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ABSTRACT

Compressed sensing (CS) provides an efficient way to acquire and reconstruct

sparse signals from a limited number of linear projection measurements leading to

sub-Nyquist sampling rates. The advantages of compressed sensing include simpler

hardware design, faster acquisition time, and less power consumption. In this the-

sis, several important applications of compressed sensing are addressed and better

performance than that of existing solutions is obtained by exploiting the theory of

compressed sensing.

Firstly, we focus on designing efficient sampling methods for image acqui-

sition based on CS. A key to the success of CS is the design of the measurement

ensemble. A novel variable density sampling strategy is designed, where the a pri-

ori information of the statistical distributions that natural images exhibit in the

wavelet domain is exploited. The proposed variable density sampling has the follow-

ing advantages: 1) the generation of the measurement ensemble is computationally

efficient and requires less memory; 2) the necessary number of measurements for

image reconstruction is reduced; 3) the proposed sampling method can be applied

to several transform domains and leads to simple implementations. The application

of our proposed method to magnetic resonance imaging (MRI) is also provided in

this thesis.

Secondly, we address the detection of sparse signals within the CS domain.

A new family of detectors called subspace compressive detectors are developed for

the detection of sparse signals based on the theory of compressed sensing. The pro-

posed detectors reduce the number of measurements needed for a given detection

xii



performance by exploiting the fact that the sparse signal resides in a low dimen-

sion subspace. By designing random projection operators tailored to the subspace

where the signal-of-interest lies, the signal energy can be captured more efficiently

leading to better detection performance. The information of the signal subspace

can be learned from compressive measurements of training signals and the detectors

are adaptive to the signal structure. Within the compressed sensing framework,

it is shown that very limited random measurements of training signals can suffice

to provide valuable information of the signal subspace for detection purposes. The

performance of the proposed subspace compressive detectors is analyzed and im-

plementation issues including the waveform quantization are discussed. Subspace

compressive detection under narrowband interference is also considered in this the-

sis.

In the last part of this dissertation, the theory of compressed sensing is ex-

ploited in the design of a new type of suboptimal impulse ultra-wideband (I-UWB)

receivers where only sub-Nyquist sampling of the received UWB signal is required.

However, the proposed I-UWB receivers have simple hardware implementations and,

at the same time, shares the flexibility in data processing with full-resolution digital

receivers based on Nqyuist sampling. An improved symbol detection method is pro-

posed for I-UWB communications by exploiting the sparsity of the received UWB

signals, where the sparsity is mainly due to the multipath diversity introduced by

I-UWB channels. A compressive pilot assisted time-hopping spread-spectrum sig-

naling is introduced and performance analysis of the proposed receivers is provided.

Compared with other suboptimal I-UWB receivers, satisfactory detection perfor-

mance is achieved with simple hardware implementation.

xiii



Chapter 1

INTRODUCTION

1.1 Compressed Sensing

To reconstruct a band-limited signal, traditional signal processing approaches

sample the signal uniformly at a rate which is at least twice the bandwidth of the

underlying signal. Such sampling strategy creates difficulties in the acquisition of

wideband signals where the required sampling rate exceeds the current limit of

state-of-art commercial analog to digital converters (ADC) [2]. Sampling the sig-

nals directly at or above the Nyquist rate may also lead to costly hardware im-

plementations, such as in the design of high resolution infrared imaging cameras

[3]. Traditional sampling methods also demand large storage space to save the

measurements, and most often a waste of resources occurs since in many practi-

cal applications, measurements are simply discarded after signal compression. The

theory of compressed sensing (CS) emerged to overcome the difficulties associated

with tradition sampling methods. By exploiting the fact that many natural signals

are sparse or compressible, CS provides a new framework to jointly measure and

compress signals that allows less sampling and storage resources than traditional

approaches based on Nyquist sampling.

1.1.1 Sparse Signal

A signal x ∈ RN is said to be S-sparse on some basis Ψ = [ψ
1
, ψ

2
, . . . , ψ

N
]

if x can be represented by a linear combination of S vectors from Ψ with S ≪ N .
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That is:

x = Ψθ, (1.1)

where θ is the N ×1 coefficient vector with only S non-zero entries. Many real

signals are not strictly sparse but compressible on some basis in that most of the

entries of their coefficient vectors θ are non-zeros but very small. Furthermore, the

magnitudes of the entries in θ decay following a power law [4]. Since only a few

coefficients dominate, compressible signals can be adequately approximated by a

S-sparse signal model by keeping the S largest coefficients [5].

1.1.2 Compressive Measurements

Within the compressed sensing framework, measurements are taken not by

directly sampling the sparse signal but by measuring a few of linear projections of

the underlying signal. The linear measurements can be modeled as:

y = Φx, (1.2)

where Φ is anM×N projection matrix where the number of measurementsM is far

less than the signal dimension N . Let the measurements be y = [y1, y2, . . . , ym]
T and

Φ be Φ = [ϕ
1
, ϕ

2
, . . . , ψ

M
]T , then one measurement includes projecting the signal x

onto ϕ
i
and then measuring the inner product

yi = ⟨x, ϕ
i
⟩, (1.3)

where i ∈ {1, 2, . . . ,M}. If the inner product is implemented in the analog domain,

then a reduced sampling rate is achieved.

Given the linear measurements y, the sparse signal x can be reconstructed

from y via nonlinear optimization by exploiting the a priori information that x

is sparse on some basis Ψ. However, to successfully reconstruct the signal with

high probability, the projection matrix Φ has to satisfy a set of properties. A key

factor for the successful reconstruction of x is that the measurement ensemble Φ

2



and the sparsity basis Ψ should be incoherent with each other. That is, ϕ
i
does

not have a compact representation on Ψ and likewise, ψ
i
does not have a compact

representation on Φ [6]. A quantitative measure of incoherence is given by [7]:

µ(Φ,Ψ) = sup{| < ϕ
i
, ψ

j
> | : ϕi ∈ Φ, ψj ∈ Ψ}. (1.4)

If ϕi and ψj both have unit energy, then it follows that µ ∈ [1,
√
N ]. Note that if Φ is

constructed such that each entry of Φ is taken from an independent and identically

distributed (i.i.d.) random distribution, then with high probability, Φ is incoherent

with any fixed basis Ψ and µ(Φ,Ψ) is close to 1 rather than
√
N [6]. Frequently

employed random distributions include the Gaussian distribution and the Bernoulli

distribution.

A guideline to construct a measurement matrix Φ that leads to robust recon-

struction of a S-sparse signal is based on the the restricted isometry property (RIP)

of a matrix. For each integer S = 1, 2, . . . , N , the isometry constant δS of a matrix

Φ is defined as the smallest number such that

(1− δS)∥x∥22 ≤ ∥Φx∥22 ≤ (1 + δS)∥x∥22, (1.5)

holds for all S-sparse signal x [6, 8]. Φ obeys the RIP of order S if δS is significantly

smaller than 1. Obeying the RIP indicates that any subset of columns of Φ with

cardinality less than S behaves like an orthonormal system, which implies that x

does not exist in the null space of Φ. If δ2S is also sufficiently small, then for any

two S-sparse signals x1 and x2, the following holds:

(1− δ2S)∥x1 − x2∥22 ≤ ∥Φ(x1 − x2)∥22 ≤ (1 + δ2S)∥x1 − x2∥22. (1.6)

It means that RIP preserves the distance of any pair of S-sparse signals in the

measurement domain, which guarantees the robust recovery of a S-sparse signal from

its compressive measurements [6]. The measurement matrix Φ can be constructed

such that each entry of Φ is taken from an i.i.d. zero-mean Gaussian distribution

3



with variance 1/M or a Bernoulli distribution with amplitude 1/
√
M . It is observed

that Φ obeys the RIP with high probability for robust sparse signal recovery if the

number of measurements M satisfies M = CK logN ≪ N where C ≥ 1 is the

oversampling factor [9].

The observation that a sensing matrix constructed from a random distribu-

tion is suitable for compressed sensing can also be explained by the well-developed

Johnson-Lindenstrauss (JL) lemma in the dimensionality-reduction area [10]. The

JL lemma basically states that if Φ is constructed from a random distribution and

each row of Φ has been normalized to
√
N/M , then the following holds with high

probability:

(1− ϵ)∥x1 − x2∥22 ≤ ∥Φ(x1 − x2)∥22 ≤ (1 + ϵ)∥x1 − x2∥22, (1.7)

where ϵ is sufficiently small and x1 and x2 are S-sparse signals. What is revealed

in (1.7) is that a random matrix is a stable embedding of the geometry of the

sparse signal in the measurement domain. Technically, the RIP can be viewed as a

straightforward consequence of the JL lemma [11].

Another way to obtain compressive measurements is random sampling in a

transform domain Υ which enables fast computation if there exists fast transform

algorithms for Υ and Ψ, respectively. To obtain the sparse signal information, we

acquire a small set of transform coefficients of x in Υ. The measurements can also

be represented as : y = Φx, where Φ here is also an M ×N matrix with M ≪ N .

Here, however, each row of Φ, ϕ
i
, is taken from a subset of the atoms of Υ. If Ψ

and Υ are incoherent with each other and ϕ
i
is randomly chosen, then x can be

recovered from y with high probability. It is found that the low coherence property

holds for many pairs of bases (Ψ,Υ) [7].
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1.1.3 Sparse signal recovery

It is well known that a practical way to recover the sparse signal is to solve

the following l1-norm minimization problem:

min ∥θ∥1 subject to ΦΨθ = y, (1.8)

where ∥θ∥1 =
∑

i |θi|. The solution θ̂ leads to the reconstructed sparse signal x∗ =

Ψθ̂. By minimizing the l1-norm, the solution to (1.8) gives a sparse representation of

the signal that satisfies the compressive measurements. This reconstruction method

is called Basis Pursuit [12, 13]. Basis pursuit is a computationally efficient algorithm

and can be implemented by linear programming.

The following theorem derived in [14] links the RIP of a sensing matrix to

the success of the sparse signal reconstruction.

Theorem 1.1.1 ([14]) Assume that x is S-sparse and suppose that the isometry

constants δ2S and δ3S satisfy δ2S + δ3S < 1, then the solution x∗ to (1.8) is exact,

i.e., x∗ = x

Note that if there are fast algorithms associated with Φ and Ψ, then the BP

algorithm can be implemented using fast transform algorithms, which make sparse

signal recovery feasible for large-dimension data. Iterative greedy algorithms, such

as matching pursuit (MP) [15], Orthogonal Matching Pursuit (OMP) [16] and tree

matching pursuit (TMP) [17], can also be employed to recover the sparse signal.

However, to obtain the same results, slightly more measurements are needed.

In practice, the linear projection measurements are contaminated with noise

and the measurements can be modeled by

yn = ΦΨθ + n, (1.9)

5



where n is zero-mean white Gaussian noise. A recovery algorithm that explicitly

considers the noise effect is needed. The sparse signal can be reconstructed from yn

by using Basis Pursuit Denoising (BPDN) as follows [13] :

min ∥ΦΨθ − yn∥22 + λ∥θ∥1 s. t. yn = ΦΨθ + n, (1.10)

where λ > 0 depends on the noise level. Here λ balances the tasks of minimizing the

l2 norm of the noise and the minimization of the l1 norm of the sparse signal. Here

λ has to be carefully chosen so that the reconstructed signal keeps a high fidelity

of the original signal. Again, if there are fast algorithms associated with Φ and Ψ,

then a fast reconstruction algorithm can be implemented for signal reconstruction

[8, 18, 19].

For robust reconstruction of the sparse signal, the l1-norm minimization with

noisy measurement can also be formulated as a LASSO problem. That is [6]:

min ∥θ∥1 s. t. ∥ΦΨθ − y∥ ≤ ϵ, (1.11)

where ϵ limits the noise power in the measurements. Problem (1.11) is also a convex

problem and efficient algorithms can be developed to solve (1.11). The theorem

listed below shows how accurate the solution of (1.11) is expected.

Theorem 1.1.2 ([8]) Assume that δ2S <
√
2 − 1, then the solution x∗ to (1.11)

obeys:

∥x∗ − x∥2 ≤ C0∥x− xS∥1
√
S + C1ϵ, (1.12)

where C0 and C1 are positive constants and xS is an approximation of x where all

but the largest S components are set to 0.

Theorem (1.1.2) reveals that the reconstruction error is bounded by two terms. The

first is the approximation error and the second is the measurement noise level. It

is also shown that the constants C0 and C1 are typically small [6]. Thus, robust

recovery of the sparse signal is achieved even with noisy measurements.
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To reconstruct smooth and sparse signals like natural images, another al-

gorithm that can be used is the minimization of total variation (min-TV) with

quadratic constraints. Let x(i, j) be an N ×N image, then min-TV with quadratic

constraints aims to solve the following problem [8]:

min
x

∥x∥TV s. t. ∥Φx− yn∥ ≤ ϵ, (1.13)

where ∥x∥TV =
∑

i,j

√
[x(i+ 1, j)− x(i, j)]2 + [x(i, j + 1)− x(i, j)]2 is the total vari-

ation and ϵ > 0 is again a constant depending on the noise level. Min-TV with

quadratic constraints usually provides better quality of image reconstruction at the

cost of more computation than BPDN.

In this thesis, we focus on three topics based on compressed sensing. Firstly,

we derived strategies for random sampling in a transformed domain for image acqui-

sition, which reduces the number of measurements for a given reconstruction perfor-

mance. Secondly, by exploring the sparse signal structure, we have proposed a set

of adaptive subspace compressive detectors based on compressive measurements.

At last, we have applied compressed sensing and adaptive subspace compressive

detection to ultra wide-band communications, which leads to simple hardware im-

plementations with satisfactory detection performance.

1.2 Variable Density Compressed Image Sampling

By exploiting the sparsity of natural images, compressed sensing has shown

that it is feasible to acquire and reconstruct natural images from a limited number

of linear projection measurements at sub-Nyquist sampling rates [9, 12]. A key to

the success of CS is the design of the measurement ensemble, which is based on the

evaluation of the incoherence between the measurement ensemble and the sparsity

basis. Due to the large scale nature of images, the generation of the measurement

ensemble should also be both computationally and memory efficient. Furthermore,

the sampling scheme should enable fast algorithms to perform image reconstruction.
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Measurement matrices where each entry is an independent and identically

distributed (i.i.d.) random variable obeying Gaussian or Bernoulli distribution have

been proposed for compressed image sampling [9, 12]. Recently, it has been shown

that the performance of CS sampling can be improved if the random measurement

matrices are suitably optimized [20]. These methods lead to optimized but un-

structured measurement matrices and thus large memory space and computation

demanding resources are needed, making them prohibitively expensive for imple-

mentation. A more desirable way to obtain linear measurements is by incoherent

sampling in a transform domain that is equipped with fast transform algorithms [19].

Measurement ensembles in the transform domain that enable fast computations in-

clude partial Fourier ensemble, scrambled Fourier ensemble (SFE), scrambled block

Hadamard ensemble (SBHE), and Noiselets. These have been shown to obtain good

performance in CS applications [12, 19, 21]. With the exception of signal sparsity

on a given basis, however, the formulation of these sampling approaches does not

exploit any a priori information of natural images that could lead to improved CS

performance [22, 23].

We propose a method to effectively exploit such a priori information in the

design of efficient CS measurement ensemble by using the inherent statistical distri-

butions that natural images exhibit in the sparse wavelet domain. A novel family of

variable density sampling patterns are designed in the frequency transform domain,

which is applicable to the Discrete Fourier Transform (DFT), Discrete Cosine Trans-

form (DCT) and ordered discrete Hadamard transform (DHT) [24]. To design the

proposed measurement matrices, the widely used generalized Gaussian distribution

(GGD) model is adopted to statistically describe the distribution of image wavelet

coefficients. The method of incoherent Fourier sampling of subband wavelets pro-

posed in [19] provides an efficient way to acquire sparse subband wavelets in the

DFT domain. The Fourier coefficients in the band where significant energy of the
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wavelet exists are sampled randomly to minimize the coherence between the sparse

wavelets and the measurement Fourier atoms. Based on such incoherent Fourier sub-

band sampling strategy, we derive a variable density sampling function p(m,n) in

the frequency transform domain according to the adopted statistical wavelet model.

Here p(m,n) indicates the probability that the (m,n)th coefficient is sampled. The

design of the variable density sampling function is then further improved so that

not only the distribution of significant wavelet coefficients are considered, but also

their rapid magnitude decay from coarse scales to fine scales. The sampling pat-

terns in the frequency transform domain are generated randomly according to the

underlying probability function.

Equipped with fast transform algorithms, the proposed sampling processes

are simple, fast and can be easily implemented. By exploiting the a priori informa-

tion of natural images, the CS performance obtained with the proposed sampling

method is significantly improved. Compared with other sampling patterns, such as

radial sampling pattern and variable density spiral that also exploit some a priori

information of the images [12, 23], the proposed sampling patterns are not heuristi-

cally constructed, but are based on reliable statistical models of wavelet coefficients

and thus the proposed sampling patterns are analytically justified.

1.3 Adaptive Subspace Compressive Detection for Sparse Signals

Compressed sensing has provided a new framework to jointly measure and

compress sparse signals that allows less sampling resources than traditional ap-

proaches based on Nyquist sampling. Besides signal reconstruction, the CS frame-

work also provides a measurement approach for sparse signal detection and classifica-

tion [15, 25, 26, 27, 28]. A reduced number of random measurements could suffice to

provide sufficient signal statistics for signal detection or classification without even

reconstructing the signal. Based on such compressive measurements, the compres-

sive detector proposed in [25] provides a systematic way to perform sparse signal
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detection and estimation for applications where only a reduced number of mea-

surements are available. However, unlike signal reconstruction, compressive signal

detection suffers from performance degradation due to the fact that random mea-

surements are less distinguishable to random noise than the original sparse signals.

Thus, the compressive measurement scheme [25], which is independent of the sparse

signal structure, leads to detection performance inferior to traditional detectors re-

lying on Nyquist sampling [29].

