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Goal: Given a discrete time seguence

{X(n)}, how we develop

o Statistical and spectral representations
e Filtering, prediction, and system
Identification algorithms
 Optimization methods
- Stetistical
- Adaptive



Many methods assume that {x(n)} Is
deterministic. Real world signals are
usually statistical in nature.
Thus,
.. X(1), x(0), x(1), ...

can be interpreted as a sequence of
random variables.
- We begin by analyzing each

observation x(n) asaR.\V.
- Then, to capture dependencies, we

consider random vectors

. 3<(n),x(n+1), o X(N+ N-l),x(n+ N), ...

x(n)



Random Variables

For a space S, the subsets, or events of
Shave associated probabilities. To
every event o, we assign a number x(9),
whichiscaled aR.\V.
The distribution function of X Is

Pr{x< x} =F (%) —00 < X, <00
Properties:
1) F(to)=1  F(-«)=0
2) F(X) Is continuous from the right

F(X")=F(x)

3) Prix <xsx}=F0;)-F(x)



Example: fair toss of two coins

Events(d) = Prob. X(9) Y(0)
HH Ya 1 -100
HT Ya 2 -100
TH Ya 3 -100
TT Ya 4 500
Thisyields different distribution functions

F,(2) = P{HH,HT} =1/2
F,(2) =Pr{HH,HT,TH} =3/4

F.() F,(y)
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The probability density functionis
defined as,

_ dF (x)
)= dx
or F(x) = If(x)dx
Thus F(o)=10 J’f(x)dle

Types of distributions:;
e Continuous. P{x=x%}=0 [

e Discrete: F(X)—F(x )=Pr{x=x}=R
Inwhich case F )= 2 RIX=X)

e Mixed: discontinuous but not

discrete.



Distribution examples

Uniform; x~U(a,b) a<b

1
(=rb-a *Tlad

1
b-a

Gaussian: X~ N(4,0)
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Binomial:

Example: Tossacoin ntimes. What Is
the probability of getting k heads?

For ? +q=1

t__ Probability of tail
Probability of head

[ F(x):zgk%pkq”‘k ms<x<m+1
=0

For n=9, p=g=1/2,
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Conditional Distributions
The conditional distribution of x given

event “M” has occurred Is

F (%|M) = Pr{x< x,|M}
_ Pr{x<x,,M}
 Pr{M}

Example: Suppos® ={x<a}
Then

) = Pr{X< X,,X< &}

F M
1 Pr{x< a}

If % =22, what happens?



In this case

Pr{X< X,,Xx<a} =Pr{x< a}

and
_ Pr{x<a} _
R OoM) = Pr{x<a}
If X% =2, then
_ Pr{x< x;}
R OoM) = Pr{x < a}
_ R (%)
F.(a)
Suppose

F(x)

What does F.(XM) ook like?



F(x)
1 7

F,({x< a) /i

|
a

As before
F(oM)=1  F(-»M)=0

Pr{x, < x< x/M} = F (/M) = F(x|M)
and

OF (x|M)

f (XM ) = ™

F (XM ) = I_X: f (x|M )dx
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Example: Tossafair coin four times,
let X be the number of heads.
Recall

n k o n—k
Pr{ x:k}:EkEp q

In this case

Pr{xzk}z%i%@

P{x=0}=Pr{ x=4} =1/16
P{x=14} =P{ x=3 =1/4
Pr{x=2} =3/8
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Suppose M = at least one flip produces
a head

Pr{ M} =1- Pr{ No heads}
1
16
15

16
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What is P{ x = k|M }
P{x=0,M} - 0

P{ x=0M} =
{ | } Pr{ M}
Pr{ x =1, M
Pr{x=1M} = {Pr{M}}
_P{x=13 _ 1/4 _ 4
Pr{ M} 15/16 15
Pr{x:2|M}:Pr{X:2}: 3/8 _ 6
Pr{ M} 15/16 15
4
Pr{x=3M} =—
{ M } 1E
1
Pr{x=4M} ==
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Total Probability and Bayes’ Theorem
Let Mq, My, ..., M, forms a partition of
Sle

UM, =S ad M N M, =g

Then
F(x) = Z FX(X‘Mi)Pr(Mi)

f(X) = Z f(X‘Mi)Pr(Mi)

Pr{ A, B}
Pr{ B}
Pr{ B|A} Pr( A)
Pr{ B}

Pr{ A|B} =

14



From this we get

F (XM ) Pr( M)

Pr{ M |x < X} =

F (%)
and
f(X,|M ) Pr( M
o = = L oM P
by integration

Pr{ M} = I_“oo Pr{ M |x = x,} f (%,)dx,

Bayes’ Theorem:
Pr( M |x = X,) f (X,)
Pr( M)
Pr(M [x = Xx,) f(X,)

F{X,|M} =

[ PrUM [x = %o} f (%),

15



Functionsof aR.V.
Let x and g(x) be RVs such that

y=9(X)

Then
Fy(yO) = Pr{y<yg}

= Pr{ g(X) = Y}

=P{ xOR,}
Where

R, ={X:9(X) = Yy}

If y=9(x)=x"

16



Fy(yO): Pr(y < vy,)
= Pr(—+/Yo £ X< 4/Y¥0)
= F,(//¥o) = F.(=+/¥,)

