Adaptive Filtering Method of Steepest

Descent

Steepest descent is an old, deterministic
method, which is the basis for stochastic
gradient based methods.

Thisisafeed back approach to finding the
minimum of the error performance surface
- error surface must be know

- adaptive approach conversesto the

optimal solution, Wo =R™P without

Inverting matrix



u{n-1)
Loz
w) (o

o {x(n)} arethe WSS input samples
o {d(n)} isthe WSS desired output

« {d(N)} isthe estimate of the desired
signal given by
d(n) =w" (nN)x(n)

where X(nN) =[x(n),x(n-1),....x(n-M +1)]"

and W(n) :[Wo(n)’Wl(n)v--’WM—1(n)]T ISthe
filter weight vector at time n.
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Then
e(n) =d(n) -d(n)
=d(n)-w" (N)x(n)
Thusthe MSE of timenis
J(n) =E{|en) [}

=0gg —w" (Np-p"w(n)+w" (N)Rw(n)
where

T, - variance of desired signal
p — Cross-correlation betwee(n) andd(n)
R —correlation matrix ok(n)

Whenw(n) is set to the (optimal) Wiener

solution, then
w(n)=w,=R™p
and
Jn)=J_ =0;-p"w,
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Hence, in order to iteratively find wp, we use
the method of stegpest descent. To illustrate
this concept, let M = 2, in the 2-D spaced
w(n), the M SE forms a Bowl-shaped

function. A J(w)
i Ffi
/!/ p W
V J(w)
Wo = ii
W1 W

Thus, If we are at a specific point in the
Bowl, we can imagine dropping a marble. It
would reach the minimum. By going
through the path of steepest descent.



Hence the direction in which we change the
filter directionis —~LJ(N), or

w(n+1) =w(n) +§u[—m<n)]

or, since UJ(J(N)) =-2p + 2Rw(n)
w(n+1) =w(n) + 4[p —Rw(n)]
for n=0, 1, 2, ...and where i iscalled the
stepsize and
w(0) =0 (in general)
Stability: Since the SD method uses

feedback, the system can go unstable

* bounds on the step size guaranteeing
stability can be determined with respect
ot the eigenvalues of R (widrow, 1970)



Define the error vector for the tap weights as

c(n) =w(n) —w,

Then using P = RW, in the update,
w(n+1) =w(n) + u[p —Rw(n)]
=w(n) + L{Rw, —Rw(n)]
=w(n) - uRc(n)
and

w(n+1) —w, =w(n) —w, — uRc(n)
or

c(n+1) =c(n) - LRc(n)
=[l = 1R]c(n)



Using the Unitary Similarity Transform
R=0QQQ"
we have
o(n+1) =[1 - LQLQ" Jc(n)
Premultiplying by Q" gives
Q"c(n+1) =[Q" - £Q"QQQ"Ic(n)
=[1 - uQ]Q"c(n)

Define the transformed coefficients as

v(n) =Q"c(n)
=Q" (w(n) —w,)




Then

v(n+1) =]l - pQv(n)
with initial condition

v(0) =Q" (W(0) —w,) =-Q"w,
if w0)=0
The K" term in v(n+1) (mode) is given by
v.(N+1) =@Q- uA)v, (n) k=12,...,M

or using the recursion

v (N) = (L= A )"V, (0)

Thus for all TMY%(M =0 e must have

2
1= LA <1 for dl k, or O<’U<)|—

max



The kth mode has geometric decay
Vi (n) =(1—- A )"V, (0)
we can characterize the rate of decay by
finding the time it takes to decay to €™ of the
Initiative. Thus
Vi (1) = (0= pA) " v (0) =€7v, (0)
[]
-1 1
T, = =
InA-pA)  pA
The overall rate of decay is
-1 -1
STS<
InL- pA IN(— 1A )

for u<<1

ma)
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Figure 8.6  Variation of the th natural mode of the steepest-descent algorithm with time,
assuming that the magnitude of | — ph;is less than 1,

Recall that

J(n)=J_ +(w(n)-w,)" R(w(n)—w,)
= Jnin + (W(N) ~W,) " QRQ™ (W(N) — W)
=J__+v(n)" Qv(n)
=]+ S A v (N F