In this thesis, a set of subspace compressive detectors are proposed for sparse

signal detection by exploiting the fact that a sparse signal resides in a low dimension

subspace and, therefore, one can capture most of the signal energy with a few mea-

surements just by projecting the underlying signal into its own subspace [30]. More

precisely, by designing a measurement projection matrix tailored to the subspace

where the signal-of-interest lies, the signal energy can be captured more efficiently,

and at the same time, the effect of noise and interference is greatly mitigated. In

turn, improvement on detection performance can be achieved with fewer random

measurements [31]. The proposed subspace compressive detectors are suitable for

situations where only very limited measurements, even less than the signal sparsity

K, are available. Note that reducing the number of measurements needed is al-

ways an important goal within the CS framework since it leads to simpler hardware

requirements.

The information of the signal subspace can be obtained a priori. More specif-

ically, natural images, for instance, always reside in subspaces expanded by coarse

scale wavelets, and orthogonal frequency-division multiplexing (OFDM) signals re-

side in frequency bands known to the receiver [32, 33]. More importantly, the sub-

space information can be obtained from a reduced set of compressive measurements

from the training data [2]. The complete recovery of the signal sparsity pattern

would require the number of measurements on the same order of magnitude as that
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needed for the complete recovery of the signal itself. However, in signal detection

we are only interest in partial sparsity recovery [34, 35]. That is, we are interested

in searching for the subspace components that contain a large fraction of the sig-

nal energy. By employing signal recovery algorithms such as orthogonal matching

pursuit (OMP) or basis pursuit denoising algorithm (BPDN), simulation results in

this theis show that we can always achieve partial sparsity recovery from a reduced

set of compressive measurements which is far fewer than that required for signal

reconstruction [13, 16]. The estimated signal subspace, either coarse or accurate,

would lead to significant improvements on sparse signal detection.

Although we motivate the design of the subspace compressive detector for ap-

plications where the detection of a known sparse signal is desired, the main focus is

on the design of adaptive subspace compressive detectors for the detection of an un-

known sparse signal where a simple solution such as a matched filter is not available.

Furthermore, signal subspace estimation is also addressed in the compressed sensing

domain. Estimated signal subspace is learned from the compressive measurements

and employed in the design of proposed subspace compressive detectors. The per-

formance of the proposed detectors is analyzed in detail and compared to Nyquist

sampling-rate based subspace detection. As in CS applications, we only assume

that the sparsity basis Ψ is known a priori. The designed detectors are adaptive to

the signal structure learned from compressive measurements gained from training

signals. This approach can be naturally extended to sparse signal detection with

narrowband interference (NBI) mitigation [36]. Simulation results are provided to

validate the theoretical performance predications. For implementation purposes,

discussion on the performance loss due to the measurement waveform quantization

is also provided.

The subspace compressive detector differs from traditional matched subspace

detector in that for optimal detection performance, the Nyquist sampled full-length
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received signal is not needed [29]. The received signal, in its analog form, is projected

onto analog measurement waveforms and only the small set of projected results are

sampled and digitized. Note that the signal detection based on the classes of lin-

ear transforms also exploits the signal subspace. However, such method requires the

number of measurements at least the dimension of the signal subspace [37]. The pro-

posed subspace compressive detection provides a more flexible measurement scheme

in that the number of measurements is adjustable and more measurements lead to

better detection performance. Since additional signal subspace information is ex-

ploited, the proposed subspace compressive detector can achieve the same detection

performance with fewer measurements than that of compressive detectors proposed

in [25]. Although the subspace compressive detector does not provide universality

for signal detection w.r.t all signals in the RN space, it does provides universality

for signal detection w.r.t all signals in a specific subspace.

1.4 Adaptive Compressive Detection for Pilot Assisted Ultra-Wideband

Impulse Radio

The concepts developed in compressive subspace detection are then applied

to the design of ultra-wideband receivers. Impulse ultra-wideband (I-UWB) com-

munications convey information by transmitting ultra-short pulses [38]. The large

bandwidth of I-UWB signals enables fine time resolution, precise localization and

robustness to multipath environments [38, 39, 40]. Furthermore, the low power spec-

tral density and the use of ultra-short waveforms not only enable I-UWB systems

to coexist with existing communication systems, but also provide low probability of

intercept (LPI) [38]. Despite the vast research efforts devoted to I-UWB commu-

nications, challenges still exist for the implementation of I-UWB receivers due to

the large signal bandwidth, low power spectrum and the rich multipath diversity

introduced by the UWB channel. The tradeoff between the receiver complexity and

performance has to be carefully evaluated.
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A full-resolution digital I-UWB receiver can provide considerable flexibility

in downstream data processing. However, it demands ultra-fast analog-to-digital

converters (ADCs) that are complex and power-consuming [38]. At a reduced sam-

pling rate, a Rake receiver with maximum ratio combining (MRC) can be employed

in I-UWB communications to exploit the multipath diversity of the UWB channel

[38]. However, the performance of Rake receivers relies on accurate UWB channel

information which has been shown to be difficult to obtain [2, 41, 42]. Further-

more, the number of multipath components (MPCs) may be too large for practical

hardware implementation of a Rake receiver. To reduce the hardware complexity,

selective Rake (SRake) receivers and partial Rake (PRake) receivers have been pro-

posed where only a subset of MPCs are exploited [43]. However, SRake receivers

still require channel estimation and PRake receivers do not perform well for widely

encountered sparse UWB channels.

One way to circumvent channel estimation is the use of autocorrelation re-

ceivers with preamble training pilots [44]. Autocorrelation receivers, such as the

transmitted-reference receiver, exploit the multipath diversity of UWB channels by

correlating the received signal with a previously received pilot signal [45]. Although

the entire energy of the received signal can be captured at a reduced sampling rate,

autocorrelation receivers suffer from performance deterioration since noisy pilot sig-

nals are used as correlation templates for demodulation [46]. Practical implemen-

tation of autocorrelation receivers is also constrained by the fact that a wideband

analog delay line that is required for signal demodulation is hard to build in low-

power circuits [47]. Efforts to remove the wideband delay line also introduce other

disadvantages such as limited transmission rate, high peak-to-mean power ratio, or

additional hardware needed to produce a well-tuned pulse shape [47, 48].
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In this thesis, novel I-UWB receivers at sub-Nyquist sampling rate are pro-

posed based on the emerging theory of compressed sensing (CS) leading to com-

parable detection performance and affordable hardware implementations. CS has

provided a new framework to jointly measure and compress sparse signals that allows

less sampling resources than traditional approaches based on Nyquist sampling. Be-

sides signal reconstruction, the CS framework also provides a measurement scheme

for sparse signal detection and classification [15, 26, 27]. A reduced set of random

measurements can suffice to provide sufficient signal statistics for signal detection

or classification without signal reconstruction. Recently, we have successfully ap-

plied CS to I-UWB channel estimation and symbol detection by exploiting the time

sparsity of the multipath UWB channels [2, 49].

This thesis presents an improved design of the subspace compressive I-UWB

receivers with joint channel estimation and symbol detection. The proposed UWB

receivers lead to a simpler hardware implementation by exploiting both the sparsity

of the received UWB signals and the repetitive structure of transmission signaling.

In the proposed method, the received UWB signal can be sparsely represented by

a suitably designed dictionary tailored to the signal characteristics. The design of

the sparsity dictionary is based on the fact that the received signal is a linear com-

bination of the delayed UWB pulses modulated by the UWB channel. Random

measurements are obtained by the pilot UWB signals, where CS based approaches

are used to estimate the sparse UWB channel and obtain an estimation of the UWB

signal subspace. By exploiting the repetitive signaling, a sufficient number of mea-

surements is obtained for signal subspace estimation even with severely constrained

hardware. Using the estimated signal subspace, a subspace random projection op-

erator that exploits the low-dimension signal subspace is designed, which is efficient

at capturing the underlying signal energy and for noise mitigation. Thus, a reduced

number of measurements are required by a generalized likelihood ratio test (GLRT)

14



detector for a desired detection performance.

For simplicity of hardware implementation, the projection operator is further

proposed to be quantized to only binary levels since it is much easier to generate

wideband binary waveforms than to generate arbitrary wideband waveforms [50].

To reduce the performance loss due to quantization, the well-known Lloyd-Max

optimal bit allocation method is employed for waveform quantization [51]. In hard-

ware, wideband binary measurement waveforms can be generated by high-speed

shift registers with flip-flops [52]. The proposed hardware architecture is similar to

the random modulation preintegration (RMPI) architecture proposed in [6, 53].

The proposed I-UWB receiver projects the received UWB signal onto random

basis in the analog domain by drawing elements of the parallel mixed-signal archi-

tecture introduced in [54, 55, 56], while incorporating CS ideas. The received UWB

signals are sampled at sub-Nyquist rate and no ultra-fast ADC is needed. It can be

shown that the proposed subspace compressive I-UWB receivers has less complexity

than SRake receivers [43]. Furthermore, no a priori information except the spar-

sity of the I-UWB channel is required and the detection algorithm is adaptive to

the underlying UWB channel. Compared with the analog autocorrelation receivers,

cumbersome wideband analog delay lines are not required [47]. Since the compres-

sive measurements are presented digitally, it is easy to implement noise reduction

by averaging the measurements over multiple signal frames without increasing the

hardware complexity. Simulation study also shows that the proposed receivers are

robust against circuit nonidealities.
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Chapter 2

VARIABLE DENSITY COMPRESSED IMAGE

SAMPLING

2.1 Incoherent Fourier Sampling of Sparse Wavelet Subbands

Wavelets have well defined spectral characteristics in the Fourier domain [57].

A coarse scale wavelet has its spectrum localized in the low frequency band whereas

a fine scale wavelet has its spectrum widely spread out in the high frequency band.

In [19], it is observed that if the signal to be acquired is restricted to a certain

wavelet subband, a set of incoherent measurements can be obtained by selecting the

Fourier coefficients from the corresponding frequency band where significant energy

of the wavelet exists.

Let k = 1, 2, . . . , K denote the scale of the 1D wavelets where k = 1 is

the finest scale and k = K is the coarsest scale. Without loss of generality, it is

assumed that the wavelet has length N = 2K . Let φk,l denote the 1D wavelet at

a scale k with a shift l ∈ [0, N2−k − 1], then the DFT spectrum of φk,l is over the

band Bk = [−N2−k,−N2−k−1] ∪ [N2−k−1, N2−k]. To reconstruct φk,l from its DFT

samples, the DFT atoms are randomly selected within the band Bk [19]. Assume

the number of significant wavelets over Bk is Sk, then approximately 2Sk to 3Sk

Fourier measurements are needed. The probability that a DFT atom is sampled

depends on the size of Bk and on the sparsity Sk. Since smooth signals have most

of their significant wavelet components clustered in the coarse scales, incoherent
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Fourier subband sampling implies that the low frequency Fourier coefficients, which

contain much of the signal’s energy, should be sampled with higher probability 1.

The principle of Fourier sampling of wavelet subbands can be readily applied

to 2D images. Assume the underlying image is of size N × N . Let φB
k,i,j denote

the (i, j)th 2D wavelet at the kth scale of subband B where B ∈ LH,HL,HH,

i, j = 0, . . . , Nk − 1 and Nk = N/2k. Here LH subbands are low-pass in the hori-

zontal direction and high-pass in the vertical direction; HL subbands are high-pass

in the horizontal direction and low-pass in the vertical direction; HH subbands

are high-pass in both directions. The DFT spectrum of all the wavelets at the

kth scale can be characterized by B̄k = ([−N2−k,−N2−k−1] ∪ [N2−k−1, N2−k]) ×

([−N2−k,−N2−k−1]∪ [N2−k−1, N2−k]). Again, the probability that a 2D DFT atom

within B̄k is sampled depends on the size and on the number of significant wavelets

of B̄k.

2.2 Variable Density Sampling in the Fourier Domain

2.2.1 Variable Density Sampling Functions

For 2D natural images, the significant wavelet components tend to cluster

around coarse scales. Thus, according to the principle of Fourier sampling of wavelet

subbands, the Fourier coefficients to be measured should also cluster over low fre-

quency bands. Obviously, by placing the samples selectively but still in a random

manner, we can achieve better quality of image reconstruction than if those measure-

ments are chosen uniformly random. In the following, we discuss how the sampling

probability of the Fourier samples should change over different frequency bands.

1 Results in [19] do not directly imply that if multiple subbands contain nonzero
elements and the corresponding frequency intervals are sampled proportionally
to their occupancy, the signal can still be recovered with high probability. Thus,
splitting the signal into various wavelet subbands and then performing incoher-
ent sampling is suggested.
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For natural images, it is well-known that the distribution of wavelet subband

coefficients can be adequately described by GGD models [58]. Let wB
i,j,k denote the

(i, j)th wavelet coefficient in the kth scale. For ease of analysis, we assume that

wB
i,j,k, for B ∈ LH,HL,HH, belongs to the same GGD with the probability density

function given by:

f(x;σk, βk) = η(σk, β) exp{−[|x|/d(σk, βk)]βk}, (2.1)

where d(σk, βk) = σk

√
Γ(1/βk)
Γ(3/βk)

, η(σk, βk) =
βk

2Γ( 1
βk

)d(σk,βk)
and Γ(z) =

∫∞
0
t−1+ze−t dt

is the Gamma function. The parameters σk and βk are the standard deviation

and the shape parameter of the kth scale, respectively. Typical values of βk for

natural images falls in the range [0.5, 1] [58]. The variance of the kth scale wavelet

coefficients is given by σ2
k which is assumed to decrease exponentially from coarse

scales to fine scales [59]:

σ2
k = 2−a(K−k), (2.2)

where a > 0. It was shown in [59] that a can range from 2.25 to 3.1 based on

the inference from empirical studies. Equation (2.2) also reveals the fact that the

magnitude of wavelet coefficient decays rapidly from coarse scales to fine scales.

Here the coarsest scaling coefficient of the image is assumed to belong to a uniform

distribution U(0, 1).

We first discuss how the sampling probability of DFT atoms should change

according to the incoherent sampling of wavelet subbands. Here we define the

significant wavelet coefficients as the wavelet coefficients whose magnitudes are larger

than a threshold µ > 0. Since the number of wavelet coefficients at scale k is 3(4K−k)

, the mean of the number of significant wavelet coefficients at scale k is:

λk = 6(4K−k)

∫ ∞

µ

f(x; σk, βk) dx. (2.3)

Consider the (m,n)th DFT atom within the band B̄k corresponding to the wavelet

scale k = K − ⌊log2(2s)⌋ where s = max{|m|, |n|} and −N/2 ≤ m,n < N/2. It is
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clear that the number of DFT atoms within B̄k satisfies: ςk ∝ 4K−k. Thus, based on

the incoherent Fourier subband sampling method, the probability that the (m,n)th

DFT atom is selected also satisfies:

p̃(m,n) ∝ λk
ςk

∝
∫ ∞

µ

f(x;σk, βk) dx. (2.4)

Before examining p̃(m,n) in the general case it is insightful to consider a

special case of the GGD: the Laplacian (βk = 1). The Laplacian distribution is

of particular importance for the following two reasons: 1) it is analytically more

tractable; 2) the empirical distribution of subband wavelets for many natural images

are close to Laplacian [58]. With βk = 1 and d(αk, βk) = σk/
√
2, it can be shown

that: ∫ ∞

µ

f(x;σk, βk) dx =
1

2
exp

(
−

√
2µ

σk

)
. (2.5)

Thus, p̃(m,n) can be approximated as:

p̃(m,n) ∝ exp[−(2
a+1
2 µs

a
2 )]. (2.6)

It is clear that p̃(m,n) decays exponentially alone with the atom coordinates s and

the decay rate depends on the image characteristic parameter a. Analysis based

on the Laplacian distribution indicates that in the general case, p̃(m,n) should

also decay exponentially with its atom coordinates. For the random selection of

DFT atoms, it is convenient to construct a sampling density function in the DFT

domain and generate a sampling pattern according to the sampling density function.

Designing a sampling density function following (2.6) would require image dependent

parameter a, βk and µ. However, in reality, only the number of measurements J is

known. A method which does not require image dependent information to design

an effective sampling density function is more desirable.

To conform to the decaying behavior of the sampling probability with increas-

ing coordinates while keeping a simple form, we propose a new family of sampling
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density functions containing only exponential terms. Assuming the size of the un-

derlying image is M ×N , the probability that the (m,n)th coefficient is sampled is

given by:

p
F
(m,n) = exp

[
−
(√

(m
N
)2 + ( n

N
)2
)a

F

σ2
F

]
, (2.7)

where −M/2 ≤ m < M/2 and −N/2 ≤ n < N/2. a
F
> 0 is a parameter char-

acterizing the decay of the sampling probability. σ
F
> 0 is a parameter tuned to

obtain the desired number of samples. Since 0 < p
F
(m,n) < 1, p

F
(m,n) is suitable

as a probability function. Furthermore, the proposed sampling density function is

flexible to accommodate various decaying rates and different number of measure-

ments by tuning the parameters a
F
and σ

F
. Given a

F
, the sampling ratio defined

as J/MN is a monotonically increasing function of σ
F
. Thus, the search of σ

F
for

a desired number of measurements is straightforward. Furthermore, σ
F
can also be

found by numerically solving the following problem:∫ 1
2

− 1
2

∫ 1
2

− 1
2

exp

[
−
(√

x2 + y2
)a

F

σ2
F

]
dxdy =

J

M ×N
. (2.8)

The sampling patterns generated from the sampling density function are binary

where 1 at (m,n) indicates a sampling point and 0 means no measurement on that

point is made. With a probability given by p
F
(m,n), 1 will be generated at (m,n);

otherwise, 0 will be generated.

Based on the observation from the case of the Laplacian distribution, it is rea-

sonable to set a
F
= 1

2
aβ̄, where β̄ is defined as the averaged value of several coarsest

scale shape parameters. However, it should be noted that the above analysis based

on the incoherent Fourier subband sampling principle only provides approximately

equal probability of reconstruction for significant wavelet components both at coarse

scales and at fines scales. For image reconstruction, the contribution of an individual

significant wavelet component to the image quality should be considered. Equation

(2.2), along with empirical data analysis, reveals that a significant wavelet coeffi-

cient at a coarse scale usually has much larger magnitude than that of a significant
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wavelet coefficient at a fine scale. Thus, probabilistically, a coarse scale wavelet has

much more contribution to the reconstructed image quality than that of a fine scale

wavelet. Consequently, to achieve good reconstructed image quality, it is desirable

to give more preference to the reconstruction of coarse scale wavelet components.

