1 Network optimization
Objective function is > wyU (fy), e.g., U (f) = —log (f).

Wired network:
Z f 0 < K

{p:leP(¢

Define R to be routing matrlx SO Rl o = 1 if flow ¢ crosses link /.
Then Z{pr 1y fo < K is the same as > Risfo < K, or we say
Rf < K.

optimization problem

min Z weU (fy)
0
0

st. Rf — K
f
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2 Lagrange fomulation

Note that the objective is nonlinear, but constraints are linear
define

L(fom) =) weU(fo)+ > m | Y Riofs— K
”

where 1 > 0.
Thm: at optimal point VL = 0. This means that V > wyU (fs) =

—> w1V (Z¢ Riofo— Kl) for some p; > 0.

Which means that the gradient of the objective function is the same
as a weighted sum of the constraint gradients



h(x)=0
\/
%\ X1+x2=c

Vh X1+x2=c

1+x2=c
X1+x2=optimal

Figure 1:

3 Steepest descent

e.g.,
min xy + o
s.t. ot + a5 = 2



4 Lagrange theory

min U (x)
S.t. hz (ZC) =0
9j (93) <0

Liw A p) =U @)+ Nhi(2)+ > g5 (@)

then at the optimal point VL (x, A\, 1) = 0 and V)L (x, A, 1) = 0.

VL (x, A, u) = 0 implies that h (x;) = 0, which it must.

consider L (z,\) = U (x) + Y _ \;ih; (x), for all feasible x, we have
L(x,\) = U (x), so working with U or L should be the same (for
feasiable x).

It turns out that at the optimal point, p; = 0 or g; () = 0. So
again, U and L are the same,

For constraints g; (x), if u; > 0, then the constraint is active. note
that if p1; > 0, then g; () = 0, on the other hand, if g; (z) = 0, then
it does not mean that ; = 0 (and hence, might not be active)

Note, the constraint is active implies that the constraint is reducing
the ability to decrease the objective function any further.



5 Examples

min% (:13% + x5+ a;‘%)

st.x1+xo+ 23 < —3

1
L(:U,,LL):§<CIZ%—|—ZC§—|—CIZ§)—I—,LL<5131—|—CIZQ—|—563—|—3)

VL = (ZC1—|-,LL To + W 563—|—,u)
So we know that z; = x;.
If £ =0, then
VL = (5131 I9 5233) =
X1 — X9 = X3 = 0
but this does not satisty the constraint.
or 1 > 0, in which case

VL = (5131—|—,LL $2+ﬂ CIZ’3—|—M):O
X1 = 9 =T3 = —U

Since the constraint is active, 1 + 29 + 3 = —3u = —3,s0 u =1



6 Examples

min — ($1I2+£€2$3—|—£L’15L‘3)
st.x1+x9+ 13 = 3
L(SIZ,)\) = —<£C1562—|—5132£C3—|—561ZE3>—|-)\(5131—|—562—|-£IJ3—3)
V,.L=0
—x9— 23+ A = 0
—x1— 23+ A =0
—x1— 2o+ A =0
andVAL:O
r1+To+x3=3

this is four equations and four unknowns, which can be solved, z; = 1
and A = 2
homework: page 298 3.1.1



7 Necessary and sufficient conditions (equality constraints)

V.L(x, A\, ) = 0 and V)L (x, A\, ) = 0.are necessary conditions,
the optimal point must satisty these. But, if these are satisfied, that
does not mean that the it si a solution.

however, if VL (x, A\, 1) =0 and V)L (x, A\, u) = 0 and
y'V2 L(x* X))y > 0 for all y with Vh; (z) y =0,

then x is optimal.
If there are inequality constraints, the

Y Vi L(a" Xy > 0
for all y with Vh, (z)'y = 0,
and Vg; (z)'y = 0 for j active.



8 Sensitvity

p(u,v) = minU (x)
s.t.h ()
g(r) = v

I
S

then
Vup <u7 U) = —A <u7 U)
vvp (U, U) = —H (u7 ’U)

Note: if 4 = 0, then changing v does not impact the solution.
This means that g (x) = 0 is not active, i.e., it is not impacting the
solution



min — (1'11'2 + Tox3 + ZL’15L’3)
st.x1+xo+ 13 = 3+ uw

Found \ = 2 for u = 0.

redo V,L =0
—l’Q—CCg—i—)\ = 0
—x1—23+A =0
—x1— T+ A =0
T1+2To+x3 = 3+ U
so x; = x; and x; = (3+u) /3. So
p(u) = — (r129 + 2223 + T123)
— — (3(3+u)/3))

= — (34 u)/3

dp/du = —2(34u) /3
dp/dul,—) = —2=—X\



10 Dual Problem

min f (c)
0
0

X

1A

8
Mm

Lagrangian

L(x, A\ pu) = Z)\h +Z,ujg(a:

Define the dual function
q (A, p) = inf L(z, A, p)
reX

The dual problem is

max g (A, p)
p =0

Note that there are no constraints. But there is both an inf and max
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11 Dual Problem (II).

