Dy, | { . } (89)

Here, we simply take

I’ﬂ n On m
Ble = Inxn, Co:= |: % :| ) D20 = |: 8 :| ’ (90)

OmX’I’L Ime

ij(z,u,0) = [ N (z,u,0) 1y (z,u,6) ],

where 7, and 7, are defined by (8) and (9). The error due to linearization can be modeled as a
feedback from z to w:

n(z(k), w(k),0(k)) = B]-G(k)w (k) ,
(k) =1 (z (k),u(k),0 (k) z (k),
(k) = Coryz (k) + Doy, u (K) -

g

¥4

Here D; = 0. Clearly B; : © — R™*" C : © — R®tm)Xn and Dy : © — RHm)Xxm gre
continuous functions and the triple (4, C, f) is detectable. Hence, assuming that (4, Ba, f) is
stabilizable, Theorem 4.2 or Corollary 4.2 can be applied to generate a controller.

Let (4) hold. Define A, By, B2, C, D1, and D; as above and assume that the triple (4, Ba, f) is

stabilizable. Let F' be the H* controller such that sup,,¢;, Ly < 7 for some v < oo. Then there

Twl;
exists a Roapture > 0 such that, if u (k) = Fyx) (¢ (k) — 6 (k)) and [ (0) — 6 (0)| < Roapture, then
|o (k) — 0 (k)] — 0 as k — oo.
Define 7 (Z, @) := sup {||7j (z, u, 8)|| : |z| £ Z, |u| < 7,0 € ©}. By (10) and (11),

7(z,u) — 0 as Z,u — 0. (91)
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It follows that there exist z*,u* > 0 such that 7 (z*,u*) < % Now define

h (2, u,0) = { f(x,u,0), for |z| <z*and |u| < u*,

Onx(ntm), otherwise. (92)

Thus, for all z and u, supycg || (z,u,8)|| < % Consider the following closed-loop LDV system:

§(k+1) = Ag)€ (k) + Buyg,yw (k) + Bayg,y v (K) (93)
¢ (k) = Co)€ (k) + D2y, v (k)
w (k) = h(§(k),v(k),0 (k) (K),
v (k) = Fo§ (k) ,
0(k+1)=f(0(k)).
Since sup,,¢;, Hﬁ- < 7, the Small Gain Theorem [32] implies that system (93) is externally
ly stable. Since Ag + Ba, Fy is uniformly exponentially stable, system (93) is also internally lo
stable. Therefore, there exist a G; > 1 and a G, > 0 such that [[&[|, < [[§]l,, < G |£(0)| and
[0l < llvll;, < Gul€(0)]- Now set

:I;*

u*
RCaptu’re ‘= min <G G )

€], < Gz |€(0)] < z*

If ]g (0)| < RCaptur67 then

and

vl < Gul§(0)] <u™
By the above inequalities and (92), we conclude that, for all k, we have h(§(k),v (k),0(k)) =
(€ (k),v(k),6(k)). Thus, if

|z (0)| < min (G g )

then, by the uniqueness of solutions to difference equations, the closed-loop LDV system

z(k+1) = Aoz (k) + Biy,,w (k) + Bay u (k) (94)
z (k) = Coryx (k) + D2y, u (k) ,
w (k) =1 (z (k),u(k),0)z(k),
u (k) = Fypryz (k),

0(k+1)=rf(0(K))

is lo stable, and furthermore |z, < z* and ||ul|; Since (94) is the tracking error of the
closed-loop nonlinear system, we conclude that |z (k)| = |g0( )—6(k)] — 0 as k — oo.

6.2 further considerations

Writing the nonlinearity 7 (z,u,6) as a bounded feedback 7 (x,u,0) from an output z to the
input w (see (10), (11), (89)) yields an H* design that attenuates the effect of the nonlinearity
and hence amplifies the initial allowable tracking error. It is further possible to optimize this
procedure by factoring 7 in such a way that ||7j]] < 1 (see [7] for details). The suboptimal
H® controller is continuous and, therefore, an approximation of the LDV H* controller can be
constructed the same way as an approximation of the LDV quadratic controller was constructed
in [8]. The fact that the H* controller is guaranteed to be continuous under the condition that it
be suboptimal does not prove that the suboptimality condition for continuity is necessary. In fact,
an example based on the Hénon map shows that the suboptimal controller becomes discontinuous
as =y approaches 7,, the optimal H* tolerance.
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7

conclusion

Suboptimal H*° controllers for LDV systems have been developed. Like the LDV quadratic
controllers, these H* controllers are continuous functions. The H* method has the distinct
advantages over the linear-quadratic method in that H* can be tuned to minimize the effect of
linearization and it is possible to find a lower bound on the maximum allowable initial tracking
€rror.
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