Such intuitive analysis shows that an effective sampling density function should de-

cay faster than predicted by a
F
= 1

2
aβ̄ and it is desirable to increase the decaying

parameter a
F
away from 1

2
aβ̄. Simulation results show that a

F
≈ 1.3 a leads to good

image reconstruction, as will be illustrated in Sec. 3.5. It is also observed that the

quality of the reconstructed image is robust to variations of a
F
if a

F
is sufficiently

large. If an estimation of a is not available, then setting a
F
= 3.5 is recommended

since this value leads to robust and satisfactory CS performance.

2.2.2 Variable Density Sampling Spiral for MRI

The variable density sampling pattern proposed in Sec. 2.2.1 can be applied

to MRI in k-space, leading to a reduced set of measurements. However, this method

does not necessary reduce the total scan time. For MRI applications that have

limited scan time, like functional MRI, a single-shot spiral pattern can effectively

cover the k-space within one repetition time (TR) period [60].

Based on the proposed variable density sampling function p
F
(m,n), a single-

shot spiral sampling pattern is designed which involves two steps. In the first step,

starting from the origin of the k-space, the proposed spiral samples all the points

within radius γ on the sampling grid. For a given threshold 0<th<1, γ is set such

that p
F
(m,n)>th for

√
m2 + n2<γ. In the second step, where

√
m2 + n2≥ γ, the

trajectory of the spiral is described by the polar equation:

r(t) = exp
(
btaF

)
,

(
lnγ

b

) 1
a
F ≤ t ≤

(
lnN

2

b

) 1
a
F

, (2.9)

where b > 0 and N is the size of the sampling grid in the k-space. The parameter

t is sampled sufficiently so that the sampling points are continuously located along
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the spiral and b is adjusted to obtain a desired number of samples. It is shown that

th = 0.8 leads to spirals whose performance approximates those patterns generated

from p
F
(m,n). Here it is assumed that the MRI gradient hardware is designed such

that the slew-rate and amplitude constraints allow the sampling trajectory to move

from one sampling point to its neighboring points on the sampling grid without any

difficulty [61].

2.3 Sampling in the ordered DHT domain

Sampling in the ordered Discrete Hadamard Transform (DHT) domain is

suitable for image sampling with hardware capable of representing binary measure-

ment matrices since the basis images of 2D ordered DHT are binary. Furthermore,

ordered DHT has fast transform algorithms. In ordered DHT, the atoms are or-

dered by the number of sign changes (zero crossing) between consecutive entries

in a Hadamard atom [24]. Thus, ordered DHT can be regarded as a generalized

class of DFT and more specifically, a binarized version of DCT sharing thus many

properties of DFT and DCT [62].

To design the incoherent sampling pattern in the ordered DHT domain, we

need to exploit the fact that ordered DHT can be regarded as a binary approximation

of the DCT. For illustrative purposes, we first describe the spectrum characteristics

of 1D wavelets in the DCT domain. Let vk,l(m), 0 ≤ m ≤ N − 1 be the DCT of

a 1D wavelet φk,l(n), n = 0, 1, . . . , N − 1. Define the averaged DCT spectrum of

wavelets at scale k as:

V (m)k =
N2−k−1∑

l=0

∣∣vk,l(m)
∣∣. (2.10)

It can be shown that the DCT spectrum of wavelets at scale k has approximately

the same shape as their Fourier spectra. The DCT spectrum band B̃k of wavelets

at scale k is B̃k ≈ [N2−k, N2−k+1]. Similar to incoherent subband sampling in the

Fourier domain, to reconstruct φk,l from its DCT samples, we need to select the
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DCT atoms randomly within the band B̃k. Now consider the incoherent sampling

in the ordered DHT domain. We can define the averaged ordered DHT spectrum of

wavelets at scale k as:

H(m)k =
N2−k−1∑

l=0

∣∣hk,l(m)
∣∣, (2.11)

where hk,l(m), 0 ≤ m ≤ N − 1, is the ordered DHT of φk,l(n). Since ordered DHT

is a binary approximation of the DCT, H(m)k can be approximated as: H(m)k ≈

V (m)k. Figure 2.1 shows H(m)k for k = 1 to 4 where N = 256 and the underlying

wavelets are Daubechies-4 wavelets. The corresponding DCT spectrum at scale k

is also shown. It can be seen that the averaged ordered DHT spectrum and the

averaged DCT spectrum are similar, which indicates that the principles of sampling

in the DCT domain should be equally applied to the sampling in the ordered DHT

domain. The above analysis can be readily applied to 2D cases. Following a similar

procedure to that described in Sec. 2.2.1, the variable density sampling function in

the 2D ordered DHT domain is designed as follows:

p
H
(m,n) = exp

[
−
(√

(m
M
)2 + ( n

N
)2
)a

H

σ2
H

]
, (2.12)

where 0 ≤ m ≤M − 1, 0 ≤ n ≤ N − 1. σH depends on the number of samples and

a
H
depends on the desired decay of the sampling probability. The sampling patterns

are then obtained as realizations of p
H
(m,n). As sampling in the DFT domain, the

sampling ratio is a monotonically increasing function of σ
H
and searching of σ

H
for

a desired number of measurements is straightforward. Similar to (2.8), an initial

guess of σ
H
can also be found. As in Fourier sampling, simulation results show that

a
H
≈ 1.3 a leads to good image reconstruction. If an estimation of a is not available,

then setting a
H
= 3.5 is also recommended.

2.4 Evaluation of incoherence sampling

Undersampling in the transform domain inevitably brings aliasing interfer-

ence in signal reconstruction. However, if the sampling is incoherent, the aliasing
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Figure 2.1: Ordered DHT and DCT spectra of Daubechies-4 wavelets. (a) at scale
4; (b) at scale 3; (c) at scale 2; (d) at scale 1.
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interference has noise-like effect and can can be removed by compressed sensing with-

out degrading the image quality [22]. To evaluate the incoherent sampling patterns

for natural images we consider the interference in the wavelet domain resulted from

undersampling in the measurement transform domain Φ. To this end, we extend the

TPSF analysis in [22] and incorporate the statistical model of signal distribution in

the wavelet domain.

Let wi,j, (i, j) ∈ [0, N − 1] × [0, N − 1], be the simplified notation of the

(i, j)th 2D wavelet coefficient of a natural image that obeys the proposed model in

Sec. 2.2. Incoherence is measured by the interference in the wavelet domain caused

by the undersampling in Φ. Without loss of generality, let Φu be the undersampled

ordered DHT operator and Φ+
u be the back-projection ordered DHT operator. Let

Ψ be the sparse wavelet transform and Ψi,j be the (i, j)th wavelet atom. For an

image of size N × N , we define a weighted TPSF as: T i,j
w = |wi,j|ΨΦ+

uΦuΨ
i,j. T i,j

w

is the interference in the wavelet domain caused by the undersampling of |wi,j|Ψi,j

in ordered DHT. T i,j
w is the distribution of the energy of |wi,j|Ψi,j to other wavelets

through back-projeciton. A nonzero value of T i,j
w at (m,n) ̸= (i, j) means that the

wavelet component at (m,n) suffers from the interference caused by the undersam-

pling of the wavelet component at (i, j). Note that if test image is available, wi,j

can also be drawn from the test image directly. The incoherence of the sampling

pattern can be evaluated by the following metric ξ defined as:

ξ =
1

N2 ×N2

∑
(i,j)

∑
(m,n)

|T̃ i,j
w (m,n)|2, (2.13)

where T̃ i,j
w (m,n) is defined as: T̃ i,j

w (m,n) = T i,j
w (m,n) for (m,n) ̸= (i, j) and

T̃ i,j
w (m,n) = 0 for (m,n) = (i, j). ξ can effectively measure the strength of the

aliasing interference. The smaller the ξ, the smaller the incoherent interference. As

will be shown in the simulations, among several sampling patterns, ξ can be used

to select the sampling pattern that yields the lowest incoherence interference.

25



2.5 Simulations

In this section, extensive simulations are provided to illustrate the effective-

ness of the proposed methods. The selection of the design parameters are also

discussed. In the simulations, all the images are assumed sparse in the Daubechies-

8 wavelet domain and pixel values are within [0, 1]. It is also assumed that each

measurement is corrupted by additive white Gaussian noise with variance σ2 = 1e−4.

The BPDN algorithm is used for image reconstruction.

Table 2.1: Reconstruction of MRI images. The performance is measured by PSNR
(dB). “P. VD” is the proposed variable density sampling; “P. SS” is the
proposed single-shot spiral sampling; “P-E U.” is the phase-encodes
undersampling.

No. P. VD P. SS Radial Log-spiral P-E U.

Brain
5000 21.03 19.78 16.26 17.19 17.15
10000 23.86 22.45 19.55 20.58 20.46
15000 25.56 24.74 22.46 23.40 22.99
20000 27.23 26.51 24.68 25.97 24.73
25000 28.77 28.32 27.05 28.10 27.01

Angiography
5000 23.68 22.32 19.87 20.34 21.27
10000 26.02 25.07 22.89 23.85 23.39
15000 27.85 27.38 25.30 26.10 25.70
20000 29.74 29.34 27.25 28.54 27.73
25000 31.34 31.09 29.18 30.39 29.61

In the first example, the proposed variable density sampling is applied to

MRI image acquisition and reconstruction. The MRI images to be measured, Brain

and Angiography, are of size 256× 256 and are shown in Fig. 2.2(a) and Fig. 2.2(b),

respectively. The estimated parameter a for each image is 2.32 and 2.47, respec-

tively. The sampling patterns under investigation contains 15000 samples and there

are 15000 real-valued measurements made along with each sampling pattern. Fig-

ure 2.2(c) shows the proposed single-shot spiral sampling pattern for fast MRI. The
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parameters of the spiral trajectory is set as: a
F

= 3.5, th = 0.8, γ = 47 and

b = 4.5× 10−11. To generate the spiral pattern with continuously located sampling

points, the sampling interval along t is set as: △t = 0.007. Figure 2.3(a) shows part

of the reconstructed Brain image corresponding to the region within the white frame

in Fig. 2.2(a). It is clear that with an undersampling ratio of 22.9%, the MRI image

is reconstructed with only small distortion. Figure 2.2(d) shows an example of the

sampling pattern generated directly from the proposed sampling function given by

Eq. (2.7) with a
F
= 3.5 and σ

F
= 0.134, whose performance serves as a benchmark

for the proposed spiral patterns. The corresponding reconstructed image is shown

in Fig. 2.3(b), which contains less distortion than Fig. 2.3(a).

To compare the proposed sampling patterns with other practical sampling

patterns, we also reconstruct the MRI image from samples taken from radial sam-

pling pattern, logarithmic spiral sampling pattern and random phase-encodes under-

sampling pattern shown in Fig. 2.4(a), Fig. 2.4(b) and Fig. 2.4(c), respectively. The

random phase-encodes undersampling is restricted to undersampling of the phase-

encodes and fully sampled readouts and the sampling density scales according to a

power of distance [23]. The corresponding reconstructed MRI images for the above

sampling patterns are shown in Fig. 2.5(a), Fig. 2.5(b) and Fig. 2.5(c), respectively.

All reconstructed MRI images show more low frequency interference and the image

qualities are not as good as that of the proposed single-shot spiral sampling pattern.

Table 2.1 summarizes more extensive simulation results for the MRI test

images reconstruction with different sampling patterns, where the number of mea-

surements ranges from 5000 to 25000 (undersampling ratio from 7.63% to 38.12%).

The quality of the reconstructed images is measured by the peak signal to noise ratio

(PSNR) and the data are collected from an average of ten runs. The results of the

sampling patterns generated directly from the proposed sampling functions serve as

the benchmarks and among all the sampling patterns, the best result is highlighted
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in bold font in each test set. The simulations again show that the proposed single-

shot spiral sampling patterns consistently have better performance than other fast

sampling patterns. The performance gain is 2 ∼ 3 dB at J = 5000 and 0.2 ∼ 0.7 dB

at J = 25000 for both images. Furthermore, the difference in performance between

the proposed single-shot spiral patterns and the sampling patterns generated from

the proposed sampling density function is small.

In the second example, the proposed sampling method is applied to the ac-

quisition and reconstruction of a set of natural images: boat, Lena, Goldhill, baboon

and Pentagon with size 256 × 256. The estimated parameter a for each images is

estimated as: 2.65, 2.88, 2.32, 2.64, 2.27 and 2.05, respectively. Figure 2.6(b) shows

a sampling pattern in the ordered DHT domain that contains 20000 sampling points

generated from Eqn. (2.12) with a
H
= 3.5 and σ

H
= 0.501. Part of the reconstructed

boat image corresponding to the region within the white frame in Fig. 2.6(a) is shown

in Fig. 2.7(a), which shows that the reconstruction contains little distortion.

For comparison purposes, we also reconstruct the boat image from the samples

taken from the radial sampling pattern and logarithmic spiral sampling pattern

shown in Fig. 2.6(c) and Fig. 2.6(d), respectively. The number of measurements

taken from both sampling patterns are the same as that of the proposed sampling

pattern. Part of the corresponding reconstructed images are shown in Fig. 2.7(b)

and Fig. 2.7(c), respectively. Again, both reconstructed images show more aliasing

artifacts, which indicates that they are not as effective as the proposed sampling

pattern.

Simulation results are summarized in Table 2.2, where the number of mea-

surements ranges from 5000 to 25000 and the best results as the average of ten

runs is also highlighted. For each test image, it is shown that the proposed variable

density sampling achieves much better performance than logarithmic spiral patterns

and radial patterns. The performance gain is 2 ∼ 4 dB at J = 5000 and 0.5 ∼ 0.8
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dB at J = 25000. To verify that the proposed sampling pattern, which exploits

the a priori information of natural images, achieves better performance than meth-

ods that do not exploit the a priori information, the simulation results using the

Noiselet ensemble, SFE and SBHE under different number of measurements are also

presented in Table 2.2. To acquire the image information, samples of the Noiselets,

SFE and SBHE are taken randomly. The proposed sampling method achieves the

best performance in all simulations. For illustrative purposes, Fig. 2.7(d) shows the

reconstructed result for image boat using SBHE. Such comparison clearly shows the

performance gain achieved by exploiting the a priori information.

The incoherence of the proposed sampling patterns can also be evaluated

by using the proposed incoherence metric proposed in this thesis. We test three

sampling patterns in the ordered DHT domain using the image “Boat” and take

5000 measurements. The incoherence metrics are 0.0034, 0.0062 and 0.0078 for the

proposed variable density sampling pattern, radial sampling pattern and logarithmic

spiral sampling pattern, respectively. The lowest metric value is yielded by the

proposed variable density sampling pattern leading to the least aliasing interference,

which, in turn, is in accordance with the best reconstruction performance.

Next, we show that the reconstruction performance is not sensitive to the

parameters a
F
or a

H
in the sampling functions. Here, we test the reconstruction

performance as the parameter a
H

changes. Figure 2.8 shows the reconstruction

results of all test images with 20000 number of measurements. Data is collected

as the result of 20 runs. Each test image has different curves and textures, thus

has different statistical model parameters. The sampling patterns are constructed

with a
H
ranging from 0.5 to 6. It shows that the sampling patterns lead to similar

performance for all the images when a
H

ranges from 2.5 to 4.5. The difference of

performance measured by PSNR is within 0.4 dB. Thus, the image reconstruction is

robust to variations over a
H
. An empirical rule for the selection of a

H
is a

H
= 1.3 a.
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If the estimation of a is not available, then set a
H

= 3.5 is recommended since

a
H

= 3.5 lies in the middle of the flat region shown in Fig. 2.8. Note that the

reconstruction performance tends to become worse as a
H
increases. Since larger a

H

means more low frequency samples are taken, the simulation shows that sampling

only low frequency components is not a good strategy.

Figure 2.9 shows the simulation results of image recovery using min-TV.

For illustrative purposes, only the following sampling schemes are considered: the

proposed variable density sampling, logarithmic spiral sampling and SBHE [21]. The

simulation results show that the proposed variable density sampling again achieves

the best performance, which is more obvious when the sampling ratio is low. It can

be concluded that the advantages of using the proposed variable density sampling

does not depend on a specific reconstruction algorithm.
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(a) (b)

(c) (d)

Figure 2.2: The original MRI images: (a) Brain; (b) Angiography. (c) Proposed
single-shot spiral sampling pattern. (d) Proposed variable density
sampling pattern. Each sampling pattern has a 22.9% undersampling
ratio.
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(a) (b)

Figure 2.3: Part of the reconstructed image with (a) proposed spiral sampling
pattern; (b) proposed variable density sampling pattern; See Table 2.1
for corresponding PSNR.
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(a) (b)

(c)

Figure 2.4: (a) Radial sampling pattern. (b) Logarithmic spiral pattern. (c) Ran-
dom phase-encodes undersampling pattern. Each sampling pattern
has a 22.9% undersampling ratio.
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(a) (b)

(c)

Figure 2.5: Reconstruction of (a) radial sampling pattern; (b) logarithmic spi-
ral pattern. (c) random phase-encodes undersampling pattern. See
Table 2.1 for corresponding PSNR.
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(a) (b)

(c) (d)

Figure 2.6: (a) The original image Boat. (b) Proposed variable density sampling
pattern. (c) Radial sampling pattern. (d) Logarithmic spiral sampling
pattern. Each sampling pattern has a 30.5% undersampling ratio.
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(a) (b)

(c) (d)

Figure 2.7: Part of the reconstructed image with (a) proposed variable density
sampling pattern; (b) radial sampling pattern; (c) logarithmic spiral
pattern; (d) SBHE. See Table 2.2 for corresponding PSNR.
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Table 2.2: Reconstruction of images in ordered DHT domain. The performance
is measured by PSNR (dB). “P. VD” is the proposed variable density
sampling.