M

=Jin t ZAk (1-tA)" v (O

Thus IMI(M) = I,

n-o
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Example: Consider atwo-tap predictor

u(n) un-1) iy u(n -2)

d (i, _y)

Figure 8.7 Two-tap predictor for real-valued input,

Consider the effects of the following cases
 Varying the eigenvalue spread

A

X(R) == and keeping u fixed

min

« Varying u and keeping the eigenvalue
spread X(R) fixed

11



i‘z{ﬁ]

LM

] e
awe
n=1
ne=2
ne3
(.0 js * ¢ 4 - @% 4 } -+
ITRA X
h . 122
Ay
~2 G
-2.8 .G 2.0
¥y {m
{a)
Z20 e 5 =0
{ oy
o
el
0.0 g i } t
=03
w0 -~ h “
L
4 5 =20 XY 20 &1
vyl
(&)

Figore B8  Loui of v,(n) versus vain) for the steepust-descent algorithm with slep-size
parameter = (L3 and varying eigenvalue spread: (a) xiR) = 1.22; () Ry = 3 {0 x(R)
w | (d) g{R) = 108

12



L’z{ﬂ]

¥y ini

4.0

(0 e

&G

B0

4.0

00k

4 £y

-84

Figure 8.8 (Come)

13

g =03
A‘l
-4 (¥ 00 40
vy inl
()
3 1
¥ T
w=03
_.1; = Tm
—4.0 8.0 4.0
Hy (7]
(d}




v {2

Wiy {rrh

240

4
1

n=g 'QNE ] k=03
aet g / /
nezo 3 A i
PE L "-«...._—-"// Tty
".-2 O o= 3 - B }t?
=20 0.¢ ) 2.0
vy}
{a)
210 4
i = |
7 =0
07 \
=17
e =63
-2 o= 3 i -.,_j
n=3-" M 3
By
]
X -28 G.0 2.0 4.0
. i
(»)

Figare 8.9 Loci of w. {1 versts waind for the sleepest-thescent algorithm with step-size

paramncter i.o== 0.3 apd varying eigenvalue spread: {2) y(R) = + 22 (B} xRy = 3 (o) ¥R
= ik {d) (R) = 100

14




Wizl

=0
2
LS
; t
=03
X
b 10
:’\2
—4.8 e .
Wi
{c}

ngﬂ)

-

0.0

44
Wy (2]

{d)

Figure 8.9 (Cont)

15




10

! ARy = 1,22
— A, =3
—_—- A, =10

—— s ——= %, /Ay = 100

H )

i TS e minln T el e Syl

100 200

Time, n

Figure 8.10 Learning curves of steepest-descent algorithm with step-size parameter
p = 0.3 and varying eigenvalue spread.

16



4.4

f_,; 0.0 $ :
=03
&4
3:; =14
-4 0 4
—-4.0 0.0 4.0
»yin}
{a)
4.0 -4
f =
7=
=2
i 1
“m DD + + [ i R
iu ] 1.3
* {uhm&: 1”
| A
* -;-‘ =10
~4.4 . ¢
|
R4 4.0
g fad
{hi

Figure 8.1F  Loci of vi{n) versus vo{ny for the steepest-descent algorithan with eigenvalue
spread x(R) = 10 and varying step-siae paranmiess: {8) overdamped. p = 0.3 M) ander-
damped. po= 1.0

17




Wg{ﬂ}

winj

4.4

00 : - g
poa (3
=l
n=1 3‘; =10
neF ?‘\2
.,,.4.0 )
i
~a.0 0.5 4.0
w,im
12l
4.0 +
0.6 o] \ ' :
ned
4 7 =1
n=d
g=10
(firgn = 1.1
}"I
....410 —r e = 1{}
F
—-4.6 2.0 44
w,{al
b}

Figure 8,12 Loci of w(n) vemsus walm) for the stespest-descent algorithm with eigen-
vatue spread xRy = 10 and varying step-sive parameters: (a) overdanped. o= 03

underdamped, g = L0

18




Example: Consider the system identification

problem
{x(n)}
' '
w(n) system
d(n) —— d(n)
i e(n)

For M=2 suppose

L 01 081 080
"8 1H s
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From eigen analysis we have