Thm: if the primal has a solution, then the dual does, and the value
of the solutions are the same.
Thm: Let A", u* be optimal, then z* is optimal if and only if it is
feasible and
r* € argmin L (z, \*, ™)

Thm: p7g; (z*) = 0, complementary slackness
Thm: L (z*, A\, p) < L(x*, A", 1) < L(z*, \*, 1) saddle point
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12 The Dual Problem - linear constraints

Primal problem

min f ()
stex = d;fori=1,..m
ax < bjforj=1,..r
r € X

Lagrangian

L(x,\ pu) = +Z)\ di)+z,uj<a]x

Define the dual function
q (A p) = inf L(z,A, p)
reX

The dual problem is

max ¢ (A, 1)
>0

Note that there are no constraints. But there is both an inf and max
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13 Dual of a Linear program

min ¢’ x
ex = d;fori=1,..m

q ()\) = algl;lf(; <Cj — Z Aiei,j> X + Z )\Zd@
- 7 7

Dual problem:

max q () .
Now, if ¢; — > Aje; j > 0, then the infimum is attained for = 0 and
then g (A\) = > A\id;. On the other hand, if ¢; — > \ie;; < 0, for
some j, we can pick z; are large as desired and make ¢ (\) = —o0.
Thus, the max will surely have ¢; — > A\je; ; > 0. Hence the dual
problem becomes

max q (\)

Cj — Z)\iem Z 0

or

which is the dual of the linear problem we saw long ago.
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14 Network flow optimization

Let x; be the flow over link ¢ and the cost is f; (x;), then

ajxz —e; = 0 for all j (conservation)

min Z fi ()

Z a;;x; —e; = 0 for all j

?

or
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Dual
q(A\) = mfoZ X +Z)\ (Zaﬂazi—ey)
— mfo ;) —I—S‘XZS‘)\ aj - Z)\ €

zlnfz i (x; —|—XZZ)\ aj —Z)\jej
J

:mfz ; () —|—X@Z)\aﬂ—%2)\jej
J
= Z%’ (A)
q; ()\) = lgf fz (CL’Z) +X; Z )\jaj,i — % Z )\jej
J J

So n seperate problems need to be solved, instead of a single large
problem..
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15 Network optimization

Let x; be the flow along path 7 and Let I? be the routing matrix so
that y; = > R; jx; is the flow across link j.

min Z U (x;)

Rr < K
e.g., U (x;) = —log (z;).
or
min Z U (z;)
J
Z R;x; < K; for all
J

Dual:

q(p) = ian U(x;) + Zui ZRi,j%’ - K;
= Hxlfz (U <CIZJ) + I Z Rm‘,LLi — ZN2K2>
— ZQJ (1) — ZM@‘Kz‘

q;i (1) = igjf (U (@) + x; ZR@J‘MZ)
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dual problem
mas g (41)

17



16 Network optimization (II)

Now consider
inf (U (CUJ) + € Z RZ’],LLZ>

First, note that > . R; ju; is the sum of the p; along the route used
by flow 7. If we interperate ji; as the price of link ¢, then ) . R; iu;
is the cost along the route used by flow j.

Note that flow j can solve this problem by getting the cost along
the route it uses.

This cost is indicated back to the source as a loss probability or
marking probability, then ) . R; jy; is the marking probability and
x; > . R; i, is the drop rate for flow j.

TCP is an interative solver of the above function.

On the other hand,

mixx igfzj: <U (7)) + x; z@: R i — ;MiKi>
= ml?x iI%f Z 1 Z R;jry — K | + Z U (z;)
i J J

>_; Rijx; total flow across link /. (Zj R; jx; — Ki) the amount
over the capacity..
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17 Optimal TCP/IP

Once z is known (for a given p), we can solve max q (). We can use
an iterative solver of the form:

ri(k+1) = F (ZCZ (k), Z Ri,j,ui> for each source 7
pi(k+1) = Gj | p;(k), Z R; jx; | for each router j
J

p k) + 7 (52 R — K ) i g (k) > 0
+
p (k) + 7 (X2 Ry = ) if g, (k) = 0

where x* is the optimal flow rates (note ;1 > 0). But in this case, y;

is the queue occupancy!
We can add some extra state

i (k+1) =

vi(k+1) = F; | z; (k), Z R; ju; | for each source ¢
J

pi(k+1) = G <,uj (k) , Z R; jx;i (k) ,v; (k)) for each router j

vﬂk+D——H3@@%%§:Rm%@ﬂmN@)

Different TCP and AQM are different F', G, and H.
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