No. P. VD Radial Log-spiral Noiselet SFE SBHE

boat
5000 22.75 19.88 19.79 18.51 19.27 18.62
10000 24.93 22.93 22.77 20.78 21.39 20.74
15000 26.70 25.09 25.03 22.67 23.25 22.69
20000 28.36 26.96 26.95 24.19 24.93 24.56
25000 29.55 28.79 28.64 25.58 26.27 26.18

Lena
5000 25.51 21.28 21.51 20.14 21.25 20.05
10000 27.91 25.33 25.49 23.10 23.87 23.10
15000 29.77 28.24 28.04 25.06 25.77 25.45
20000 31.24 30.07 29.91 26.76 27.56 27.43
25000 32.57 31.82 31.54 28.48 29.17 29.01

Goldhill
5000 24.96 22.14 21.24 20.58 21.31 20.38
10000 27.09 25.14 24.80 22.89 23.36 22.81
15000 28.84 25.82 26.96 24.59 25.10 24.73
20000 30.18 27.30 28.67 25.98 26.59 26.52
25000 31.26 30.63 29.88 27.37 27.93 27.94

baboon
5000 22.47 21.09 20.93 19.59 20.16 19.48
10000 23.32 22.55 22.57 21.08 21.36 20.91
15000 24.31 23.46 23.64 22.12 22.33 22.01
20000 25.30 24.60 24.67 23.04 23.36 23.05
25000 26.40 25.92 25.82 23.88 24.31 24.15

pentagon
5000 24.78 22.59 22.69 21.37 21.95 21.32
10000 26.32 24.75 24.69 22.92 23.36 22.79
15000 27.61 26.32 26.19 24.33 24.54 24.17
20000 28.88 27.79 27.75 25.32 25.66 25.50
25000 29.86 28.13 28.97 26.22 26.87 26.77
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quadratic constraints.

38



Chapter 3

ADAPTIVE SUBSPACE COMPRESSIVE DETECTION

FOR SPARSE SIGNALS

3.1 Motivation

We motivate the design of subspace compressive detectors by targeting the

following application: detection of a known sparse signal with a data acquisition

strategy where the objective is to reduce the number of measurements for a given

detection performance. Here we assume an explicit subspace linear model for the

sparse signal x of length N . The K vectors of Ψ construct an N × K matrix

H = [ψ
n1
, ψ

n2
, . . . , ψ

nK
], where ni ∈ {1, 2, . . . , N} for i = 1, . . . , K. The signal x is

represented as x = Hθ, where θ is a K×1 vector with all non-zero entries. However,

since a general data acquisition strategy is desirable, we do not assume that we have

complete knowledge of x at the time of acquisition. Signal templates are provided

when making detection decisions. Without any other a priori information, it is also

assumed that the signal energy is uniformly distributed over its entire subspace.

We first review the traditional approach that obtains measurements by di-

rectly sampling the received signal. Assume Nyquist sampling is achievable, then

the detection problem is to distinguish between two hypotheses H0 and H1:

H0 : y = w,

H1 : y = x+w, (3.1)

where w ∼ N (0, σ2IN) is Gaussian noise. The probability of detection, denoted

by Pd, is the probability of choosing H1 when H1 is true. The probability of false
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alarm, denoted by Pf , is the probability of choosing H1 when H0 is true. According

to the Neyman-Pearson (NP) criterion, the optimum decision strategy maximizes

Pd while keeping Pf under a certain value [29]. It is well known that the optimal

detector is the matched filter given by [29]:

t(y) = ⟨y,x⟩. (3.2)

t(y) is a sufficient statistic which contains all the information relevant for the detec-

tion problem. It can be shown that the performance of the matched filter is given

by [29]:

Pd = Q

[
Q−1(Pf )−

√
xTx

σ2

]
, (3.3)

where Q(x) , (2π)−
1
2

∫∞
x
e−x2/2dx. Although the detection performance is opti-

mal, this method would require fully sampled data, which puts high demanding

requirements on sampling, post-processing and storage resources. Although such

requirements can be lowered down by downsampling, the detection performance is

generally not guaranteed.

The second approach which also provides a general data acquisition strategy

is the compressive detector proposed in [25], which works directly on a reduced set

of M ≤ N compressive measurements. The detection problem is to distinguish

between two hypotheses H0 and H1:

H0 : ỹ = Φw,

H1 : ỹ = Φ(x+w), (3.4)

where Φ is an M ×N random measurement matrix with each entry taken from an

i.i.d. random distribution. Without loss of generality, we assume that each entry

of Φ obeys a zero-mean Gaussian distribution with variance 1/M . The sufficient

statistic is given by:

t(ỹ) = ỹT (ΦΦT )−1Φx, (3.5)
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and the performance of the compressive detector can be approximated as [25]:

Pd ≈ Q

[
Q−1(Pf )−

√
M/N

√
xTx

σ2

]
. (3.6)

In the following, a derivation of (3.6) is provided below by invoking the central

limit theorem. It can be shown that the performance of the compressive detector is:

Pd = Q

[
Q−1(Pf )−

√
xTPΦx

σ2

]
, (3.7)

where

PΦ = ΦT (ΦΦT )−1Φ. (3.8)

We derive an approximation of (3.7) that has been presented in [25] by invoking the

central limit theorem. Same approximation method is applied to the approximation

of the proposed subspace compressive detection performance. Let A = ΦΦT and let

Φj be the transpose of the jth row of Φ, then each entry of A can be represented

as: Aij = Φi
TΦj. The distribution of the diagonal entry Aii, for i = 1, . . . ,M is

Aii ∼ (1/M)χ2
N with mean and variance:

E(Aii) = N/M, (3.9)

var(Aii) = 2N/M2, (3.10)

where χ2
N denoting a central chi-squared distribution with N degrees of freedom. If

N is sufficiently large, the off-diagonal entries Aij, for i ̸= j, can be approximated

as a Gaussian variable with mean and variance:

E(Aij) = 0, (3.11)

var(Aij) = N/M2. (3.12)

Thus if M is also sufficiently large, A can be approximated as: A ≈ N/MIM×M ,

leading to the following approximation:

xTPΦx ≈M/N∥Φx∥2. (3.13)
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It has been shown that, with high probability, the random measurement matrix

Φ satisfies the restricted isometry property (RIP) and is proved to be a stable

embedding of K-sparse signals for M sufficiently large [25, 26, 14]. That is,

(1− ϵ)∥x∥2 ≤ ∥Φx∥2 ≤ (1 + ϵ)∥x∥2, (3.14)

for ϵ > 0 sufficiently small. Thus, the detection performance can be approximated

as [25]:

Pd ≈ Q

[
Q−1(Pf )−

√
M/N

√
xTx

σ2

]
. (3.15)

It is clear that the detection performance depends on the signal energy that

the detector can collect, which is approximately proportional to the number of mea-

surements. Since M/N ≤ 1, the compressive detector suffers from lower probability

of detection with reduced number of measurements. As an example, the number of

measurement which is 50% of the full sampled signal length would lead to a per-

formance degradation equivalent to 3 dB loss in signal energy to noise ratio (ENR)

defined as xTx/σ2.

To improve the detecting performance with compressive measurements, we

exploit the fact that a sparse signal resides in a low dimension subspace and we can

capture most of the signal energy with as few as K measurements just by projecting

the signal into its own subspace. Furthermore, the information of the signal subspace

can be inferred from known signal characteristics or learned from training data. To

this end, we assume that at the time of acquisition, we know the signal subspace

or we know the matrix H. However, we should not assume that we can always

obtain as many as K measurements. On one hand, K could be a pretty large

number for a practical signal with large dimension. On the other hand, the number

of measurements can be further constrained by limited hardware complexity, as in

a parallel integration-dump structure, or constrained by limited acquisition time,

such as in the detection of a high speed object by single-pixel camera [2, 3]. Thus,
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we consider broad applications where only M ≤ K measurements are available. We

design the subspace measurement matrix as follows:

Φ̄ = G(HTH)−1HT , (3.16)

where G is an M × K random matrix with M ≤ K where each entry of G is

taken from an i. i. d. random distribution. The detection problem reduces then to

distinguish between two hypotheses H0 and H1:

H0 : ȳ = Φ̄w,

H1 : ȳ = Φ̄(x+w). (3.17)

It is easy to show that the sufficient statistic is given by:

t(y) = ȳT (Φ̄Φ̄T )−1Φ̄x = ȳT [G(HTH)−1GT ]−1Gθ, (3.18)

and the detector performance is then given by:

Pd = Q

[
Q−1(Pf )−

√
xTPΦ̄x

σ2

]
, (3.19)

where

PΦ̄ = Φ̄T (Φ̄Φ̄T )−1Φ̄. (3.20)

Note that as in CS, each measurement here is equally important in probability. To

reveal the tradeoff between the detection performance and the number of measure-

ments, we assume, without loss of generality, that H is drawn from an orthonormal

basis and each entry of G follows a Gaussian distribution with zero mean and vari-

ance 1/M . Then, xTPΦ̄x can be represented as:

xTPΦ̄x = xT Φ̄T (Φ̄Φ̄T )−1Φ̄x

= θTGT [GGT ]−1Gθ. (3.21)
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Following the analysis described in in the derivation of (3.6) with central limit

theorem, we can obtain the following approximationGGT ≈ K/MIK×K forK,M ≫

1. Thus xTPΦ̄x can be further approximated as:

xTPΦ̄x ≈ (M/K)θTGTGθ. (3.22)

Let D = GTG and let gj be the jth column of G, then each entry of D can be

represented as: Dij = gi
Tgj. Furthermore,

θTGTGθ =
K∑
i=1

K∑
j=1

θiDijθj. (3.23)

The diagonal entries Dii, for i = 1, . . . , K follow a chi-squared distribution with

mean and variance:

E(Dii) = 1, (3.24)

var(Dii) = 2/M. (3.25)

If K is sufficiently large, the off-diagonal entries of D can be approximated as a

Gaussian variable with mean and variance:

E(Dij) = 0, (3.26)

var(Dij) = 1/M. (3.27)

Thus, if M is large enough, to get an approximation of (3.23), we can ignore the

off-diagonal entries of D and approximate the diagonal entries as 1 reaching the

following approximation:

θTGTGθ ≈
k∑

i=1

θiDiiθi ≈ xTx. (3.28)

Finally, the detector performance can be approximated as:

Pd ≈ Q

[
Q−1(Pf )−

√
M/K

√
xTx

σ2

]
. (3.29)
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The approximation of Pd by (3.29) also holds when ψi in Ψ has unit energy and

are only approximately orthogonal to each other. Note that (3.29) is only a coarse

approximation and a randomly selected matrix G may lead to worse results than

expected by (3.29), especially if θ is located in the null space of G. However,

the sparsity K of many practical signals is not a trivial number and may be on

the order of 102 or more [19]. Usually the number of measurements M is also

much larger than 1. Thus, with high probability, the detection performance is

closely concentrated around its expected performance. For a sequence of detection

operations, one realization of G can be selected for each detection to avoid the worst

scenario.

Compared with (3.6), the proposed detector improves the detection perfor-

mance with the same number of measurements by exploiting the signal subspace.

The design of Φ̄ is to project the noisy data ȳ into the signal subspace first and

then project the result onto random basis. By projecting the noisy data into signal

subspace, there is no loss of signal energy. However, the noise power is significantly

reduced. Thus, good detection performance is expected even with a small num-

ber of measurements. Furthermore, much like the compressive detector provides

an universal detection scheme for signals in the N -dimensional space, the subspace

compressive detector exploiting the linear signal model provides an universal detec-

tion scheme for all signals in the same subspace. The introduction of the random

matrix G makes the detector robust to magnitude variations over θ.

In (3.16), G seems to be redundant if the number of measurement matches

the signal sparsity. That is: M = K. However, from the hardware implementation

aspect, a random matrix G with size M ×M is still desirable since adding of the

random matrix G leads to measurements equally important in probability. Thus,

if any measurement goes wrong, it will not lead to severe performance degradation.

Without G, what is measured are the signal transform coefficients. Since failing to
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measure a large coefficient may lead to wrong detection results, such transform based

detection is not robust. Another advantage of introducing G lies in its robustness to

quantization which is inevitable in hardware implementation. If H is drawn from an

orthonormal basis, then each entry of Φ̄ belongs to the same Gaussian distribution.

Thus, optimal quantization based on Gaussian distribution can be employed [51].

The design of the subspace compressive detector above was motivated for the

detection of a known sparse signal. The performance improvement by exploiting

additional signal information can be easily manifested by comparing with that of

the compressive detector [25]. The main focus of this thesis, however, is the design

of subspace compressive detectors for the detection of an unknown sparse signal.

We assume that the information of signal subspace can be obtained as a priori or

learned from the compressive measurements of training data [2].

3.2 Detection of Unknown Sparse Signal

3.2.1 Subspace Compressive Detection

In many practical applications, the signal to be detected is unknown or has

unknown parameters. Clearly in such cases, a simple detector like a matched filter

is not available. In the following, it is assumed that in the signal sparsity model, θ is

unknown but H is available. We apply the design of subspace measurement matrix

to the detection of an unknown sparse signal.

Let a = Φ̄Hθ and C̄ = σ2ΦΦT , where Φ̄ is the subspace measurement matrix

designed according to (3.16). With the same hypothesis testing problem (3.17), the

decision strategy is given by the generalized likelihood ratio test (GLRT) [29]:

L(ȳ) =
p
(
ȳ; â,H1

)
p(ȳ;H0)

H1

≷
H0

γ, (3.30)

where â is the maximum likelihood estimation (MLE) of a under H1. It is easy to
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show that the probability density function (PDF) of ȳ under H0 is given by:

p(ȳ;H0) =
1

(2π)
M
2 det

1
2 (C̄)

exp

[
− 1

2
ȳT C̄−1ȳ

]
, (3.31)

and the PDF of ȳ under H1 is given by:

p(ȳ;â,H1)=
1

(2π)
M
2 det

1
2 (C̄)

exp

[
− 1

2
(ȳ − â)T C̄−1(ȳ − â)

]
. (3.32)

In (3.30), γ is a threshold chosen to achieve a desired probability of false alarm.

Thus, H1 is selected if L(ȳ) > γ, otherwise H0 is chosen.

In (3.32), the MLE of a can be obtained by solving the following equation:

∂p(ȳ; a,H1)

∂a
= 0, (3.33)

which leads to:

â = ȳ. (3.34)

Then the sufficient statistic of the subspace compressive GLRT detector can be

derived as:

t(ȳ) = 2lnL(ȳ) =
ȳT (Φ̄Φ̄T )−1ȳ

σ2
> γ′. (3.35)

Not that

ȳ ∼

 N(0, σ2Φ̄Φ̄T ) : under H0

N(Φ̄Hθ, σ2Φ̄Φ̄T ) : under H1,
(3.36)

which leads to the distribution of t(ȳ) as follows:

t(ȳ) ∼

 χ2
M : under H0

χ
′2
M(λ) : under H1,

(3.37)

where χ2
M denoting a central chi-squared distribution withM degrees of freedom and

χ
′2
M(λ) denotes a noncentral chi-squared distribution withM degrees of freedom and

noncentrality parameter λ. It can be easily shown that the noncentrality parameter

λ is given by:

λ =
θTGT

[
G(HTH)−1GT

]−1
Gθ

σ2
. (3.38)
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From the above analysis, we can obtain the detection performance for a given γ′ as

follows:

Pf = Qχ2
M
(γ′), (3.39)

Pd = Qχ
′2
M (λ)(γ

′), (3.40)

where Qχ2
M

is the right-tail probability of a chi-squared random variable with M

degrees of freedom; Qχ
′2
M (λ) is the right-tail probability of a noncentral chi-squared

random variable with M degrees of freedom and noncentrality parameter λ [29].

Equations (3.39)-(3.40) do not give us an intuitive interpretation on how

the number of measurements affects the detection performance. Note that if M is

sufficiently large, t(ȳ) can be approximated as a Gaussian random variable. Fur-

thermore, if M also satisfies M ≫ xTPΦ̄x/σ
2, then the detection performance can

be approximated as [29]:

Pd ≈ Q

[
Q−1(Pf )−

xTPΦ̄x

σ2

√
1

2M

]
(3.41)

≈ Q

[
Q−1(Pf )−

√
M

2

xTx

Kσ2

]
. (3.42)

Compared with (3.29), there is performance loss due to unknown θ when xTx/σ2 ≤

2M .

3.2.2 Compressive Detection

Here we consider the extension of the compressive detector proposed in [25]

to the detection of unknown sparse signals since it is instructive to compare its per-

formance to that yielded by the subspace compressive detector. Since compressive

detector does not exploit the signal structure, it provides the most universal mea-

surement scheme. However, it is assumed that the information of signal subspace,

which can be exploited to improve the detection performance, can be obtained when
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making detection decision of the unknown sparse signals. In the following, the com-

pressive GLRT detector is derived for the detection of an unknown sparse signal.

We consider the measurement matrix Φ with the number of measurement M . Since

forM < K, the signal subspace can not be exploited and the detection performance

is intrinsically poor, we only consider the case K ≤M ≤ N . In such cases, the un-

known parameters θ in the signal sparsity model can be estimated. The estimation

of θ then is used in the LRT, yielding the compressive GLRT detector that depends

on the random projections ỹ. With the detecting problem (3.4), we proceed as

follows.

Let C = σ2ΦΦT and B = ΦH, the PDF of the measured data under H0 is:

p(ỹ;H0) =
1

(2π)
M
2 det

1
2 (C)

exp

[
− 1

2
ỹTC−1ỹ

]
. (3.43)

The PDF of the measured data under H1 is:

p(ỹ;θ̂,H1)=
1

(2π)
M
2 det

1
2 (C)

exp

[
− 1

2
(ỹ −Bθ̂)TC−1(ỹ −Bθ̂)

]
. (3.44)

Then the compressive likelihood ratio is:

L(ỹ) =
p(ỹ; θ̂,H1)

p(ỹ;H0)
, (3.45)

where θ̂ is the MLE of θ obtained by solving the follow problem:

∂p(ỹ; θ,H1)

∂θ
= 0. (3.46)

It can be shown that:

θ̂ = (BTC−1B)−1BTC−1ỹ. (3.47)

The sufficient statistic is then given by:

t(ỹ) = 2lnL(ỹ) = ỹTC−1B(BTC−1B)−1BTC−1ỹ > γ̃, (3.48)

Note that under H0,

BTC−1ỹ = BTC−1Φw ∼ N (0,BTC−1B). (3.49)
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Under H1,

BTC−1ỹ = BTC−1Φ(θ +w) ∼ N (BTC−1Bθ,BTC−1B). (3.50)

Thus, the sufficient statistics follows the distributions:

t(ỹ) ∼

 χ2
K : underH0

χ
′2
K(λ) : underH1,

(3.51)

where the noncentrality parameter is:

λ =
xTΦT (ΦΦT )−1Φx

σ2
. (3.52)

The detection performance is then given by:

Pf = Qχ2
K
(γ̃) (3.53)

Pd = Qχ
′2
K(λ̃)(γ̃), (3.54)

As will be illustrated in the simulations, with less number of measurements, the

subspace compressive GLRT detector outperforms the compressive GLRT detector

which does not exploit signal structure at data acquisition.