2
<_ =
Al — 18, AZ = 0.2 and H 1.8

also
_iD,D 0 _imlm
NP1 SN FY s
and
Q_iﬂ 1
24 -1
Also,
L, 0111 O
R P 038eH
Thus
v(n) =Q" [w(n) —w,]
Noting that

10111 O 051
1H 0389 H.06H

v(0) =-Q"w, = —%@




and
v,(n) =(1— 1(1.8))"0.51

v,(n) = (1- 1(0.2))"1.06

(@)

wr= 1111

e=1.0
wi = 0,389
-0.5 . : *
g 20 40 n
{b)
wi= {111
1.0
0.5 a={5
0
w? = 0,389
0.5 ] ! 1 1
0 20 40 n

Figure 4.3 Convergence properties of sieepest descent solution to normal equations
€4.4.12) for two selected « values: (3} a = 1.0, (b}« = 0.5.
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The Least Mean Square (LMS) Algorithm

The error performance surface used by the
SD method is not always known a priori.
We can use estimated values. The estimates
are RVs and thus this leads to a stochastic
approach.

We will use the following instantaneous
estimates

R(n) = x(n)x" (n)
P(n) =x(n)d"(n)
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Recall the SD update
w(n+2) =w(n) +- - 0]

where the gradient of the error surface at
w(n) was shown to be

(J(n)) =—2p + 2Rw(n)

Using the instantaneous estimates,

F(3(N)) = =2x(n)d"(n) + 2x(n)x" (n)w(n)
= —2x(n)[d"(n) —x" (N)w(n)]
= —2x(n)[d"(n) —d"(n)]
=-2x(n)e"(n)

T Complex conjugate of
estimate error
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Putting this in the update

w(n+1) =w(n) + x(n)e (n)
Thus LM S agorithm belongs to the family
of stochastic gradient algorithms.

The update is extremely simple while the

Instantaneous estimates may have large
variance, the LM S algorithm is recursive

and effectively averages these estimates.

The smplicity and good performance of the
LMS agorithm make it the benchmark
against which other optimization algorithms

are judged.
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The LM S algorithm can be analyzed by

Invoking the independence theory, which

states

1) Thevectorsx(1), x(2), ...,x(n) are
statistically independent.

2) X(n)is independent ad(1), d(2), ...,
d(n-1)

3) d(n) is statistically dependent ain),
but Is independent af1), d(2), ...,d(n-1)

4) x(n) and d(n) are mutually Gaussian.

The independence theorem is justified in

some cases, e.g. beamforming where we

receive independent vector observations. In

other casesit is not well justified, but allows

the analysis to proceeds.
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Using the independence theory we can show
that w(n) converges to the optimal solution

1N the mean

limE{w(n)} =w,

|n certain cases, to show this, evaluate the
update
w(n+1) =w(n) + x(n)e’(n)

w(n+1)-w, =w(n) - w, + ux(nje(n)
c(n+1) =c(n) + zx(n)(d(n) —x" (Nw(n))

=¢(n) + x(n)d " (n)
= x(Mx™ (M)[w(n) —w, +w,]
=¢(n) + wx(n)d " (n)
= (X" (M)e(n) = tx(n)x™ (Mw
=[1 = x(M)x" (Me(n)
+ px(m[d™(n) =x" (Nw,]
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Note that since w(n) is based on past inputs
desired responses, w(n) (and c(n)) is
Independent of x(n)

Thus

c(n+1) =[1 = gx(n)x" (M]c(n) + px(n)ey(n)
[]

E{c(n+D} = (1 - tR)E{c(n)} + LE{x(N)&; ()}

Thisiszero,why?

E{c(n+D} =(I - tR)E{c(n)}

Using arguments similar to the SD case we

have

imE{c(n}=0 if O<”<A2

max

or equivalently

lImE{w(n)} =w, ifO<,u<}‘2

max
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Noting that
A_ <tracdR] =Nr(0) = No?

amore conservative bound is

O<u<

No?
Also, convergence in the mean
lIimE{w(n)} =w,
Isaweak condition that says nothing about

the variance, which may even grow.