Example: Let X~ N(x,0)

_U X)_El if x>0
Aand YTUOTLR i vco

f,(y) F,(y)
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To determine the density of y=g(x) in terms
of f(Xo), look at g(x)

=Y

fy(Yo)dy, = Pr(y, <y <y, +dy,)

= Pr( x, £ x< x, + dx,)

+ Pr( x, + dx, < X< X,)

+ Pr( X; £ X< X3 +dX;)

= f () dx, + T, (0x)[dx,|+ £, (x;)dx,
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Note that

g = I _ Oy, _ dy,
1 0 ’
dy dy,/dx, g(x)
Similarly
ax, = ,dyo ax, = (,jyo
g'(x,) and 9'(x3)
Thus
f,(Yo)ay,
_ fX,(Xl) dy . f (X) - fx,(Xe,) dy .
g (X)) g’ (X, )| g (X3)
or

00, () L ()
f 0 - )i !
o) =500 T ool 9 ()
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In general, for y=g(X), let x4, X, ... bethe

roots
y=0g(X1)=g(X2)=...
then
f,(y) = (%) | (X))

9'(X,)|

9'(x,)|

Example: suppose X~U(=12) and
y = x°

fx(X)

20



f(x) L f (%)
g'(x,)|

,(y) =

g'(X,)]
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X

Example: let X~ N(u,0) and y=¢

Then 9(X) =0 gand 9'(x) =¢€’

Also, there is only one solution

x=1In(y)
Therefore
f.(x) _ f.(x)
f — X —_ X
=0T e
or
[, (y) = 000y FinCy))
e y

22



for

fu(y)

0.5 7

y
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Log normal density
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Distribution of F(X)
For any RV with continuous distribution
F.(X) theRV Y = F.(X) isuniform on
[0,1].
Proof: Note O<y<1
Since 9(x) = F,(X)

g'(x) = f,(x)

24



Thusthe function 9(X) = F,(X) performs

the mapping

X — F (X) —— U —uniform[0,1]

L pdf f,(X)

Similarly

U—— F *(x) —— X —pdf f4(x)
L Uniform pdf

Synthesis:

X—» FX(X) > Fx_l(x) — X

L » Fy_l(x) —> y
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Mean and variance
E{x} =[x (x)dx
Conditional mean
E{x|M} = I_°°m xf (x|M ) dx
Example: If M ={x = a}
Then
E{x|M} = I_“w xf (x|M ) dx
i J': xf (x)dx
Ia f (x)dx
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For afunction of aRV, y=g(X),
E{y} = [, ¥f,(V)dy

= [, 900 f,(x)dx

Example: Suppose o)

Then
E{g (0} = [, 9(x) f,(x)ax

= I_X: fX(X)dX
= FX(XO)

27



The variance is defined as
og? = I_°° (x —n)? f (x)dx

Where 1 = E{ X}
Thus,
g’ =E{(x-n)%=E{x*} -E*x}

Example: X~ N(7,07)

fo0=— L g
()= e
f(x) 1s symmetric about
x=nU Ex =7
also
—xen)?

[ f(0ax=10 [ e > dx=y2no

28



or

)’

I_ooe 20 dx =+/2110

[1by differentiating

2 —(x-n)*

[ e o =

o
[Irearranging

,ro (x-n)* \/zi e_(;;'l) dx = o>
e 7.0

E{(x-n)}=0"
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Moments

(Moments)
m, = E{x"} = I_°°m x" f (x)dx
(central moments)
u, = E{(x-n)"}
= [ (x=m)" f (x)ax
From the binomial theorem

U, =E{(x-n)"}
E{ Z %E %x (-n)"*)
io EE %nk(_ﬂ)n_k

:uo:]- lulz() U, = O
My =mg =3nm, +27°

2
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Example: X~ N(0,07)

Then
) [10 n=2k+1
E{x"} = O )
(L (B UII{(n -1)o n = 2Kk

Proof: For n odd

E{x"} = I_“m x"f (x)dx =0

! *+— Even function
Odd function

To prove the second part, use the fact that

%) _ 2 ]T
I e dx = . [—
o a

31



Differentiate both sides with respect to a,

k times

1[BTI2k -1) [ 7

2k a2k+1

00 2
| X*Xe ™ dx =

1
20 2 ,then

let & =

X2

I_oo x’ke 20°dx = 1 [BII2k — 1)o 22
L etting n=2k and rearranging

2

o*dx = 1B IIn - 1) "

e_z

[
= \J2mo
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Variance Is a measure of a RV's

concentration around its mean

Tchebycheff Inequality

For any&>0,

0.2

2

Pr([x-n|z¢€) < ;

Proof:

[0}

Pr(|x —n|= &) = I_”; f () + [ F(x)ax
= If(x)dx

Ix-n|z€

f(X)

e n e
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But

o’ :I_oooo(x—n)zf(x)dx
> J'(x—n)zf(x)dx

Ix-n|ze

andsince [X— 1|2 €

g° 2 J’ng(x)dx

Ix-n|z€

=g’ I f (x)dx

|x-n|ze

=e*Pr{|x-n|=z €}

O Pr{ |x—/7|2¢9}sB£HZ
L €L