3.3 Detection with Narrowband interference

3.3.1 Subspace Compressive Detection

In many scenarios, the signals are contaminated not only by additive Gaus-

sian noise, but also are corrupted by narrowband interference (NBI), which makes

the detection problem more challenging. The subspace compressive detection method

proposed can be naturally extended into NBI mitigation. Instead of using a notch

filter at the analog front end or using adaptive algorithms to post-process the mea-

surement data [63, 64], we try to mitigate the NBI at the measurement stage. That

is, by designing appropriate measurement matrix, we project the incoming signal

onto NBI null subspace so that NBI can be totally filtered out [65].
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Consider the interference modeled by Z = Sφ where S is an N × J matrix

whose columns span the interference subspace ⟨S⟩ and φ ∈ RJ is the interference

coefficient vector with J ≪ N − K. It is assumed that S is available but φ is

unknown. Note that even when the NBI subspace is unknown, we can estimate it

from random compressive measurements via CS approaches since the NBI usually

has sparse representation in the DFT domain or DCT domain.

With the existence of NBI, the detection of a sparse signal needs to distinguish

between two hypotheses H0 and H1:

H0 : y′ = Sφ+w,

H1 : y′ = Hθ + Sφ+w. (3.55)

Using subspace compressive measurements, it is desirable to design a measurement

matrix that on the one hand cancels out the interference and on the other hand

exploits the fact that the signal-of-interest lies in a known subspace spanned by the

columns of H. It turns out that by letting the projection matrix be

Φ̆ = G(H̆T H̆)−1H̆T = G(HTP⊥
SH)−1HTP⊥

S (3.56)

where H̆ = P⊥
SH and P⊥

S = IN − S(STS)−1ST , both goals are jointly achieved in

the projection stage [36]. Note that P⊥
S is the orthogonal projection matrix for the

NBI null space. G is, as before, an M ×K random matrix whose entries are drawn

from an i.i.d. distribution. Thus, the hypothesis problem reduces to:

H0 : y̆ = Φ̆(Sφ+w),

H1 : y̆ = Φ̆(HΘ+ Sφ+w). (3.57)

Note that under H1, y̆ reduces to: y̆ = Φ̆(HΘ+w). Thus, the NBI is eliminated at

the measurement stage. It is necessary to point out that the design of the subspace

measurement matrices according to (3.56) incorporates the principle of zero-forcing

51



equalizer [66, 67]. The interference, if present, are completely eliminated by pro-

jecting the received signal onto the interference null space. Then the received signal

is again projected onto the desired signal subspace to reduce the noise effect.

In the following, we focus on the detection of an unknown sparse signal with

NBI mitigation. When the signal coefficient θ is unknown, a GLRT detector can

be derived following a similar approach as in Sec. 3.2, whose sufficient statistics is

given by:

t(y̆) =
y̆T (Φ̆Φ̆T )−1y̆

σ2
> γ. (3.58)

The detection performance with unknown coefficients θ is given by:

Pf = Qχ2
M
(γ)

Pd = Qχ
′2
M (λ)(γ),

where the noncentrality parameter λ is:

λ =
θGT (G(HTP⊥

SH)−1GT ]−1Gθ

σ2
. (3.59)

There is signal energy loss when projecting the received signal onto the null space

of the interference. Performance loss can be expected compared with the case when

there is no interference present. In Section 3.5, extensive simulations are performed

to elaborate these performance differences.

3.3.2 Compressive Detection

Note that if the compressive measurement are obtained without exploiting

any signal structure, the contribution of the interference can still be canceled out

on condition that we know the interference subspace [68]. In the following, we

extend the interference cancelation method proposed in [68] to the detection of

an unknown sparse signal with NBI mitigation. The comparison with subspace

compressive detector developed above will be presented in the simulations section.
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Following the procedure proposed in [68], obtaining the data for detection

takes in two steps. In the first step, compressive measurement are obtained by

matrix Φ with each entry taken from an i.i.d. random distribution. In the second

step, the compressive measurements are projected onto space orthogonal to the NBI

components by a linear operator P̃. Let F = ΦS, we first obtain E ∈ RM×(M−S)

as an orthonormal basis for the null space of FT by singular value decomposition

(SVD) [69]. Then P̃ is designed as follows:

P̃ = (ETE)−1ET . (3.60)

P̃ can successfully remove the contributions of the interference and the detection

problem can be formulated as:

H0 : ỹ = P̃Φ (Sφ+w) , (3.61)

H1 : ỹ = P̃Φ (HΘ+ Sφ+w)

Note that under H1, ỹ reduces to ỹ = P̃Φ (HΘ+w). Let C̃ = σ2ΦP̃(ΦP̃)T ,

B̃ = ΦP̃H and assume M − S > K. Then following a similar procedure as in

Sec. 3.2, a sufficient statistics can be derived as:

t(ỹ) = 2lnL(ỹ) = ỹT C̃−1B̃(B̃T C̃−1B̃)−1B̃T C̃−1ỹ > γ̃, (3.62)

The detection performance then can be derived from the distribution of t(ỹ) as

follows:

Pf = Qχ2
K
(γ̃)

Pd = Qχ
′2
K(λ̃)(γ̃),

where the noncentrality parameter is:

λ =
xT (P̃Φ)T ((P̃Φ)(P̃Φ)T )−1P̃Φx

σ2
. (3.63)

The performance of the compressive GLRT detector with NBI mitigation will be

investigated in the simulation part along the comparison to subspace GLRT detector.
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3.4 Discussion

For the proposed adaptive subspace compressive detectors, information of

signal subspace can be obtained from the compressive measurements of training

signals. In this section, we address two implementation issues of the proposed

adaptive subspace compressive detectors for practical applications. The first one

discusses how to retrieving signal subspace information via CS approaches. The

second one focuses on the effect of measurement waveform quantization on detection

performance.

3.4.1 Signal Subspace Estimation using Compressive Measurements

The information of signal subspace is required to construct the subspace

measurement matrix. In some cases, we can have a priori information of the signal

subspace. For example, an image object to be detected can be well approximated

by a linear combination of a few of the coarsest wavelet components. As another

example, a received OFDM radio signal only occupies a limited frequency band,

thus can be sparsely repressed by a few of known DFT atoms [33]. More frequently,

the subspace information can be obtained from a reduced set of compressive mea-

surements from the training data via CS approaches. It should be pointed out that

the use of training signals is widely employed in the context of signal detection.

Adaptive detectors rely on the training signal to estimate the detector parameters

before the detection stage [70, 71, 72, 73].

For the signal x which can be approximated as a K-sparse model on a known

basis Ψ, we are interested in locating the K vectors of Ψ relevant to the signal

x. These K relevant vectors that expand the signal subspace are used to define the

matrix H. CS reconstruction algorithm, such as matching pursuit (MP), orthogonal

matching pursuit (OMP) and basis pursuit denoising (BPDN) algorithm can be

readily applied to retrieve the K relevant vectors [13, 16].
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Matching Pursuit algorithm was initially introduced in [74] for signal recon-

struction and later extended for signal detection in [15, 2, 65]. Given the basis

Ψ ∈ RN×N , the i.i.d. random measurement matrix Φ ∈ RM×N and the compressive

measurements y = Φx, the MP algorithm aims to extract K column vectors of the

composite dictionary U = ΦΨ that are most correlated to the measurement vector

y. Those vectors, in turn, are related to the K elements in the basis Ψ that spans

the signal subspace ⟨H⟩. It was shown that far fewer measurements are required to

extract most of the significant signal components than for exact sparse signal recon-

struction using MP [15]. OMP is similar to MP in that at each iteration, it chooses

the column of U that is most strongly correlated with the measurements. However,

it avoids choosing the same column repeatedly by subtracting all the contribution of

the selected column from the measurements. With only K iterations, the algorithm

is able to exact the K sparse components of x [16]. Note that in the application at

hand, the measurement vector is the projection of the signal-of-interest plus noise,

thus it is contaminated with colored noise. Therefore, whitening of the measurement

is required before signal subspace estimation via MP or OMP.

Although MP and OMP algorithms are computationally efficient, they are not

robust to the noise and the result is not satisfactory when SNR is low. An alternative

adopted approach for signal subspace estimation that explicitly takes noise effect into

account is the BPDN algorithm [13]. The BPDN algorithm proposed is an extension

of the Basis Pursuit (BP) algorithm [13] suitably modified for the reconstruction

of noisy signals. The BPDN algorithm unifies sparse signal reconstruction and a

denoising operation into a single task by solving an optimization problem. Formally,

given a noisy random projection yn, a measurement matrix Φ and a basis Ψ, BPDN

finds the sparse vector ξ that solves the constrained minimization problem [13, 18]:

ξ̂ = arg
ξ

min ∥ΦΨξ − yn∥22 + λ∥ξ∥1, (3.64)

where yn = ΦΨξ + w, ∥ξ∥1 =
∑

i |ξi| and λ ≤ ∥2(ΦΨ)Tyn∥ [18]. As for MP and
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OMP algorithms, whitening of the measurement is required before signal subspace

estimation via BPDN. Taking this fact into account, the optimization problem given

by (3.64) may be suitably modified to introduce the whitening operation yielding:

ξ̂ = arg
ξ

min ∥VΦΨξ −Vyw∥22 + λ∥ξ∥1, (3.65)

where yw = Φ(Ψξ + w), V is chosen such that VTV = (ΦΦT )−1 and yw denotes

the random projection of the received signal at the estimation stage.

Given the solution to the optimization problem (3.65), if the signal sparsity

K is known, then we can estimate the locations of the K significant signal com-

ponents by locating K entries of ξ̂ with the largest magnitudes. These K entries

correspond to the K column-vectors in the basis Ψ = [ψ1, ψ2, ψ3, . . . , ψN ] that spans

the subspace where the signal-of-interest lies. Assembling those K N -dimensional

vectors as a N ×K matrix, we obtain the estimate of H as Ĥ. We are interested in

searching for the subspace components that contains a large fraction of the signal en-

ergy. Simulation experiments in section 3.5 show that we can always achieve partial

sparsity recovery via CS approaches from a limited set of compressive measurements

which is insufficient for signal recovery.

For a practical signal that can be approximated by a K-sparse model, we can

estimate its subspace with size K, and then design the projection matrix for the

proposed adaptive detector as:

Φ̂ = G(ĤT Ĥ)−1ĤT , (3.66)

However, constructing Ĥ as an N×K matrix for detection purposes is only justified

if the underlying K sparse signal has its energy uniformly distributed in its sub-

space. In practice, the coefficients of compressible signals that can be approximated

by sparse models decays rapidly following a power-law. Thus, not each subspace

component is equally important. For detection purposes, when the number of mea-

surements is constrained by M < K, we only need to exploit the sinal subspace
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where SNR is high. To design a practical detector, only the M most significant

signal components need to be considered. That is, in the solution of (3.65), only M

entries with the largest magnitude are selected. When constructing Φ̂, a random

matrix G with size M ×M is employed. If the subspace estimation is accurate,

this method guarantees that the energy contained by the M most significant signal

components will be collected. If M is a tunable parameter, then its optimal value

depends on the SNR. For SNR sufficiently low, an optimal M should be less than

K.

3.4.2 Optimal Quantization for the Subspace Projection

The compressive measurement only requires a reduced number of measure-

ments needed for a desired detection performance, leading to simplified hardware

design. One approach to obtain the compressive measurement is via a parallel

analogy projection where the analog received signal is projected onto analog mea-

surement waveforms in parallel [54]. Each analog measurement waveforms matches

to one row of the measurement matrix. However, in many practical applications, it

is difficult to generate arbitrary analog measurement waveforms, thus requiring the

quantization of the measurement matrix to very limited levels. In the worst cases,

as in the detection of wideband radio signals or in the detection of visual objects,

the measurement waveforms have to be quantized to only 2 levels {−1, 1} or 3 levels

{−1, 0, 1} for easy analog hardware implementations [3, 36].

The quantization of the measurement waveform may lead to no performance

loss for compressive detectors if each entry of the measurement matrix is taken

from an i.i.d. Bernoulli distribution. However, the entry of subspace compressive

measurement matrix contains the information of signal subspace and may takes on

arbitrary levels. Quantization of the measurement matrix may lead to performance

loss for the proposed subspace compressive detectors. To reduce the performance

loss, an optimal bit allocation method called Lloyd-Max method be employed. The
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Figure 3.1: Test signal: (a) Dopper, (b) Bumps, (c) HeaviSine. They are sparse in
the Daubechies-8, Haar and Daubechies-8 wavelet basis, respectively.
The length of the signals is 1024.

Lloyd-Max method minimizes the quantization noise by exploiting the fact that

each entry of the subspace projection matrix follows the same Gaussian distribution

[51]. The performance loss due to measurement waveform quantization will be in-

vestigated by numerical simulations in Sec.3.5. However, whenever signal subspace

information is available, the subspace compressive detectors are preferred. Although

there may be performance loss, quantized measurement still preserves partial sig-

nal subspace information and the quantized subspace compressive detectors still

outperform the compressive detectors [75].
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3.5 Simulations

In this section, the performance of the proposed subspace compressive de-

tectors are evaluated through extensive simulations. We focus on the detection of

unknown sparse signals. Comparisons with conventional GLRT detectors and the

compressive GLRT detectors are also illustrated. It is observed that the simula-

tion results validate the theoretical performance analysis. However, to simplify the

illustrations, the results of theoretic analysis are not shown.

Both standard test signals, Doppler, Bumps and HeaviSine, and randomly

generated test signals are employed for evaluation purposes. The standard test sig-

nals, which are widely used in sparse signal analysis, are shown in Fig.3.1, where

the length of all the signals is N = 1024 [76]. To obtain their subspace matrices H,

the Doppler signal is approximated by a linear combination of K = 111 components

in a Daubechies-8 wavelet basis. Similarly, the Bumps signal is approximated by a

linear combination of K = 77 components in a Haar basis. The HeaviSine signal is

also approximated by a linear combination of K = 48 components in a Daubechies-8

basis. Thus, the signal subspace matrices are then constructed from the K corre-

sponding sparse atoms. For all the simulations we define the energy to noise ratio

(ENR) as ENR = xTx
σ2 and the signal to noise ratio (SNR) as SNR = xTx

Nσ2 .

In the first simulation, the proposed subspace compressive detector is applied

to the detection of an unknown signal lying in a known subspace. Doppler signal

is employed and it is assumed that we known the signal subspace matrix obtained

from its sparse approximation. However, with no other a priori information, it is

assumed that the signal energy is uniformly distributed in its subspace. For known

signal length N and signal sparsity K, the number of measurements for subspace

compressive detection isMs = 77 ≈ 0.7K and the number of measurements for com-

pressive detection is Mc = 0.5N = 512. A Gaussian random matrix G ∈ RMs×K

and a Gaussian random matrix Φ ∈ RMc×N are generated at random for subspace
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Figure 3.2: Detection of unknown Doppler signal with known subspace. The simu-
lation parameters are set as: N = 1024, K = 111,Ms = 77,Mc = 512,
ENR = 15 dB.

compressive detection and for compressive detection, respectively. At ENR = 15

dB, the performance of the detectors for different Pf is shown in Fig. 3.2 where

each simulation result is the average of 106 runs for different noise realizations. It

is clear that with far fewer measurements, subspace compressive detection improves

the detection performance by exploiting the subspace information. For comparison

purposes, the simulation results of detection by a conventional GLRT detector which

is constructed based on the signal linear model and requires Nyquist sampling is also

shown in Fig. 3.2 [29]. The performance gap between the conventional GLRT detec-

tor and the subspace compressive detector is much smaller than the performance gap

between the subspace compressive detector and the compressive detector. Approx-

imate performance of the subspace compressive detection given by the analytical

expression (3.42) are also presented, which demonstrates the approximation (3.42)

are quite accurate at estimating the detection performance.
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Figure 3.3: Detection of unknown Doppler signal with known subspace. The simu-
lation parameters are set as: N = 1024, K = 111,Ms = 77,Mc = 512,
Pf = 10−4.

At Pf = 10−4, simulation results of the proposed subspace compressive de-

tectors with varying ENR are shown in Fig. 3.3. To show the diversity caused by

different realizations of matrix G, the detection performance of 10 subspace com-

pressive detectors, each with a different realization of G, are provided. It shows

that all the results are closely clustered around their expected performance. For a

given Pd, subspace compressive detectors on average have about 2 ∼ 3 dB perfor-

mance gains in ENR over compressive detection. To further illustrate the ability

of the subspace compressive measurement matrix to collect the signal energy, Fig-

ure 3.4 shows the histogram of the ratio of xTPΦ̄x over xTx for 1000 realizations of

random matrix G. Again, it shows that all the results are clustered around their

expected value 0.7. More than 75% of the realization have ratio within 1± 10% of

the expected value and only 14.8% are below 90% of the expected value. Thus, for

practical applications, with high probability, the approximation (3.42) is valid.
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Figure 3.4: Ratio of xTPΦ̄x over xTx for different realization of G.

In the third simulation, the performance of the proposed subspace compres-

sive GLRT detector with narrowband interference mitigation is evaluated. The

Bumps signal is employed and its subspace matrix has dimension N = 1024 and

K = 77. The narrowband interference z is given by z = Sφ, where S ∈ R1024×20.

