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Goal: Given a discrete time sequence

{X(n)}, how we develop

• Statistical and spectral representations

• Filtering, prediction, and system

identification algorithms

• Optimization methods

- Statistical

- Adaptive
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Many methods assume that {x(n)} is

deterministic. Real world signals are

usually statistical in nature.

Thus,

…… ), ), x(), x( x(- 101

can be interpreted as a sequence of

random variables.

- We begin by analyzing each

observation x(n) as a R.V.

- Then, to capture dependencies, we

consider random vectors
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Random Variables

For a space S, the subsets, or events of

S have associated probabilities. To

every event δ, we assign a number x(δ),

which is called a R.V.

The distribution function of x is

∞<<∞−=≤ 000 )(}Pr{ xxFxx x

Properties:

1) 0)(,1)( =−∞=+∞ FF

2) F(x) is continuous from the right

)()( xFxF =+

3) )()(}Pr{ 1221 xFxFxxx −=≤<
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Example: fair toss of two coins

Events(δ) Prob. X(δ) Y(δ)

HH ¼ 1 -100

HT ¼ 2 -100

TH ¼ 3 -100

TT ¼ 4 500

This yields different distribution functions

2/1},Pr{)2( == HTHHFx

4/3},,Pr{)2( == THHTHHFy
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The probability density function is

defined as,

dx

xdF
xf

)(
)( =

or                 ∫
∞−

=
x

dxxfxF )()(

Thus         ∫
∞

∞−

=⇒=∞ 1)(1)( dxxfF

Types of distributions:

• Continuous: 00 0}Pr{ xxx ∀==

• Discrete: iiii PxxxFxF ===− − }Pr{)()(

In which case ∑ −=
i

ii xxPxf )()( δ

• Mixed: discontinuous but not

discrete.
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Distribution examples
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Binomial:

Example: Toss a coin n times. What is

the probability of getting k heads?

For 1=+ qp
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Conditional Distributions

The conditional distribution of x given

event “M” has occurred is

}Pr{

},Pr{

}Pr{)(

0

00

M
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MxxMxFx
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Example: Suppose }{ axM ≤=

Then

}Pr{

},Pr{
)( 0

0 ax

axxx
MxFx ≤

≤≤=

If ax ≥0 , what happens?
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In this case

}Pr{},Pr{ 0 axaxxx ≤=≤≤

and

1
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)(xFx

)( axxFx ≤

As before

0)(1)( =∞−=∞ MFMF

)()(}Pr{ 0110 MxFMxFMxxx −=≤≤
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Example: Toss a fair coin four times,

let x be the number of heads.

Recall
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Suppose M = at least one flip produces

a head
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What is }Pr{ Mkx =
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Total Probability and Bayes’ Theorem

Let M1, M2, …, Mn forms a partition of

S, i.e.

φ==
≠
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From this we get

)(

)Pr()(
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by integration
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Functions of a R.V.

Let x and g(x) be RVs such that

y = g(x)

Then
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})(Pr{
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To determine the density of y=g(x) in terms

of fx(x0), look at g(x)
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Note that
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3

1

In general, for y=g(x), let x1, x2, … be the

roots

y=g(x1)=g(x2)=…

then
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xxg 2)( =′
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Example: let ),(~ σµNx  and 
xey =

Then 0)( ≥xg  and 
xexg =′ )(

Also, there is only one solution
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Distribution of )( xFx

For any RV with continuous distribution

)( xFx , the RV )( xFy x=  is uniform on

[0,1].

Proof: Note 0<y<1

Since )()( xFxg x=

)()( xfxg x=′

and
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Thus the function )()( xFxg x= performs

the mapping

Similarly

Synthesis:

)(xFxx U – uniform [0,1]

pdf fx(x)

)(1 xFx
−U x – pdf fx(x)

Uniform pdf

)(xFxx )(1 xFx
− xU

)(1 xFy
− y
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Mean and variance

∫
∞

∞−
= dxxxfxE )(}{

Conditional mean

∫
∞

∞−
= dxMxxfMxE )(}{
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For a function of a RV, y=g(x),

∫
∫

∞

∞−
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The variance is defined as

∫
∞

∞−
−= dxxfx )()( 22 ησ

Where }{ xE=η

Thus,

}{}{}){( 2222 xExExE −=−= ησ

Example: ),(~ 2σηNx
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Moments

(Moments)

∫
∞
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Example: ),0(~ 2σNx

Then
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Proof: For n odd

0)(}{ == ∫
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To prove the second part, use the fact that
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Differentiate both sides with respect to α,

k times
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Variance is a measure of a RV’s

concentration around its mean

Tchebycheff Inequality

For any ε>0,
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But
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∫
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