A stronger condition is convergence in the
mean square, which says

limE{ |c(n) '} = constant
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An equivalent condition is to show that
limJ(n) =limE{|e(n) I’} = constant
write e(n) as
e(n) =d(n) —d(n) =d(n) ~w" (Nx(n)
=d(n) —wg x(n) —c" (Mx(n)
=& () —c" (Mx(n)
Thus
J(n) =E{|e(n) [}
= E{ (& (n) —c" (x(n)(&(n) —x" (n)c(n))}
- ‘Jmin T F{CH (n)X(n)XH (n)C(n)}J

Jex ()

= ‘Jmin + ‘Jex(n)




Since Jo(N) iIsascalar
J.(n) = E{C" (X)X (M)c(n)}

= E{tracdc" (n)x(n)x" (n)c(n)]}
= E{tracdx(n)x" (n)c(n)c" (n)]}
=tracd E{x(n)x" (n)c(n)c" (n)}]

Invoking the independence theorem

Je(n) =tracg E{x(n)x" (M)} E{c(n)c" (n)}]
=tracd RK (n)]
where

K (n) = E{c(n)c" (n)}



Thus

‘J(n) = ‘Jmin T ‘Jex(n)
=J .. +tracd RK(n)]
Recall

Q"RQ=Q o R=0QQQ"
Let
Q"K (NQ=S(n)
where S(n) need not be diagonal. Then
K(n) =QS(NQ" and
J..(n) =tracd RK (n)]
=tracdQQQ" Q(n)Q"]
=tracdQQS(N)Q"™"
=tracdQ" QQS(n)]
=tracd QS(n)]
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Since Q is diagonal
M
3. (n) =tracd@S()] = § A5 (n)

where s;(n), s;(n), ..., su(n) are the diagonal
elements o5(n).

The recursion expression can be modified to
yield a recursion o®(n), which is

Sn+1) = (1 — L)S(N)(I — L) + 123, 2

which for the diagonal elements is
s(N+)=@A-pA)°s(n)+u°d A i=12,..,M
Supposel,(n) converges, then

§(N+1)=5(N) and from the above

43 i K3 i

1-(-pA) 2ph ~ 12N

5(n) =

= B 290 M
2— A
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Utilizing

3,,(n) =tracd 2S(n)] = i“ (n
we see :

M
limJ (M =J5n > Zf’ 21 3
=1 i

The LMS misadjustment is defined

limJ(n) ™ LA

M — n-oo —_—
J 1=1 2_/'1Ai

min

A misadjustment at 10% or lessis generally

considered acceptable.
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Example: one tap predictor of order one AR
process. Let

X(n) =—ax(n—1) +v(n)
and use a one tap predictor.

ufn) -

u{n-1)

The weight update is

w(n+1) =w(n) + Lx(n—-1)&(n)
=wW(n) + tx(n=1)[x(n) —w(n)x(n—1)]

Note W = ~2 consider two cases and set

_ a o,
#=005 099 | 0.93627

0.99 0.995
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Figare 9.14 Transient hehavior of weight w7} of adaptive first-order predictor.
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Mean-squared error
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Consider the expected trgectory of w(n).
Recall
Wn+1) =w(n) +x(n-Den)
=wW(n) +x(N—1)[Xx(n) ~Wn)x(n—-1)]
=[1=p(n=Dx(n=D () + px(n-D)x(n)
Since X(n) =—ax(n—1) +v(n)
W(n+1) =[1- z(n=Dx(n-D]w(r)
+ px(n—1)[-ax(n—1) +v(n)]
=[1=x(n=1)x(n=D]w(n)
— pax(n—-1)x(n—-1) + x(n=1v(n)
Taking the expectation and invoking the

dependence theorem

E{wn+1} = (- uo, ) E{w(n)} - uo,a
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We can also derive atheoretical expression

for J(n).

Note that the initial value of J(n) Is
JO)=0?

and the final valueis
pA

.J(OO) = ‘]min T ‘Jex = 0-5 t ‘Jmin
2— LA,

If 1/ small

2 2
W) =07 +or oA i
2 2

Also, the time constant Is
1 1 1

2AnQ-p) | 2AnQ-udd)  2ud
I =[0} -0}+4 INA-pd)” +0L 1+ o)
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Mean-squared error
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Example: Adaptive equalization
Goal: Pass known signal through unknown

channdl to invert effects of channel and

noise on signal.