Each entry of S and φ is drawn from an i.i.d. normal distribution. The number of

measurements for subspace compressive detection is Ms = 54 ≈ 0.7K and the num-

ber of measurements for compressive detection is Mc = 0.5N = 512. At ENR = 15

dB, the simulation result of the proposed subspace compressive GLRT detector is

compared with that of the compressive GLRT detector with interference rejection,

as shown in Fig. 3.5. It shows that the proposed subspace compressive detector

with interference mitigation improves the detection performance with fewer mea-

surements by exploiting more signal information. Compared with the case when

there is no NBI, the performance loss for subspace compressive detection with NBI
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Figure 3.5: Performance of subspace compressive GLRT detector with interference
rejection. The number of measurements are Ms = 54 and Mc = 512.

mitigation is very small. Although the compressive detector can successfully fil-

ter out the interference components, its inefficiency at collecting the desired signal

energy leads to less probability of detection. Furthermore, the proposed subspace

compressive GLRT detection has competitive performance compared to that yielded

by the matched subspace GLRT detector which also requires Nyquist sampling [30].

Next, the capability of the BPDN algorithm to extract sparse signal subspace

information from compressive measurements is investigated. From the compressive

measurements, we try to obtain an estimation of the signal subspace which contains

most of the signal energy. We evaluate the performance of the BPDN algorithm

by calculating the ratio of the signal energy residing in the estimated signal sub-

space over the total signal energy. For comparison purposes, we also investigate the

performance of the BPDN for signal reconstruction. A signal is considered to be

successfully reconstructed if the reconstruction error is less than 1% of the signal’s
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Figure 3.6: Signal subspace estimation and signal reconstruction by modified
BPDN algorithm. Pr is the ratio of the signal energy residing in the
estimated signal subspace over the total signal energy; Pc is the prob-
ability of perfect reconstruction.

energy, i.e., (x− x̂)T (x− x̂)/xTx < 0.01, where x̂ is the estimated signal. The Heav-

iSine signal, whose estimated sparsity is K = 48, is employed here. The estimated

signal subspace also has dimension 1024 × 48. At SNR = 20 dB, the results are

shown in Fig. 3.6 where each point of the curves is obtained by averaging over 1000

trails. As shown in Fig. 3.6, to obtain an estimated signal subspace which contains

most of the signal energy, the number of measurements required is about one third

for perfect signal reconstruction. This corroborates that far fewer measurements

are needed for partial sparsity recovery than for signal reconstruction. Very similar

results are obtained when the Doppler and Bumps signals are used for test.

In the next simulation, we try to follow a more practical application scenario

where the subspace of the unknown sparse signal is unknown and has to be estimated

from compressive measurements of training signals. A subspace compressive GLRT
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Figure 3.7: Performance of BPDN + subspace compressive GLRT detector. In one
method, signal subspace with dimension 49 is estimated; In another
case, signal subspace with dimension 33 is estimated.

detector is then constructed based on the estimated signal subspace. We assume we

know the signal sparsity K and consider the number of measurements for detection

less than K. The HeaviSine signal is again employed here and the ENR is set

as ENR = 16 dB. 200 training signals are used and for each training signal, 4K

measurements are made. The modified BPDN algorithm is used to estimate the

signal subspace from the averaged noisy measurements. Then Ms = 33 ≈ 0.7K

subspace compressive measurements are obtained for signal detection. We consider

two cases. In the first case, an estimated signal subspace matrix with full size N×K

is obtained and the simulation results are compared to the case to that yielded by

the subspace compressive GLRT detector where H is assumed to be known. In the

second case, only Ms significant signal components are estimated. The results are

also compared to the detection where the most Ms significant signal components

are known. At each Pf , 104 realizations of the simulation scenario are used to

compute Pd. Figure 3.7 depicts the resulting detection probabilities. As can be
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Figure 3.8: Quantization on the detection performance.

seen, the modified BPDN algorithm can effectively estimate the signal structure

yielding a performance close to the ideal case of known signal subspace. Although

the signal subspace estimation will have some error, the detector will work well

if the estimated signal subspace captures most of of the signal energy. Since the

energy of the HeaviSine signal is not uniformly distributed alone its signal space

and its coefficients decay rapidly, simulation results show that estimating only Ms

components lead to better detection performance than that of estimating the entire

signal subspace.

In the last simulation, the effect of waveform quantization on the detection

performance is investigated. We consider a general case. The sparse signal x under

consideration is given by: x = Hθ, where each entry of H and θ is drawn from

an i.i.d. normal distribution. H is assumed known and its dimension is 2000 ×

200. The number of subspace compressive measurements is Ms = 160. A subspace

measurement matrix is first constructed based onH and then quantized to two levels

{±1} or three levels {±1, 0}. The quantization of the measurement matrix follows
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the Lloyd-Max method which minimizes the quantization noise [51]. At ENR = 15

dB, the results are shown in Fig.3.8 and compared with the non-quantized case.

It can be seen that quantization leads to perceivable performance loss with less

quantization level leading to more performance loss. For comparisions purposes, we

also show the detection performance of a compressive detection with the number

of measurements Mc = 1000. For the compressive detection, each entry of the

measurement matrix is drawn from an i.i.d. Bernoulli distribution. It is observed

that the subspace compressive detector whose measurement matrix is quantized to

two levels, obtains almost the same performance as the compressive detector, but

with only about one sixth of the number of measurements.

67



Chapter 4

ADAPTIVE COMPRESSIVE DETECTION FOR PILOT

ASSISTED ULTRA-WIDEBAND IMPULSE RADIO

4.1 System Design

4.1.1 Model of Received UWB Signal

Consider a peer-to-peer I-UWB communication system where binary symbols

are conveyed by a stream of ultra-short pulses. The transmitted signal z(t) over a

burst transmission of Nd symbols can be expressed as:

z(t) =

NdNf−1∑
n=0

anb⌊n/Nf ⌋
√
Eg(t− nTf − cnTc), (4.1)

where g(t) is an unit energy signal pulse with a time duration Tg on the order of sub-

nano second. Pulses of g(t) are modulated by pulse amplitude modulation (PAM)

and are repeated over Nf consecutive frames to transmit a binary symbol. Here

b⌊n/Nf ⌋ ∈ {±1} denotes the binary symbol to be transmitted where ⌊x⌋ denotes the

largest integer less than or equal to x and represents the index of the data symbol

to be transmitted in the nth frame. The time duration of a frame is Tf and thus a

symbol period is Ts = NfTf . Furthermore, each frame is divided into Nc chips with

a chip duration Tc leading to Tf = NcTc. The energy of the transmitted pulse is

denoted by E and thus the energy needed to transmit one bit is Eb = NfE.

For the proposed UWB signaling, direct sequence (DS) spread spectrum cod-

ing and time-hopping (TH) coding are adopted [39, 77]. In (4.1), an ∈ {±1} is the

pseudorandom (PN) spread spectrum code and cn is the PN time-hopping (TH)
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code assumed to be uniformly distributed in [0, 1, . . . , Nc − 1]. This DS-TH UWB

signaling scheme has the advantage that the spectrum of the transmitted signal is

smooth. It can be shown that the spectrum of the transmitted signal is given by

Γzz(f) =
2E

Tf
|G(f)|2, (4.2)

where G(f) is the Fourier transform of g(t). This avoids spectrum spikes that can

cause coexistence problems [78].

Due to the large bandwith of transmitted pulses, the I-UWB channel contains

resolvable delay bins and can thus be characterized by a tapped-delay model as

[38, 39, 40]:

h(t) =
L−1∑
l=0

αlδ(t− τl), (4.3)

where L is the number of propagation paths and αl and τl are, respectively, the

amplitude and the delay associated with the lth path; δ(t) denotes the delta func-

tion. Although the number of channel paths could be large, we consider here sparse

channels where a few carefully selected paths contain most of the channel energy.

Wideband high-frequency UWB channels can be modeled as sparse channels since

many resolvable delay bins do not carry significate power due to the large transmis-

sion bandwidth [42]. In [43], it is observed that the UWB channel is sparse if the

signal bandwidth is > 2 GHz and if the small-scale fading is modeled as Rayleigh.

The frequency selectivity presented in UWB channels also leads to pulse distortion

over each path. This effect can be accounted for by modeling h(t) with more paths

[42]. Even so, it is observed that the sparsity of UWB channels is still preserved

[38, 42]. Furthermore, to avoid intersymbol interference (ISI) and intrasymbol in-

terference, it is assumed that Tc > Tg + Td where Td is the maximum excess delay

of the multipath channel [79]. It is also assumed that the channel remains invariant

over ts = NdNfTf seconds for a burst transmission.
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The received signal is corrupted by zero-mean, additive white Gaussian noise

(WGN) with a two-sided power spectral density N0/2. The noisy received signal

then goes through an ideal bandpass filter with one-sided bandwidth B and central

frequency Fc to eliminate the out-of-band noise. Therefore B is set such that the

desirable signal passes through the bandpass filter without any distortion. Within a

transmission burst, the received signal at the output of the bandpass filter is given

by:

r̃(t) =

ts∫
0

h(t− τ)z(τ)dτ + w̃(t), (4.4)

where w̃(t) is a zero-mean Gaussian random process with an autocorrelation function

given by:

Rw̃(τ) = BN0sinc(Bτ)cos(2πFcτ). (4.5)

Note that Rw̃(τ) is approximately equal to zero for |τ | ≥ Td+Tg if B ≫ 1/(Td+Tg).

Hence, noise samples separated by more than Td+Tg are assumed to be statistically

independent [79]. Note that in (4.4) we made an implicit assumption that the effects

of transmitter antenna and receiver antenna have been appropriately incorporated

in the pulse p(t) [80].

4.1.2 Receiver Structure

To avoid the use of ultra-fast ADCs, the proposed UWB receiver projects the

filtered signal onto a set of measurement waveforms in the analog domain where each

waveform corresponds to a row vector of a measurement matrix. The receiver struc-

ture is shown in Fig.4.1 where the random projection of the received UWB signal is

implemented by a bank of mixer-integrators. The outputs of the mixer-integrators

are the inner product of the received signal and the measurement waveforms. The

receiver knows the transmitter PN sequences an and cn, and we assume synchro-

nization with the received pulses [77].
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Figure 4.1: Proposed I-UWB Receiver for subspace compressive detection.

The integration interval, Ti, of the mixer-integrators satisfies Tg + Td > Ti ≥

Tg. For the received signal in the nth frame, the integration of the mixer-integrators

begins at time t = cnTc + (n − 1)Tf . After Ti seconds, the outputs of the mixer-

integrators are sampled to obtain projected measurements and the mixer-integrators

are then reset and ready for the next set of measurements. For representation pur-

poses, x ∈ RN×1 is defined as the digitized noise-free received signal h(t) ∗ g(t)

within the measurement interval Ti, where ∗ denotes convolution. An underlying

sampling frequency Fs is also implied and as in critical Nyquist sampling, the un-

derlying sampling frequency Fs satisfies Fs = 2B. Given the integration interval

Ti, the length of x is thus N = TiFs. However, it should be clear that only the

projected results go thought the ADCs.

Note that less sampling rate can be achieved by following the traditional CS

measurement approaches where compressive measurements are obtained by project-

ing the received UWB signal onto a purely random basis without exploiting any a

priori information about the structure of the received UWB signal [49]. However,

the compressive measurements directly employed for UWB symbol detection are
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not efficient at gathering the energy of the received UWB signal, thus suffering from

much performance degradation. In this thesis, subspace compressive detectors are

proposed for UWB symbol detection by exploiting the fact that the received UWB

signal has a sparse representation and resides in a low-dimensional subspace. There-

fore, one can capture most of the signal energy with a few measurements just by

projecting the received UWB signal into its own subspace [30]. More precisely, by

designing a measurement projection matrix tailored to the UWB signal subspace,

the UWB signal energy can be captured more efficiently, and at the same time,

the effect of noise and interference can be greatly mitigated. Thus, desired detec-

tion performance can be achieved with far fewer measurements. As a result, the

hardware implementation is simplified.

To design the subspace compressive measurement matrix that can efficiently

capture the UWB signal energy, channel estimation is needed. To this end, much like

conventional digital communication systems that rely on pilot symbols for channel

estimation and synchronization, the proposed UWB system employs a pilot sym-

bol assisted modulation scheme for UWB signal subspace estimation and channel

side information acquisition [81]. Thus, each transmission burst includes Np pilot

symbols that are not data modulated and Ns data symbols that are modulated by

transmitted symbols leading to a total number of Nd = Np + Ns symbols in one

burst. Furthermore, the pilot symbols are further divided into two groups. The first

group contains Np1 pilot symbols used to estimate the UWB signal subspace while

the second group contains Np2 pilot symbols used to provide side information about

the UWB channel to generate detection templates. For all pilot symbols, the symbol

to be transmitted bj is fixed at 1, i.e., bj = 1 for 0 ≤ i ≤ NpNf − 1. For the data

symbols, bj = ±1 is assumed to be drawn independently with equal probability.

Correspondingly, within a transmission burst, the symbol detection of the

proposed subspace compressive UWB receiver comprises three stages. In the first

72



stage, a set of compressive measurements are acquired to obtain a coarse estimation

of the signal subspace and a random projection matrix with each entry taken from

a Bernoulli distribution is employed. Then a subspace compressive measurement

matrix is designed based on the estimated signal subspace. With the designed sub-

space compressive measurement matrix, the second stage collects the UWB channel

side information. Then, in the third stage, the received symbols are demodulated

based on the template generated from the second stage.

4.2 Design of subspace measurement operator

4.2.1 Sparsity Dictionary

To design a subspace measurement operator, the received signal subspace has

to be estimated. In this thesis, CS based reconstruction algorithms are adapted to

estimate the subspace of sparse UWB signal. Compressive measurements for sub-

space estimation are obtained from pilot symbols. We first address the design of

a sparsity dictionary tailored to the application at hand to sparsely represent the

received UWB signal. Since the wireless UWB channel is sparse in the time domain,

a dictionary Ψc can be suitably designed such that the received I-UWB signal be-

comes sparse in this dictionary [38, 2]. Note that the received UWB signal can be

expressed as a linear combination of delayed versions of the transmitted waveform

g(t) modulated by the UWB path amplitudes. Therefore, the dictionary Ψc can be

constructed so that each element of Ψc, denoted by Ψcj, is a time-shifted version

of the transmitted pulse g(t). More precisely, the jth element of the dictionary is

defined as [2]:

Ψcj(t) = g(t− jξ), (4.6)

where ξ > 0 is a time shift between consecutive pulses. Let Ψu be the sampled

version of Ψc and let ξ = 1/Fs, then the jth column vector of Ψu is designed as

Ψuj(n) = g(n/Fs − j/Fs), n = 0, 1, . . . , FsTi − 1. (4.7)
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Ψu is further adjusted by normalization on its column vectors.

The total number of paths of a UWB channel can be quite large, leading to a

dense representation of the received signal on the designed dictionary Ψu. However,

a large number of these paths have small amplitudes that can be considered as

negligible, leading to a sparse channel model that still introduces multipath diversity

but with far fewer parameters. Thus, only the K paths with the largest path

gains are considered to give the received UWB signal a sparse representation and,

at the same time, capture a great percentage of the received UWB signal energy.

Consequently, the received UWB signal can be approximated as x ≈ Huθu, where

θu is a K × 1 all non-zero vector and the N ×K matrix Hu is constructed from the

K relevant column vectors of Ψu.

4.2.2 Estimation of Signal Subspace

Note that the received UWB signal can be thought of as residing in the K-

dimensional subspace spanned by the column vectors of the N ×K matrix Hu. Our

objective is to obtain an estimation of the signal subspace which contains most of

the signal energy from a reduced set of compressive measurements of the received

UWB pilots. It is equivalent to the estimation of the most significant UWB channel

paths. Since we are only interested in searching for the most significant channel bins

that contain a large fraction of the channel energy, or equivalently, partial sparsity

recovery of the received UWB signal, the number of compressive measurements

needed is far fewer than that predicted by complete channel recovery thus leading

to less demanding ADC resources [15, 34, 35]. However, the required number of

measurements may still be too demanding in hardware. As can be observed from

Fig.4.1, the proposed I-UWB receiver has only M parallel mixer-integrators and

thus for each transmitted pulse, only M measurements can be obtained. Due to

the constraints on the receiver size and power consumption, M should be relatively

small and may not be sufficient for a reliable channel estimation. To overcome this
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problem, a complete set of random measurements for partial sparsity recovery are

obtained over multiple pilots. Let Me be the number of measurements needed for

UWB subspace estimation where it is assumed that Me is a multiple of M and can

be represented asMe = DM . Furthermore, it is also assumed that the pilot number

Np1 is a multiple of D and can be represented as Np1 = DNp̃. Then for partial

sparsity recovery, a random matrix Φe ∈ RMe×N is employed by the receiver where

each entry of Φe is drawn from an i.i.d. Bernoulli distribution. To distribute a

complete set of measurements onto D pilots, Φe is further divided row-wise into D

sections as represented below:

Φe = [ΦT
0 |ΦT

1 |ΦT
2 . . .Φ

T
D−1]

T , (4.8)

where each Φi, for i = 0, 1, . . . , D − 1 is a M × N random matrix. For the first

group of pilot symbols, Φ0 is used to correlate with first Np̃ pilot signals; Φ1 is

used to correlate with the second Np̃ pilot signals, and so on. The compressive

measurements multiplied by the PN code in one frame are represented as:

yp1[n] = Φ⌊ n
Np̃Nf

⌋

[
x+ anw[n]

]
, n = 0, . . . , Np1Nf − 1, (4.9)

where Np̃ = Np1/D. The measurement vector yp1[n] is an M -dimensional vector

containing the outputs of the M mixer-integrators during the nth frame. Note that

the same projection matrix is used for NfNp̃ consecutive received pilot signals. In

(4.9), w[n] is the digitized noise within the measurement interval of the nth frame

and is assumed to be WGN with variance N0B. However, it should be clear that

only the measurements yp1[n] are sampled and digitized.

Based on the compressive measurements yp1[n], the signal subspace can be

estimated. To this end, {yp1[n]} is reorganized as Np̃Nf vectors with size Me × 1,
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for n = 0, 1, 2, ...NfNp1 − 1, as shown below:

ỹ0 =


yp1

[
0
]

yp1

[
Np̃Nf

]
...

yp1

[
(D − 1)Np̃Nf

]

 , (4.10)

ỹ1 =


yp1

[
1
]

yp1

[
Np̃Nf + 1

]
...

yp1

[
(D − 1)Np̃Nf + 1

]

 ,
. . . ,

(4.11)

and

ỹNp̃Nf−1 =


yp1

[
Np̃Nf − 1

]
yp1

[
2Np̃Nf − 1

]
...

yp1

[
DNp̃Nf − 1

]

 . (4.12)

Represented digitally, these compressive measurements can be easily averaged

to reduce the noise effect leading to:

ȳp1 =
1

Np̃Nf

Np̃Nf−1∑
i=0

ỹi. (4.13)

Given Φ, Ψu and the averaged compressive measurements yp1, the signal subspace

can be estimated by suitably adapting a CS reconstruction algorithm to find the

basis elements of a sparse signal. In this work, we use the Basis Pursuit Denoising

(BPDN) algorithm which solves the following optimization problem [13, 18, 8]:

θ̂ = arg
θ

min ∥UΦΨuθ −Uȳp1∥22 + λ∥θ∥1, (4.14)

where U ∈ RM×M is a whitening operator defined such that UUT = (ΦΦT )−1.

BPDN algorithm is a robust CS reconstruction algorithm which balances the tasks
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of seeking a sparse solution and minimizing the measurement noise [13]. With noisy

measurements, BPDN leads to better subspace estimation than other CS reconstruc-

tion algorithms like Matching Pursuit (MP) or orthogonal Matching Pursuit (OMP)

at the expense of slightly higher computation [74, 16]. The resultant solution θ̂ gives

an estimation of the signal structure. If we know that most of the UWB channel

energy is concentrated on K significant paths, we can then locate the K entries of

θ̂ with the largest magnitude values. The locations of those K entries are related to

the K column vectors in Ψu that spans the received UWB signal. Assembling those

K N -dimensional vectors as a N ×K matrix, we obtain Ĥu, the estimate of Hu.

4.2.3 Design of Subspace Compressive Measurement Matrices

Given Ĥu, we can proceed to design a subspace compressive measurement

matrix Φx (the projection operator) with size M × N for subsequent detection

stages. This matrix is employed to project the second group of pilot symbols and

all the transmitted data symbols. As will be observed in Sec. 4.3, the detection

performance of the proposed UWB receiver depends on the term:

ς = xTΦT
x (ΦxΦ

T
x )

−1Φxx ≤ xTx, (4.15)

where ς is the energy that the projection operator Φx can collect. Thus, designing

Φx should exploit the fact that we want to collect as much energy as possible from

the received UWB signal.

Since we are interested in the design of a low-power consumption receiver, the

number of parallel measurement paths M is in general smaller than K. Therefore,

instead of locating K vectors in the optimal solution of (4.14), only M most signif-

icant paths are extracted leading to Ĥu constructed with only M column vectors.

Then the subspace compressive projection matrix is constructed as [31]:

Φx = G(Ĥu

T
Ĥu)

−1ĤT
u , (4.16)
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where G is anM×M random matrix with each entry drawn from an i.i.d. Gaussian

distribution. If the estimation of the UWB channel is accurate, it can be shown that

ς is always equal to the energy contained by the most significantM paths. Note that

by designing Φx as in (4.16), the noisy received signal is projected into an estimated

signal subspace first, and the result is then randomly projected onto random vectors.

By projecting the noisy data into the estimated signal subspace, most of the desired

signal energy is preserved. However, the noise power is significantly reduced. Thus, a

good detection performance is expected even with a small number of measurements.

At first glance, G seems to be redundant in the construction of Φx. How-

ever, adding G to (4.16) has the following advantages. First, as in CS sampling

framework, each measurement is equally important. Thus, if any path in the paral-

lel architecture shown in Fig. 4.1 should fail, the detection performance will not be

heavily effected, which is a desirable feature from a hardware implementation aspect.

Second, since each measurement has the same dynamic range, selection of the ap-

propriate ADCs becomes easier. Another important feature of the proposed method

is that since each entry of Φx belongs to the same zero-mean Gaussian distribution,

optimal quantization via the Lloyd-Max algorithm will be effective leading to less

performance loss due to waveform quantization in the hardware implementation [51].

To simplify the hardware implementation, it is desirable to quantize Φx to

binary, because the resulting high bandwidth binary analog waveform is much easier

to generate than a higher resolution version. Thus, the binary measurement matrix

is given by:

Φx = Qb⌊G(Ĥu

T
Ĥu)

−1ĤT
u ⌋ (4.17)

where Qb⌊ ⌋ denotes the quantization of the measurement matrix to binary levels.

Quantization leads to inevitable performance degradation. The Lloyd-Max method

minimizes the quantization noise by exploiting the fact that each entry of the original

subspace projection matrix follows the same Gaussian distribution [51].
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4.3 Symbol Demodulation

For the proposed subspace compressive receivers, symbol demodulation is

similar to the autocorrelation receivers. However, the signal template is in digital

form leading to ease of noise reduction via template averaging. The proposed UWB

detector for symbol demodulation is discussed below.

4.3.1 Test Statistic for Compressive UWB Signal Detection

During the second group of the pilot symbols, the received signal is projected

onto binary sequences corresponding to rows of Φx. The subspace compressive

measurements multiplied by the PN code during this stage are represented as:

yp2[n] = Φxx+ an+△NΦxw[n+△N ], (4.18)

where n = 0, 1, . . . , Np2Nf −1 and △N = Np1Nf . By averaging yp2[n] over multiple

frames, the side information of the UWB channel can be obtained and used as the

template for symbol demodulation.

In the data demodulation stage, the subspace compressive measurements

multiplied by the PN code for the jth data modulated symbol are given by:

yd|j[n] = bjΦxx+ an+△̃NΦxw[n+ △̃N ], (4.19)

where n = 0, 1, . . . , Nf − 1, △̃N = (Np + j)Nf and j = 0, 1, . . . , Ns − 1. As it will

be shown shortly, by employing a GLRT detector, bj can be demodulated from the

measurement yd|j[n].

Assume that the data bits {1,−1} are transmitted with equal probability.

Without loss of generality, the detection of the jth symbol bj is discussed. To

simplify the notations, the index j is suppressed when appropriate. Based on the

subspace compressive measurements, two hypotheses must be distinguished:

H0 : yd[n] = −Φxx+ an+△̃NΦxw[n+ △̃N ], (bj =−1),

H1 : yd[n] = Φxx+ an+△̃NΦxw[n+ △̃N ], (bj = 1),
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with n = 0, 1, . . . , Nf−1. Let χ = Φxx and χ̂ be the maximum likelihood estimation

(MLE) of χ, then the likelihood ratio test for this detection problem is given by:

L(yd) =
p(yd; χ̂,H1)

p(yd; χ̂,H0)

H1

≷
H0

1. (4.20)

where p(yd; χ̂,H1) and p(yd; χ̂,H0) are the probability density function (PDF) of

the projected data under H1 and H0, respectively. Here yd is defined as: yd =

[ yd[0],yd[1], . . . ,yd[Nf − 1] ]T . In (4.20), χ̂ is obtained from the subspace compres-

sive measurements of the second group of the pilot signals as follows:

χ̂ =
1

Np2Nf

Np2Nf−1∑
n=0

yp2[n] = Φxx+ Φxw̄p, (4.21)

where

w̄p =
1

Np2Nf

Np2Nf−1∑
n=0

an+△Nw[n+△N ], (4.22)

is an N × 1 WGN vector with variance N0B/(Np2Nf ).

It can be easily shown that under H0, the PDF of the projected UWB signal

within one symbol is:

p(yd; χ̂,H0)=
1

(2π)
MNf

2 det
Nf
2 (C)

exp

[
− 1

2

Nf−1∑
n=0

(yd[n]

+χ̂)TC−1(yd[n] + χ̂)

]
, (4.23)

where C = N0BΦxΦ
T
x . While under H1, the PDF of the projected UWB signal is:

p(yd; χ̂,H1)=
1

(2π)
MNf

2 det
Nf
2 (C)

exp

[
− 1

2

Nf−1∑
n=0

(yd[n]

−χ̂)TC−1(yd[n]− χ̂)

]
. (4.24)

After some simplifications, an equivalent test statistic is obtained following

the likelihood ratio test in (4.20):

t(yd) =
lnL(yd)

2Nf

= (Φxx+ Φxw̄p)
T (N0BΦxΦ

T
x )

−1(bjΦxx+ Φxw̄d),
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where

w̄d =
1

Nf

Nf−1∑
n=0

an+△̃Nw[n+ △̃N ]

is an N × 1 WGN vector with variance N0B/Nf . The estimation of bj turns out to

be the sign of the test statistic, i.e.:

b̂j = sgn(t(yd)). (4.25)

4.3.2 Performance Evaluation

Given a channel realization and the quantized subspace measurement ma-

trix, the performance of the proposed subspace compressive GLRT UWB detec-

tor can be evaluated as follows. Without loss of generality, let bj = 1 be the

transmitted symbol. The subspace compressive UWB detector generates an error

when t(yd)|bj=1 < 0. To facilitate the performance analysis, the measurements are

whitened first, hence the test statistic t(yd) can be rewritten as:

t(yd) = (UxΦxx+UxΦxW̄p)
T (UxΦxx+UxΦxw̄d).

where Ux is an M ×M whitening matrix such that UT
xUx = (N0BΦxΦ

T
x )

−1. Define

z = UxΦxx, w
′
p = UxΦxw̄p and w′

d = UxΦxw̄d, then t(yd) reduces to:

t(yd) = (z+w′
p)

T (z+w′
d). (4.26)

Based on (4.26), an approximate expression for the bit error rate (BER) can be

derived under the Gaussian assumption as follows. By the central limit theorem,

for M ≫ 1, w′
p
Tw′

d is approximately Gaussian with zero mean and variance M
Np2N2

f
.

When M ≫ 1, it is also valid to assume w′
p
Tw′

d, w
′
p
Tz and w′

d
Tz as independent

Gaussian random variables. Then, it can be shown that the mean of t(yd) is given

by:

t(yd) = zTz. (4.27)
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Furthermore, the variance of t(yd) is given by:

VAR(t(yd)) =
(Np2 + 1)|z|2

Np2Nf

+
Md

Np2N2
f

. (4.28)

Thus, for a given projection matrix Φx and a UWB channel realization, h(t),

the BER is given by:

P |h,Φx = Q

[((Np2 + 1

Np2Nf

) 1

|z|2
+

M

Np2N2
f |z|4

)− 1
2
]
. (4.29)

Note that the detection performance depends on the signal to noise ratio and the sig-

naling parameters. Although less obvious, the detection performance also depends

on the sparsity of the UWB channel.

4.4 Discussion

4.4.1 Parameter Selection and Hardware Implementation

As can been seen from (4.29), a large number of frames Nf and a large num-

ber of pilots Np2 reduce the received signal noise leading to a better BER. Although

less evident in (4.29), the number of pilots Np1 and the number of pilot compres-

sive measurements Me for signal subspace estimation also affect the performance

of signal detection. A larger Np1 leads to less noise in the measurements and, in

turn, a more reliable signal subspace estimation is achieved. Likewise, more mea-

surements Me contain more salient information about the underlying signal leading

to a more accurate subspace estimation. Consequently, the capability of the receiver

to collect the desired signal energy is improved leading to a better detection perfor-

mance. Note that |z|2 represents the desired signal energy the detector can capture,

which is closely related to the accuracy of the subspace estimation. The number

of measurements Me should be sufficiently large to be able to reliably estimate the

signal subspace. As a rule of thumb, we find that the compressive measurements

Me should be about 3 ∼ 4 × K to achieve robust subspace estimation. However,
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increasing Nf , Np2 and Np1 also reduces the achievable data rate and increases the

system overhead. A large Me also requires that Np1 should be sufficiently large.

An optimal value of M depends on the signal to noise ratio (SNR). For

SNR sufficiently large, better detection performance can be achieved with larger

M . However, M in practice is constrained by the hardware limits and thus can

not be arbitrary large. To get satisfactory detection performance, M should be a

significant portion of the channel sparsity K. The filter bandwidth B, the pulse

energy E and the mixer integration time Ti also have direct effects on the captured

signal energy zTz. As stated above, the filter bandwidth B should be selected as

small as possible to reduce the introduced noise, but large enough to bring negligible

distortion to the received signal. Furthermore, as expected, increasing the pulse

energy E improves the BER. However, the pulse energy should be chosen to satisfy

the US Federal Communications Commission (FCC) power spectrum regulations

[1]. The measurement interval Ti should be chosen such that a significant portion of

the received signal energy is collected. An unnecessarily large Ti only deteriorates

the detector performance as more noise is introduced with no or little gain on the

captured energy [82]. In [83], it is suggested that the optimum integration time in

a noisy environment is approximately twice the RMS delay spread of the channel.

See [82, 83, 84] for more discussion on the integration time.

The proposed UWB receivers have practical hardware implementations, which

makes low-cost and low-power I-UWB communication system feasible. The pro-

posed receiver is composed of a wideband filter at the front end, M high-speed

wideband analog mixers, M wideband binary sequence generators andM low-speed

ADCs. Wideband filtering technology is relatively mature [85]. High-speed analog

mixers suitable for UWB communication are also available. See [86, 87, 88, 89] for

more details on wideband mixers. Wideband binary sequence generator can be im-

plemented by high-speed shift registers with flip-flops, which could potentially lead
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to low-power integrated circuits. Refer to [53, 52, 90] and the references therein for

more details on high-speed wideband binary sequence generators. Note that cutting-

edge technology shows that even multi-bit waveform generator at GS/s is feasible

[50]. Current research also shows that it is promising to design simple GHz wideband

analog waveform generators (AWG) through optical techniques [91, 92, 93].

4.4.2 Comparison with Other Receivers

With the same hardware architecture, a compressive receiver can be built

where the projection matrix denoted as Φc in this case is constructed such that each

entry of the projection matrix belongs to an i.i.d. Bernoulli distribution. Although

the measurement follows the traditional CS approaches, in this case Φc does not

exploit signal strucutre and is not efficient at collecting the signal energy. It can

be shown Φc leads to the collected energy ς ≈ M
N
xTx. For M small, ς is much less

than xTx leading to poor detection performance. In the simulation section, we will

compare the detection performance of the proposed detector with that yielded by

a compressive detector adapted for I-UWB symbol detection [49]. The sufficient

statistic of the compressive detector is given by:

ϱ = αT (ΦcΦ
T
c )

−1β, (4.30)

where

α =
1

NpNf

NpNf−1∑
n=0

Φc(x+ anw[n]) (4.31)

is a noisy template obtained from received pilot symbols and

β =
1

Nf

Nf−1∑
n=0

Φc(x+ an+△̆Nw[n+ △̆N ]) (4.32)

is the average of the received signals in a symbol interval where △̆N = NpNf . The

estimated symbol is b̂ = sgn(ϱ).
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A natural extension of the proposed approach emerges if the random matrix

G is replaced by an identity matrix leading to a projection matrix designed as:

Φt = (Ĥu

T
Ĥu)

−1ĤT
u , (4.33)

It can be shown that Φt has equal capability to collect the signal energy as the

proposed subspace projection matrix Φx. The UWB receiver based on Φt is called

transform based receiver [37]. The transform based receiver has two disadvantages.

The measurement matrix actually measures the UWB path strengths. Due to the

fast decaying of the path amplitudes over the time axis, not every measurement

is equally important. Failure to measure a large path strength will lead to high

probability of detection error. Thus, the receiver is not robust to hardware failures.

Second, simulation results in Sec. 4.5 show that the transform based receiver is also

less robust to waveform quantization leading to worse detection performance.

The proposed receivers have similar hardware architecture to SRake receivers.

Note that both the proposed receivers and SRake receivers rely on the information

of significant channel paths to collect the desired signal energy. Just as the pro-

posed receivers, SRake receivers also employ parallel integrate-and-dump structure,

thus high-speed mixers are also needed. However, instead of generating binary se-

quences, local pulse templates are generated to match the received pulses. Although

generating an ultra-shot pulse could be easy, generating a pulse that fits the FCC

transmission spectrum is not trivial. To generate the pulse with the desired power

spectrum, the employment of more complex hardware is required, which makes the

implementations of parallel local pulse generators challenging [94, 95, 96]. Instead,

in our design, the local pulse generators are replaced with binary sequence gen-

erators which can be implemented in integrated circuits, thus making a low-cost,

low-power design possible. More importantly, the proposed receivers can use the

same set of hardware for channel estimation and symbol detection.
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For comparison purposes, an SRake receiver tailored to the proposed signaling

scheme is introduced below. It is assumed that the underlying SRake receiver has

the ability to estimate the significant UWB paths via CS approaches, as in our

proposed receiver. Thus, Np pilot symbols are employed to get an estimation of the

UWB channel ĥ. The measurement and the estimation approach is the same as in

our proposed subspace compressive detection. The sufficient statistic of the SRake

receiver is:

π = ζTν, (4.34)

where ζ is a noisy template obtained from the channel estimation and is given by:

ζ = Ψuĥ, (4.35)

and ν is the average of the received signal in a symbol interval given by:

ν =
1

Nf

b

Nf−1∑
n=0

x+ an+△̆Nw[n+ △̆N ]. (4.36)

The estimated symbol is b̂ = sgn(π).

Obviously, a full-resolution GLRT detector relying on Nyquist sampling can

lead to the best detection performance. However, the requirement of high-speed

ADCs makes a low-cost and low-power implementation impossible. In the compar-

ative study in Sec. 4.5, the performance of full-resolution GLRT detector serves as a

benchmark for the proposed detectors. The sufficient statistic of the full-resolution

GLRT detector is given by [97]:

ω = γTν, (4.37)

where γ is a noisy template obtained by averaging the received pilot symbols given

by:

γ =
1

NpNf

NpNf−1∑
n=0

x+ anw[n]. (4.38)

The estimated symbol is b̂ = sgn(ω).
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Figure 4.2: A channel realization of CM-7 sparse in the time domain [1].