- Delay

Random-noise Adaptive -

generator (1) »  Channel —’®—’ transversal —»CZ)
] equalizer

vin) / e(n}

Random-noise
generator(2)

__35(.

Figure 9.19 Block diagram of adaptive equalizer experiment.
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The signal isaBernouli sequence

31 with probabiliy 1/2
™Z51  with probabiliy 1/2

The channel has araised cosine response
}l[l+ cos(g(n—Z))] n=123
[12 W

D otherwise
Note that w controls the eigenval ue spread

X(R).
Also the additive noise is LN(O, 0.001)

h =

n

Note that h, Is symmetric about n=2 and
thus introduces a delay of 2. We will use an
M=11 tap filter, which will be symmetric
about n=5 and introduce a delay of 5.

Thus an overall delay of o=5+2=7 isadded

to the system.
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Channél resnonse and Filter resnonse

h{rn)

YWon

Figure 9.20 (a) Impulse response of channel; (b) impulse response of optimum trans-

versal equalizer.

Consider three w values

TABLE 9.1 SUMMARY OF PARAMETERS FOR THE EXPERIMENT ON
ADAPTIVE EQUALIZATION

%% 2.9 3.5
"0 1.0963 1.3022
(1) 0.4388 0.7774
r(2) 0.0481 0.1511
Amax 2.0295 3.0707

Note step size is bound by w=3.5 case

2

Nr(0) 11(1.3022)
Choose (/=0.075 in all cases.



Ensemble-averaged square error
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Figure 9.21  Learning curves of the LMS algorithm for adaptive equalizer with number of taps
M = 11, step-size parameter = 0075, and varying cigenvalue spread x(R1.
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Figure 9.22 Ensemble-averaged impulse response of the adaptive cquabizer {after HIGU
iterations) for each of four differenl ¢ipenvalue spreads.
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Example: Directionality of the LM S

algorithm

 The speed of convergence of the LM S
algorithm isfaster in certain directionsin
the weight space.

* If the convergenceisin the appropriate
direction, the convergence can be
accelerated by increased eigenvalue
Spread.

Consider the deterministic signal

X(n) = A cos(a,n) + A, cos(a.,n)
with

10 A+E Koosy)+Acosy)
2o+ Hooss)  A+A
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which gives
)= A L+ cos) + A (L+ cos(e,)

Jo = A (1= cos(a)) + - AL (L-cos(@)

q = A0 q, = [+1]
nd 9T ST
Consider two cases.
X, (n) = cos(1.2n) + 0.5cos(0.1n) with x(R) =209
X, (n) = cos(0.6n) +0.5c0s(0.23n) with y(R) =129

In each case et

[0
p=Aq, 0 Rw,=Aq, 0 w,=q, = HDand
L
F-1
P=A0,0 Rw,=A,0, 0 Wy =0, =, ]
0O
Look at 200 iterations of the algorithm.
.. : : : 310
Look at minimum eigenfilter, first w, =0, = %1 E

. . . A0
Then maximum eigenfilter, w,=q, = H%
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Figare .27 Comverpence of the EMS alpozithm, Tor a determintseic sinusoida) process,
along “stow” gigenvector (Lo, mimimum eigeafiber) for (&) input et and (b} np
HTALED
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B}

Figure .28 Convergence of the LMS algorittn, for deterpimstic sinusoida
process, glong “fas’” stpemveior (e mmasdrmm sigenfiliery for () B ngln)
aptd {h) bpput sedal.
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Normalized LM S Algorithm
In the standard LM S algorithm the

correction is proportional to 4X(n)e(n)

w(n+1) =w(n) +x(ne (n)
If X(n) islarge, the update suffers from
gradient noise amplification. The
normalized LM S algorithm seeks to avoid
gradient noise amplification
 Thestep sizeis made time varying, u(n),

and optimized to minimize error.
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Thus let

W) =W+ U0
=wW(n)+(n)[p—-Rwn)]
Choose u(n), such that the updated w(n+1)
produces the minimum M SE,
J(n+) =H |en+) [}

where

gn+D) =d(n+D) -w" (n+Yx(n+1)
Thus we choose 4(n) such that it minimizes
J(n+1).
The optimal step size, Lp(n), will be a
function of R and [1(n). As before, we use

|Nstantaneous estimates of these values.
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To determine tp(n), expand J(n+1)
J(n+) =He(n+Y)e (n+1}
=H ([d(n+D-w" (n+Dx(n+1)
(d (n+) -x" (n+Dw(n+1)}
=0, ~W" (n+)p—p"w(n+])
+w" (n+DRw(n+])