4.5 Simulations

In this section, the performance of the subspace compressive GLRT I-UWB

detector is evaluated through extensive simulations. The UWB channel model used

for simulation is the IEEE 802.15.4a CM-7, industrial light of sight (LOS) channel

[1]. The root-mean-square (RMS) delay spread of the CM-7 channel is around

Trms = 10 ns. The maximal excess delay of the channel is set to Tmed = 40 ns and

unit energy of the channel is assumed. The channel impulse response is based on

the Saleh-Valenzuela (SV) model where the channel bins arrive in clusters and the

most significant bin arrives first representing the LOS path [98]. A realization of

CM-7 channel is depicted in Fig. 4.2, where two clusters of multipath components

are shown. As can be seen in Fig. 4.2, the channel has only a few significant paths

and its power delay profile (PDP) is not monotonic, but rather sparse. Although

there are two clusters, the magnitudes of the bins in the second cluster are much

smaller than those in the first cluster and we can estimate the channel sparsity K

at around 15. See [1] for more details on the channel characteristics.
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Figure 4.3: Performance of UWB subspace estimation algorithm with different
number of measurements.

The transmitted pulse g(t) is the second derivative of a Gaussian pulse with a

central frequency of 3 GHz and pulse duration Tg ≈ 0.35 ns [99]. For the front-end

filter, the filter bandwidth B is 8 GHz. For simulation purposes, the underlying

sampling frequency Fs for the random digital sequence is then set to 16 GHz. The

received UWB signals are contaminated with additive white Gaussian noise with

variance N0. To avoid excessive additive noise, the integration time is set to Ti = 16

ns. Note that Ti here is smaller than Tmed and is only around 1.5× Trms. However,

this time interval contains most of the desired signal energy. Correspondingly, the

length of the received signal is N = Ti ∗ Fs = 256.

4.5.1 UWB Subspace Estimation

First, we investigate the ability of the modified BPDN algorithm given by

(4.14) to estimate the UWB signal subspace from random measurements contami-

nated with additive Gaussian noise. For the purpose of signal subspace estimation,

the noisy received UWB signal is projected onto binary random waveforms. We
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evaluate the performance of the BNDN algorithm by calculating the ratio of the

signal energy residing in the estimated signal subspace over the total signal energy.

For comparison purposes, we also compute the probability of successful reconstruc-

tion yielded by BPDN algorithm with different number of measurements. A recon-

struction is considered successful if (x − x̂)T (x − x̂)/xTx < 0.01, where x̂ is the

reconstructed signal. For ease of comparison, all the paths whose magnitudes are

less than 5% that of the largest path are omitted and then the estimated signal sub-

space is of size 256× 16. Figure 4.3 shows the simulation results where SNR = 17.9

dB with SNR defined as SNR = xTx/(NN0B) [29]. Each simulation result is the

average over 1000 channel realizations. As shown in Fig. 4.3, high probability of

perfect reconstruction is not achievable at such low SNR until the number of mea-

surements is over 200. However, with as few as 50 measurements, the proposed

subspace estimation algorithm can effectively determine the locations of the most

significant signal components and, therefore, the estimated signal subspace contains

most of the UWB signal energy. Thus, BPDN can be effectively used as UWB signal

subspace estimator requiring a small number of random measurements.

4.5.2 Symbol Detection with Binary Measurement Waveform

We evaluate the detection performance of the proposed subspace compres-

sive UWB receivers before and after waveform binarization. The I-UWB signaling

parameters are set as follows: Np1 = 40, Np2 = 2, Nf = 5, Nc = 16, Tc = 25

ns and Tf = 400 ns. The targeted data rate is approximately 500 Kb/s. One

thousand channel realizations are used and for each channel realization, 1000 sym-

bols are transmitted. It is assumed that one pulse transmission leads to M = 16

measurements. However, a set of 64 measurements are required for the signal sub-

space estimation, thus one complete set of measurements for channel estimation are

distributed to 4 pilots. The average of 10 sets of compressive measurements are

employed by the modified BPDN algorithm to estimate the signal subspace. As
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Figure 4.4: Performance of subspace compressive GLRT UWB detectors. “Sub”
is the proposed receiver; “Sub-q” is the proposed receiver with binary
measurement waveform; “Nyquist” is the full-resolution digital re-
ceiver; “Approximation” is the Gaussian approximation; “Transform-
q” is the transform based receiver with quantized binary measurement
waveform.

stated previously, the number of subspace compressive measurements is M = 16

for the GLRT symbol detection. Note that this number is only 6.25% of the data

length, which means the sampling rate is only 6.25% of the original Nyquist sam-

pling rate. Since only M = 16 measurements can be made, we estimate 16 most

significant subspace components or channel paths in order to capture most of the

received signal energy.

Measured by the BER, the detection performance of the proposed receivers

as a function of Eb/N0 is shown in Fig. 4.4. Compared with the case when no

quantization is made, the measurement waveform quantized to only two levels leads

to graceful degradation with only 1.5 dB loss in SNR at BER = 10−4. However, the

hardware implementation is much simplified. Compared with the transform based

receiver with measurement waveforms also quantized to two levels, the detection
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Figure 4.5: Comparison with different receivers. “SRake” is the SRake receiver;
“SRake-q” is the SRake receiver with binary measurement waveform;
“Compressive” is the compressive receiver; “TR” is the transmitted
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performance of our proposed receiver has about 1.2 dB gain at BER = 10−4. Thus,

the proposed receiver is more robust against waveform quantization. The simulation

results of the proposed receiver are also compared with those given by the analytic

expression given by (4.29) based on the Gaussian assumption. As can be seen in

Fig. 4.4, the approximation of the BER based on the Gaussian assumption is quite

accurate which validates the approximation for the derivation of (4.29).

Figure 4.4 also shows the simulation results of the traditional full-resolution

GLRT detector relying on Nyquist sampling, which serves as a benchmark for the

proposed detector. For a fair comparison, we set the number of pilot symbols as

Np = 42 for the full-resolution digital detector. Simulation results show that the

subspace compressive GLRT detector without quantization only has about 4 dB

loss at BER = 10−4, which shows that with a much lower sampling rate subspace

random projection is an efficient way to capture the signal energy leading to good
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detection performance. With relatively high SNR, the BPDN algorithm is effective

at estimating the signal subspace, which in turn improves the detection performance

of the subspace compressive I-UWB detector.

Comparisons of the proposed subspace compressive receivers with SRake re-

ceiver [43], compressive receiver and transmitted reference receiver [45] are shown in

Fig. 4.5. Again for fair comparison, we set the number of pilot symbols as Np = 42

for both the SRake receiver and the compressive detector. Based upon the channel

estimation, the SRake receiver not only utilizes the information of path delays, but

also the estimated path gains. However, for the BER range 10−3 to 10−4, the SNR

is still too low to get a reliable estimation of the path amplitudes. Thus, SRake

receiver does not lead to better detection performance than that of the proposed

subspace compressive receiver, as shown in Fig. 4.5. The proposed subspace com-

pressive receiver without waveform quantization has 0.6 dB gain over SRake receiver

at BER= 10−4. The SRake receiver has about 1 dB gain over the quantized sub-

space compressive receiver. However, the quantized subspace compressive receiver

is easier to implement in hardware. If the pulse template of the SRake receiver is

also quantized to binary levels via optimal quantization, then the useful signal infor-

mation is almost wiped out, which can be verified by the receiver’s poor detection

performance shown in Fig. 4.5.

Figure 4.5 also shows that the proposed quantized detector substantially out-

performs the compressive GLRT detector that does not exploit the signal structure.

Since the measurements are already in the digital form in the proposed receiver, noise

reduction can be easily implemented by averaging the noisy measurements. Thus, in

the interesting BER range, the proposed receiver also outperforms the transmitted

reference receiver whose performance degrading occurs due to the employment of a

noisy templet for symbol demodulation.

Since the measurement waveform with binary levels is the most suitable for
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Figure 4.6: Performance of subspace compressive GLRT UWB detector with Ti =
16 ns and Ti = 32 ns.

hardware implementation, the rest of the simulations will focus on symbol detection

with such binary measurement waveforms. In the second simulation, we show the

effect of the integration time Ti on the performance of the subspace compressive

GLRT I-UWB detectors. Figure 4.6 shows the simulation results for Ti = 16 ns and

Ti = 32 ns with binary measurement waveforms, respectively. As can be observed

in Fig. 4.6, Ti = 16 ns leads to better performance for UWB symbol detection. An

integration time larger than 16 ns does not gain much signal energy, but results

in collecting much more noise which degrades the detection performance. This

observation is expected since the channel under study is a UWB LOS channel where

most of the significant channel bins come within Trms after the first bin, as seen in

Fig. 4.2. Thus, a small Ti is more suitable for such channels. However, if Ti is

too small, the detector is not able to collect the signal diversity introduced by the

multipath UWB channel. It can be shown that the choice of Ti = 16 ns is in

accordance with the guideline proposed in [83].
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Figure 4.7: Performance of subspace compressive GLRT UWB detector with dif-
ferent number of measurements.

In the third simulation, the effects of the number of compressive measure-

ments M on the system performance are evaluated. We consider M = 4, 8, 12,

16 and 20, respectively, with Ti = 16 ns. The simulation results are depicted in

Fig. 4.7. As expected, as the number of measurements increases, the performance of

the proposed detector increases. However, due to the sparsity of the UWB channel,

the channel energy concentrates on a few significant delays. Subsequently, only a

few measurements are needed, around 10 for this simulation. As shown in Fig. 4.7,

for more than 12 measurements the performance gain becomes insignificant.

4.5.3 Circuit Nonideality

Our proposed measurement scheme for UWB symbol detection is similar

to the RMPI architecture which is claimed to be robust to circuit nonidealities

[6]. The simulations presented below confirm such observations. In the following

simulations, we investigate how the CMOS circuit delay and switching behavior

affect the detection performance. Here, we assume that the CMOS gates have
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Figure 4.8: Measurement waveform with different delay time. No delay is assumed
for the ideal waveform.

simple resistance and capacitance (RC) loads. Thus, the measurement waveforms

rise and fall exponentially in transition. To characterize such switching behavior, we

use the time delay Tτ defined as the time between the 50% points of the magnitude

of the input and output waveforms [100]. Figure 4.8 illustrates how the time delay

distorts the shape of a binary measurement waveform, where the nominal period of

one bit is 62.5 ps with an underlying frequency of 16 GHz. The simulation results

for several values of Tτ are shown in Fig. 4.8. To simulate the continuous waveform,

200 samples are taken for each period. This shows that a time delay which is 5% to

10% of the bit period already causes severe waveform distortions.

Simulation results for symbol detection with delayed measurement waveforms

are shown in Fig. 4.9, where the time delay of Tτ = 0.625 ps, 3.125 ps, 6.25 ps

and 9.375 ps are investigated. It can be observed that the UWB symbol detection

performance degrades gracefully with larger time delay. With the time delay as large

as Tτ = 6.25 ps or equivalently 10% of one bit period, the detection performance
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Figure 4.9: Performance of subspace compressive GLRT UWB detector with de-
layed measurement waveforms.

only degrades about 0.5 dB at BER = 10−4.

Clock timing error is inevitable in practical CMOS circuits. In the last simu-

lation, we investigate the effect of clock timing error on the UWB symbol detection

where the measurement waveform time delay also exists. Figure 4.10 shows the

simulation results where the clock timing error is modeled as a random variable

uniformly distributed within [−η, η]. The cases where η = 6.25 ps, 12.5 ps and

18.75 ps are investigated, which corresponds to 10%, 20% and 30% of the bit pe-

riod, respectively. It is also assumed that the delay time of the circuit is Tτ = 3.125

ps or 5% of the bit period. Again, it is observed that the UWB symbol detection

performance degrades gracefully with larger clock timing errors. The performance

of the UWB GLRT detector actually depends on the capability of the measurement

waveforms to exploit the received signal energy. Moderate deviation from the ideal

waveforms, however, does not significantly impair their ability to collect the received

signal energy. Thus, the proposed UWB receivers are robust both to circuit delay
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Figure 4.10: Performance of subspace compressive GLRT UWB detector under
timing error and measurement waveforms delay.

and timing error.
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Chapter 5

SUMMARY

In this thesis, we have expanded the research on compressed sensing in three

directions. Firstly, an variable density sampling method is proposed for efficient

natural image acquisition. By reducing the number of measurement needed, the

proposed method leads to simple hardware implantation or less measurement time.

Second, by exploring the structure of sparse signals, improved detection performance

is achieved with less compressive measurements. The proposed detection method is

robust against waveform quantization and is also robust against hardware failure.

Third, CS based subspace compressive detection is applied to the design of novel

I-UWB receivers, which avoids the use of ultra-fast ADCs. For simple implementa-

tions, quantized subspace measurement waveforms with two levels are proposed for

practical UWB receivers. The proposed measurement scheme is shown to be robust

to circuit nonidealities. In the following, we summaize our contributions and also

point out future research directions.

5.1 Variable Density Sampling

We have proposed a family of variable density sampling patterns for com-

pressive sampling of natural images in the DFT, DCT and ordered DHT domain.

Compared with other compressive sampling scheme, the proposed sampling method

is simple, fast and suitable for a wide range of applications such as in [2, 101].

The proposed variable density sampling patterns are based on a reliable sta-

tistical model of natural images in the sparse wavelet domain. Based on the subband
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incoherent sampling, the proposed sampling patterns try to maximize the incoher-

ence between the measurement ensemble and the sparsity basis. The proposed

sampling pattern is generated from the variable density sampling function by blue

noise dithering. The sampling pattern having blue noise characteristics are faithful

to the variable density sampling function and leads to lower coherence. Compared

with sampling methods that do not exploit any “a priori” information of natural

images, the proposed sampling method has much better performance. Furthermore,

the “a priori” information needed in this thesis is general and no extensive data

training for parameter estimation is needed.

A significant difference of our proposed method from other sampling patterns

that also exploit some “a priori” information of natural images is that our proposed

sampling pattern, while retaining a simply form, is not heuristically constructed,

but based on the statistical model drawn from empirical data. Thus, not only

there is analytical justifications, but in practice, the proposed sampling pattern

achieves much better performance than other sampling schemes. Furthermore, the

proposed sampling method is robust to the “a priori” information we can obtain.

The proposed metric, along with extensive simulation study, shows that the proposed

sampling pattern leads to the least coherent interference. Simulations show that the

proposed sampling scheme is effective for compressed sensing of images conforming

to the proposed wavelet model.

Although this thesis focuses on the compressive sampling of 2D images, the

method of sampling patterns can be extended to 1D and 3D signals if the cor-

responding statistical wavelet model still hold. We need to point out that if the

underlying signals can be properly modeled by some other statistical model, then

based on incoherent sampling principles, an appropriate sampling density function

other than the sampling density functions proposed here can be designed. Future
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research work includes designing sampling patterns for signals with a variety of spar-

sity models. Future research plan also includes exploiting the dependance between

sparse components in image reconstruction to further improve the quality of the

reconstructed image.

5.2 Compressive Detection for Sparse Signal

In this thesis, subspace compressive detection is proposed for the detection of

sparse signals within the framework of compressed sensing. By exploiting the a pri-

ori information of signal subspace, subspace compressive detection greatly reduces

the number of measurements needed for a desired detection performance. The sub-

space compressive measurement scheme first projects the received signal onto signal

subspace and then projects it to a random basis with a reduced dimension. By

projecting the received signal onto signal subspace, there is no loss of signal energy,

but the noise is greatly reduced. By projecting the signal onto random basis, we

obtain a measurement scheme which is universal for all signals residing in the same

subspace. Although there is performance diversity with different realization of the

random basis G, the performance diversity is small if the number of measurements

Ms ≫ 1.

In this thesis, we focus on the detection of unknown sparse signals. The

signal subspace information can be obtained by CS reconstruction algorithms from

a reduced number of compressive measurements from training signals. It is shown

that the number of measurements needed to extract sufficient information for de-

tection purposes is far fewer than that requirers for perfect signal reconstruction.

The proposed subspace compressive detection is adaptive in the sense that the mea-

surement scheme is adaptive to the signal structure. Furthermore, the design of the

subspace compressive measurement scheme can be easily extended to the detection

of unknown sparse signal with NBI mitigation.
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Theoretic analysis of the performance for the proposed subspace compressive

detectors is provided. Extensive simulations have illustrated the effectiveness of the

proposed detectors. Compared with traditional GLRT detector and the compres-

sive detector, the number of measurement needed is greatly reduced. The proposed

detectors are suitable for applications where the number of measurements is strin-

gent due to the hardware constraints. In this thesis, we also consider the practical

hardware implementations and evaluate the effect of measurement waveform quan-

tization on the detection performance. It is shown that the quantization have only

limited effect on the detection performance. Even with quantized measurement

waveform, subspace compressive detection still shows improvements over the com-

pressive detection.

Future research will focus on the application of the proposed subspace com-

pressive detectors to wide band signal detection. We will also try to design optimal

quantization method for the subspace measurement matrix for the best detection

performance.

5.3 Compressive Detection for Impulse Ultra-wideband

In this thesis, we apply CS based subspace compressive detection to the

design of novel I-UWB receivers, which avoids the use of ultra-fast ADCs. With

a limited number of noisy random measurements from the training symbols, the

BPDN algorithm is employed to estimate the sparsity model of the I-UWB signals in

multipath UWB channels. The proposed I-UWB receivers then exploit the sparsity

of the I-UWB signals in the construction of a measurement projection matrix which

is efficient at collecting the received UWB signal energy. Thus, satisfactory detection

performance is achieved with far fewer measurements. Furthermore, for simple

implementations, quantized subspace measurement waveforms with two levels are

proposed for practical UWB receivers. The proposed measurement scheme is shown

to be robust to circuit nonidealities.
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Pilot assisted I-UWB signaling with DS-TH coding is proposed for the sub-

space compressive I-UWB communications. Theoretical analysis of the performance

of the proposed subspace compressive I-UWB communication is provided. The roles

of the key parameters in the proposed communication scheme, such as the number

of measurements and the integration time are analyzed in detail. Compared with

autocorrelation receivers, the proposed receiver can better exploit the repetition

of the signaling and leads to better detection performance. Extensive simulation

results show the effectiveness of the proposed communication schemes.

Future research will focus on the prototype implementation of the proposed

I-UWB receivers. We will also extend the proposed subspace compressive I-UWB

communications to multi-user access and narrowband interference mitigation. Op-

timal assignment of the signaling parameters will be investigated. Although only

PAM signaling is considered in this thesis, the results can be readily extended to

pulse position modulation (PPM).
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