1
Now use the fact that W+ =w(n) ‘51“(”)5(”)

J(n+n:o§—§v(n) —%ﬂ(n)D(n)gp

1

—p" @v(n) —Ey(n)m(n)g

+§v(n) —%ﬂ(n)D(n)g R@v(n) —%u(n)m(mg

—wH (m)Rw(n) -%u(n)W” (MRO()

—%/J(n)DH (n)RV\,(n)"'%/JZ(n)DH (N)RC(n)



J(n+1) =02 —@v(n)—%u(nm(n)gp

_p" @v(n) —%ﬂ(n)D(n)é
+w" (nN)Rw(n) —%,u(n)wH (n)RO(N)
—%u(n)D“ (MRw(n) +%u2(n)D“ (MRO()

Differentiating with respect to ((n),

oJ(n+) 1
ou(n) 2

—% 0" (MRw(n) +%,U(n)DH (NRL(N)

D“(n)p%p“m(n)—%w“ (MRO(M)

Setting equal to O

Mo (N)O™ (NRO(N) =w" (n)RO(n) —p" O(n)
+ 0" (N)Rw(n)-0O" (n)p

#o(n)=[w (MR -p D]E(n)+D (N[Rw(n) —p]
(NROU(N)
_ [Rw(n) -p]" O(n) + 0" (n)[Rw(n) - p]
O™ (n)RO(N)
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;DH (M) +;DH (M)I(n)

O™ (n)RO(N)
_ 0% (md(n)
0" (n)RO(n)

Ho(N) =

Using instantaneous estimates
R =x(n)x" (n)
0(n) = 2[x(n)x" (mw(n) =x(n)d"(n)]
= 2[x(n)(d"(n) ~d"(n))]
=-2x(n)e"(n)

Thus
4x"™ (n)e(n)x(n)e”(n)

Kol = T XX (m)2x(me ()

_ len) P x* (mx(n)
e(n) P (x" (n)x(n))®

_ 1 _ 1
X" (x(n)  [1x(n) I
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Thusthe NLMS update is

H e
e
u(n)

To avoid problems when I x(n) [*=0 we add
an offset

w(n+1) =w(n)+

P~

w(n+1) =w(n)+ | ()” x(ne (n)

wherea > 0.
Consider now the convergence of the NLM S

algorithm.

w(n+1) =w(n)+

II()II KOem

substituting &) =d(n) -w" (x(n)

~

d
” ()” x(M[d"(n) —x" (Mw(n)]
_x(n)x" (n)

. _x(nyd(n)
T TR T

w(n+1) =w(n)+
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Compare NLMSand LMS:

NLMS.
_x(n)x" (n) _x(n)d"(n)
1) =[1-
G TARRAR T
LMS.

w(n+1) =[L-x(n)x" (M]w(n) + tx(n)d"(n)
Comparing we see the following

corresponding terms

LMS NLMS
H a
x(n)x" (n) x(n)x"™ (n)

Ix(n) |I*
x(n)d“(n) x(n)d"(n)
Ix(n) |I*
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Sinceinthe LMS case

2 2
tracd E{x(n)x" (N)}] tracdR]

O<u<

guarantees stability by analogy,
the NLMS condition is

- 2

O<u<
tracd E[7 X(m)x” (n)H
CIx(n) |

make the following approximation

ET><(n)X QiR E{x(n)x" ()}
DIIX(n)II 5 EIXO IR

Then

[ Ck(n)x™ () tracd E{x(n)x" (n)}]
T IXOE B BB

_ E{tracdx(n)x" (N)]} _ E{tracdx™ (N)x(n)]}

X  Elx0)P)
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LOKX () (X (X(n)} _
eCED O IF B B 1B

Thus the NLMS update

X(n)

xS

w(n+1) =w(n)+u

will convergeif O<u<2,

The NLMS has a ssimpler convergence
criteriathan the LMS

The NLMS generally converges faster
than the LM S algorithm
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